Tannakian Categories
J.S. Milne

July 28, 2026 Almost-final version of first four chapters.






Chapter I

Symmetric Monoidal Categories

A monoidal category is one in which every finite ordered set of objects has a
well-defined tensor product. A symmetric monoidal category is one in which
every (unordered) finite set of objects has a well-defined tensor product. A
tensor category over a field k is a k-linear abelian symmetric monoidal
category in which all objects have duals and k ~ End(1). A tannakian
category over k is a tensor category over k that admits a fibre functor with
values in a nonzero k-algebra.

1 Monoidal categories

A monoid can be defined to be a set together with an associative multiplication such that
there exists an element 1 with the following property: 11 = 1 and the maps x — 1x and
X — x1 are injective. Then 1x = 11x, so x = 1x, and x1 = x11, so x1 = x. Therefore,
this definition agrees with the usual definition of a monoid. Moreover, the element 1 is
unique and the maps x — 1x and x — x1 are bijective. These observations suggest the
definition of a monoidal category in 1.2 below.

Let C be a category and let

®:CXC—->C, X, Y)~XQY

be a functor.
An associativity constraint for (C, ®) is a natural isomorphism

axyz - XY Q®Z)-XQY)QZ

such that, for all objects X,Y, Z, T, the following diagram commutes,

WRXQY®Z)
W®oc)% %X@Z
WR(X®Y)®Z) WWRX)®((Y ®2)

(1)
aW,X@Y,x /W@X,Y,Z
OCW,X Y ® Z

WRX®Y)N®Z —— (WRX)®Y)®Z

3
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This is the pentagon axiom (Saavedra 1972, 1, 1.1.1.1; Mac Lane 1998, p. 162).!

DEFINITION 1.1 A pair (U, u) consisting of an object U of C and an isomorphismu : U®
U — U is a unit of (C, ®) if the functors

X»URX:C->C
Xw»wXQU:C->C

are fully faithful.

DEFINITION 1.2 A triple (C, ®, @) consisting of a category C, a functor ® : CxX C — C,
and an associativity constraint « satisfying the pentagon axiom is a monoidal category
if there exists a unit (U, u).

Note that the set of isomomorphism classes of objects in an essentially small monoidal
category becomes a monoid with the multiplication defined by ®.

Let (U, u) be a unit in a monoidal category. We wish to define morphisms (left and
right unit constraints)

U®X =X,
v X®U - X.

Because of the fully faithfullness of the functors in 1.1, it suffice to define U ® 1y and
ox ® U. These we take to be the composites

U®(U®X) (U®U)®X—>U®X

(X®U)®U X®(U®U)—>X®U

Note that A and p are natural isomorphisms of the functors U @ — and — ® U with the
identity functor (because they become isomorphisms when tensored with U).

PROPOSITION 1.3 The following triangles commute,

UR(X®Y) —, U®X)®Y X®(YQU) —2Y, X®Y)®U

\ \ / (2)
AX@Y Ax®Y X®PY Px®Y
X®Y

X®Y
(left and right unity diagrams).

PROOF To show that the first diagram,

UQ(XQY) =L XxQY
o
Uex)ey X% xev,

In some sources, the arrow a has the opposite direction. A similar remark applies to other arrows in
this chapter.
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commutes, it suffices to show that

u®XQY)
s

UQUR®EX®Y) -2 URU)®XQY) UR(X®Y)
lU®aU,X,Y laU®UX,Y laU,X,Y
UR(U®X)®Y) Wemex)ey X% yex)ey

commutes. The left-hand square commutes because of the pentagon axiom (the un-
marked arrow involves two applications of «) and the right-hand square commutes
because of the naturality of a. This proves the statement for 1y, and the proof for px is
similar. O

PROPOSITION 1.4 For any object X,
AU@X = U ® /‘I'X
Pxeu = pPx ®U.

PROOF The diagram

UU®eX) 2% uex

lam lzx

A
Ux ——~ 5 x

commutes because of the naturality of 4. As Ay is an isomorphism, this proves the first
equality. Similarly, the second equality follows from the naturality of p. O

PROPOSITION 1.5 The following diagram commutes forall X, Y,

ax,u,y

XQ®UQRY) XQ®U)RY
(3)
Xm %Y
XQ®Y
(middle unity diagram).
PROOF Consider the diagram,
ax,uu®Y
(XU)RU)RY XQURU)®Y
(me L%’D@Y
XU)®Y
AXQU,U,Y ax,uy AX,UQU.,Y
X®UQY)
Px@URY) Wm
XU)®UQRY) X®lygy X@UU)®Y)
O:m %MU,U),Y

X®UUQY)).
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The triangle at lower left is (3), except with Y replaced by U ® Y. BecauseY » U Q® Y
is fully faithful, it suffices to show that this triangle commutes. The outside pentagon
is that in the pentagon axiom, and so it suffices to show that each of the remaining
subdiagrams commutes. For the two rectangles, this follows from the functoriality of
a; for the top triangle, this follows from the definition of px; and for the lower-right
triangle, it follows from the definition of U ® Ay and the equality Aygy = U ® y. o

PROPOSITION 1.6 If (U, u) is a unit, then
Ay =u=py.

PROOF From the left unity diagram (1.3),

Ay ® U)ocayyu = Augu ZU® Ay.

From the middle unity diagram (1.5),

(py ® U)oayyu =U ® Ay.
From the definition of 4,

u®U)oayyu=U®R®Ay.
As ay y v is an isomorphism, this implies that

A®U =uQU=pyQU,
which, in turn, implies the required statement. O
PROPOSITION 1.7 If (U, u) is a unit then

UQu=u®U)oayyyu 4)

and the functors X ~» U @ X and X ~ X ® U are equivalences of categories.

PROOF The equality (4) is the special case of (3) with X =Y = U. For the second part
of the statement, use that A and p are natural isomorphisms of the functors U ® — and
— ® U with the identity functor. O

PROPOSITION 1.8 For any two units (U, u) and (U’,u’) of a monoidal category, there is a
unique isomorphism a : U — U’ making the following diagram commute,

UQU —4 > U

ooe s

!

UUu —— U
PROOF Define a to be the isomorphism

Ayt
v uveu L.
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Using the left and right unity diagrams, it is easy to show that a makes the above
diagram commute. To show that a is unique, it suffices to show thatifb: U — U isan
isomorphism such that

UQU %4> U
lb@b lb
UQU 45 U

commutes, then b = idy;. For any morphism c: U — U, the diagram

UQU 25 U
lov
UQU 2> U

commutes because u = py. Therefore, b ® b = b ® U, and hence b = idy. O

EXAMPLE 1.9 The category Cat of small categories and functors becomes a monoidal
category when we take the tensor product of two categories to be their product. Any
category with only one object and one arrow is a unit object.

Notes

1.10 In Kock 2008, a unit in our sense is called a Saavedra unit.

1.11 Saavedra 1972, 1, 1.3.2, defines a “unité reduit” to be a pair (U, u) consisting of an
object U and an isomorphism u : U ® U — U such that the functors X + U ® X and
X w X ® U are equivalences. According to 1.7, this agrees with our notion of a unit.

1.12 Define an LR-unit to be a triple (U, 4, p) such that the middle unity diagram (3)
commutes. It follows from Proposition 1.3 that, to give the structure of an LR-unit on an
object is the same as giving the structure of a Saavedra unit.

1.13 A monoidal category is classically defined to be a triple (C, ®, @) together with
an LR-unit (Mac Lane 1998, p. 162). According to 1.12, this is the same as giving a
triple together with a Saavedra unit. In our definition of a monoidal category, instead of
specifying a unit object we only required it to exist. According to 1.8, this makes little
difference.

2 Symmetric monoidal categories
Let C be a category and let
®:CXxC->C, X, Y)»XQY

be a functor.
A commutativity constraint for (C, ®) is a natural isomorphism

VX,Y: X®Y—>Y®X
such that, for all objects X, Y,

Yyx°Yxy - X®Y - XQ®Y
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is the identity morphism on X ® Y (Saavedra 1972, 1, 1.2.1).
An associativity constraint a and a commutativity constraint y are compatible if,
for all objects X, Y, Z, the following diagram commutes,>

XY ®2Z) 5 XQ®Y)®Z

v

X®EZ®Y) ZR®EX®Y) )

N o

(X(X)Z)(X)YH ZRX)®Y
This is the hexagon axiom (Saavedra 1972, 1, 2.1.1.1; Mac Lane 1998, p. 184).

DEFINITION 2.1 A symmetric monoidal categoryisasystem (C, ®, a,y), where (C, ®, @)
is a monoidal category and y is a compatible commutativity constraint.

EXERCISE 2.2 Show that in a symmetric monoidal category, the following diagram

commutes
Yx,u

XQU UR®X

N, A

EXERCISE 2.3 Show that in a symmetric monoidal category, the following diagram
commutes,

X@U®Y) 2 XY
\hwy lMY

xoy =¥ _ wex)ey

We sometimes denote a unit of a symmetric monoidal category by (1, e) and call 1
an identity object.

EXAMPLE 2.4 Let R be a commutative ring. The category Mod(R) becomes a symmetric
monoidal category with the usual tensor product and the obvious constraints. (If one
perversely takes a to the negative of the obvious isomorphism, then the pentagon (1)
fails to commute by a sign.) A pair (U, e) consisting of a free R-module U of rank 1 and a
basis element e determines a unit (U, u) of Mody, - take u to be the unique isomorphism

When we use the associativity constraint to omit parentheses, this becomes the triangle

YX®Y.Z

X®Y®Zz ZRXQY.

X®m 4@

XQ®ZRY
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UQ®U — U sendinge®e to e. Every unit is of this form. In this case, there is a canonical

. mult.
unit, namely, (R,R ® R — R).

EXAMPLE 2.5 The category of complex Hilbert spaces and bounded linear maps becomes
a symmetric monoidal category with the completed tensor product & as tensor product.

mult.
The pair (C,C ® C — C) is a unit.

For other examples, see §8 below.

Extending ®

Let (C, ®,a) be a monoidal category. Any functor C* — C defined by repeated ap-
plication of ® is called an iterate of ®. If F,F’ : C" — C are iterates of ®, then it is
possible to construct an isomorphism of functors F — F’ using only o and a~!. The
significance of the pentagon axiom is that it implies that the isomorphism is unique:
any two iterates of ® to C" are isomorphic by a unique isomorphism constructed out of
a and ¢~ (Mac Lane 1963, 1998, VII, 2). This means that there is an essentially unique
way of extending ® to a functor ®" : C" » Cforall n > 0. Similarly, when (C, ®, a, )
is a symmetric monoidal category, there is an essentially unique way of extending ® to a
functor ®l. er’ C! - C, where I is any (unordered) finite indexing set. In other words,
the tensor product of any finite family of objects of C is well-defined up to a unique
isomorphism. We can make this statement more precise.

PROPOSITION 2.6 The tensor structure on a symmetric monoidal category (C, ®) admits
an extension as follows: for each finite set I, there is a functor

Qier: ¢~ C
and, for each map a : I — J of finite sets, there is a natural isomorphism
X(a) . ®ie]Xi - ®je] (®l._>JXl)

satisfying the following conditions,

(a) ifI is a singleton, then ®l. o IS the identity functor X ~ X; if a is a map between
singletons, then y(a) is the identity automorphism of the identity functor;

b
(b) the isomorphisms defined by maps I S15K give rise to a commutative diagram

x(a@)
®ieIXi ®je] (®i»—>j Xi)

Jx(ba) lx(b)

®keK (®inXi) M ®keK <®ij (®i»—>j Xi)) ’

where I}, = (ba)~1(k).

PROOF Apply the coherence theorems of Mac Lane 1963, 1998. See also Elmendorf
2025. o
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By (> x) being an extension of the tensor structure on C, we mean that ), _, X; =
X, ® X, when I = {1, 2} and that the isomorphisms

X@YQ®2)-X®Y)®Z
XY -Y®X

induced by y are equal to a and y respectively. It is automatic that (®@ X, x(@ - {1,2})
is a unit and that y({2} & {1,2})isdx: X - 1 ® X. If (®:€I,)(’) is a second such
extension, then there is a unique system of natural isomorphisms ), _, X; — ®;€I X;
compatible with y and y’ and such that, when I = {i}, the isomorphism is idy.
Whenever a symmetric monoidal category (C, ®) is given, we shall always assume

that an extension as in Proposition 2.6 has been made. Note that the constraints imposed
are the minimum necessary to force the proposition to hold.

Invertible objects

Let (C, ®) be a symmetric monoidal category. An object L of C is invertible if
Xw»L®X:C—->C

is an equivalence of categories. For example, an object L of Modf(R) is invertible if and
only if it is projective of rank 1.
If L is invertible, then there exists an L’ such that L ® L’ is a unit object. The converse
assertion is also true: if L ® L’ = 1, then L ® — and — ® L’ are quasi-inverse functors.
An inverse of L is any pair (L™, §) with L™! and object and § a morphism,

. = _ _7-1
5.@%@&—W,X+L,X_L.

Note that this definition is symmetric: (L, §) is an inverse of L=!. If (L,, §;) and (L,, 5,)
are both inverses of L, then there is a unique isomorphism a : L; — L, such that the
composite

§,00Q®a): LQL, > LQL, — 1

is &; (because the functors — ® L; and — ® L, are both quasi-inverse to L ® —).

NOTES

2.7 In Deligne and Milne 1982, symmetric monoidal categories are called tensor cate-
gories.

2.8 Our notion of a symmetric monoidal category essentially agrees with thatin Mac Lane
1998, p. 184 (see 1.13).

2.9 Our notion of a symmetric monoidal category is the same as that of a “®-catégorie
AC unifére” in Saavedra 1972 and, because of 1.8, it is essentially the same as the notion
of a “®-catégorie ACU” in ibid., I, 2.4.1 (cf. ibid., I, 2.4.3).

2.10 Proposition 2.6 suggests the notion of an “unbiased symmetric monoidal category”
in which no preference is given to the functor ® : C*> — C and the constraints are
canonical. See Leinster 2004.

2.11 There is a large literature on coherence in monoidal and symmetric monoidal
categories, beginning with Mac Lane 1963. For a recent review, see Mimram 2025.
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2.12 There is a large literature on monoidal categories satisfying a commutativity
constraint weaker than that we have imposed. For example, without the condition
Yvx = Vxy» the category is said to be braided.

3 Symmetric monoidal functors

DEFINITION 3.1 Let (C,®) and (D, ®) be monoidal categories. A monoidal functor
(C,®) — (D, ®) is a pair (F, c) consisting of a functor F : C — D and a natural isomor-
phismcyy : F(X) ® F(Y) - F(X ® Y) such that

(a) forall X,Y,Z € ob(C), the diagram

FXQ®(FYQFZ) 2% FXQFY ®2) —— FX® (Y ® 2))

laFX,FY,FZ lF (ax,y,z)

(FXQFY)QFZ 2™ FXQY)®FZ —— F(X®Y)® 2)

commutes, and

(b) ifURU X Uisaunitin C, then

FU)® FIU) 2% FU @ U) 2 F(U)

isa unitin D.
When (C, ®) and (D, ®) are symmetric, (F, ¢) is said to be symmetric if in addition
(c) forall X,Y € ob(C), the diagram

FXQFY — FXQ®Y)
lVFX,FY lF (rxy)
FY®FX —— FY ®X)

commutes;

3.2 Let (F,c) be a symmetric monoidal functor (C, ®) — (D, ®). For any finite family
(X;);er of objects in C, ¢ gives rise to a well-defined isomorphism

c: QFX) - F(R)X,).

iel i€l

Moreover, for any map a : I — J, the following diagram commutes,

Qjer FXi) - F(®ye Xi)
[x@ | Foran
®j€](®i>—>j F(Xl)) — ®j€J(F(®i>—>in)) — F(®je](®iHin))'

For example, if (U,u) and (U’,u’) are units in C and D, then there exists a unique
isomorphism U’ — FU compatible with u’ and Fu.
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3.3 Let (F,cf): C - Dand (G,c%) : D - E be monoidal functors. When we define

5% 1 (GoF)(X) ® (GoF) (Y) = (GoF)(X ® Y)

to be the composite of

F
FX,FY G(c

(GoF)(X) ® (GoF)(Y) 2%, G(FX ® FY) o), GFX®Y),

then

(GoF,c%°F): C > E
is a monoidal functor. If (F, c¢I') and (G, c®) are symmetric mononoidal categories, then
so also is (GoF, cG°F).

DEFINITION 3.4 Let (F, cf') and (G, c) be monoidal functors C — D. A natural trans-
formation a : F — G is monoidal if the following diagrams commute for all X, Y and
units U, U’,

FX)® F(Y) i FXQ®Y) U —— F(U)

laX®aY l%{@y) U l“U
Wl

GX)®GY) =5 GXQ®Y) U —= G(U).

If ax is an isomorphism for all X, then we call « a monoidal natural isomorphism. The
definition is the same for symmetric monoidal functors, i.e, there is no extra condition
to be a symmetric monoidal natural transformation.

3.5 Ifa: G — F amonoidal natural transformation, then for all finite families (X;);cr
of objects in C, the diagram

QFX) ——— F(®X)

iel iel
Jm,. Jm 6)
iel iel
d
RGX) —— G(R X))
iel iel

commutes. The diagrams in 3.4 correspond to the cases I = {1, 2} and I = @.It suffices to
check that the diagram (6) commutes when I is {1, 2} or the empty set. For the empty
set, (6) becomes

(7)

DEFINITION 3.6 A symmetric monoidal functor (F,c): (C,®) — (D, ®) is a symmetric
monoidal equivalence if F : C — D is an equivalence of categories.

This definition is justified by the following remark, which shows that a symmetric
monoidal equivalence admits a symmetric monoidal functor as a quasi-inverse.

3.7 Let (F,c): (C,®) — (D,®) be a symmetric monoidal equivalence. To say that
F: C — Dis an equivalence of categories means that there exists a functorG: D - C
and natural isomorphisms

n: idc = GF, ¢: idp — FG.
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After possibly replacing € with a different natural isomorphism idp, — FG, we obtain a
system (F, G, 1, €) satisfying the triangle identities (see A.5). There then exists a d such
that (G, d) is symmetric monoidal functor and # and € are symmetric monoidal natural
isomorphisms (Saavedra 1972, 1, 4.4).

EXAMPLE 3.8 Let (C, ®, «) be a monoidal category. The triple (C, ®oS,a™ 1), where S
is the transposition functor

X, Y)»»(Y,X): CxC—->CxC,

is a monoidal category, called the opposite of (C, ®, a). A compatible commutativity
constraint defines an equivalence of (C, ®, r) with its opposite.

We let Hom®(F, G) denote the collection of symmetric monoidal natural transfor-
mations (F,c) — (G, d). For a field k and k-algebra R, we let

¢r . Vecf(k) - Mod(R),

denote the functor V-~ V ®;R. When (F, c¢) and (G, d) are symmetric monoidal functors
C — Vecf(k), we define 7om®(F, G) to be the functor of k-algebras such that

FHom®(F,G)(R) = Hom®(¢goF, poG). (8)

NOTATION 3.9 We sometimes abbreviate “symmetric monoidal widget” to “®-widget”.
For example a ®-category is a symmetric monoidal category, and a ®-functor is a
symmetric monoidal functor.

NOTES

3.10 Our notion of a monoidal functor agrees with that in most of the literature. There
are also weak monoidal functors, in which ¢ need not be an isomorphism, and strong
monoidal functors, in which c is equality. For example, for a ring R, the forgetful functor
(Mod(R), ®%) — (Ab, ®) is only a weak monoidal functor.

3.11 In Saavedra 1972, 1, 4.2.3, a symmetric monoidal functor is called a “®-foncteur

AC unifere”.

4 Internal Homs and duals in symmetric monoidal
categories

In this section, (C, ®) is a symmetric monoidal category.
Internal Homs
DEFINITION 4.1 Let X,Y € ob C. When the functor
T ~» Hom(T ® X,Y): C°PP — Set
is representable, we let H{om(X,Y') denote the representing object and

evyy: Hom(X,Y)@X - Y
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the morphism corresponding to idsym(x,y)- Thus, to every morphismg: T® X - Y
there corresponds a unique morphism f: T — Hom(X,Y) such thatevy y o(f ® X) =
8,

T TRX
7l f®x!
Hom(X,Y) }(om(X,Y)®XwY.
’ )
More succinctly,
Hom(T ® X,Y) ~ Hom(T, Hom(X,Y)). (10)

If, for a given X, Hom(X,Y) exists for all Y, then the functor Hom(X, —) is right
adjoint to — ® X.3

DEFINITION 4.2 A symmetric monoidal category is closed if internal Homs exist, i.e., if
for all objects X, the functor — ® X has a right adjoint Hom(X, —).

EXAMPLE 4.3 Let R be a commutative ring. For R-modules M, N, Homz(M, N) is again
an R-module, and

Homz(T ®g M,N) ~ Homg(T,Homgz(M,N)), 6 < (t+— (m+- 6(t @ m))

(Bourbaki A, IT, 4.1). Thus, Hom(M, N) exists for all modules M, N, and equals Homg(M, N)
(viewed as an R-module). In this case, evy, y is

f®x+— f(x): Homzp(M,N)®@ M — N,

which explains its name.

Closed symmetric monoidal categories

In this subsection, (C, ®) is a symmetric monoidal category in which internal Homs
exist.
There is a composition morphism

Fom(Y,Z) ® Hom(X,Y) - Hom(X, Z), (11)

corresponding to

e
FHom(Y,Z) ® Hom(X,Y) ® X ———s Fom(Y,Z)® Y — Z.

From the canonical isomorphisms

Hom(T, Hom(Z, Hom(X,Y))) (g) Hom(T ® Z, Hom(X,Y))

10
P Hom(T ® Z®X,Y)

10
0 Hom(T, Hom(Z ® X,Y)),

3Strictly speaking, this is the left internal Hom. The right internal Hom is right adjoint to X ® —,
so Hom(X ® T,Y) ~ Hom(T,Hom(X,Y)). Because of the commutativity constraint, the two notions
essentially coincide.
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and the Yoneda lemma, we get a canonical isomorphism
Hom(Z,FHom(X,Y)) ~ Hom(Z @ X,Y). (12)

Note that

Hom(1, Hom(X,Y)) = Hom(1 ® X,Y) ~ Hom(X, Y). 13)
The weak dual X" of an object X is defined to be Hom(X, 1). The morphism
evxy: XV ®X — 1
induces a bijection
frevxio(f ®X): Hom(T,X") - Hom(T ® X, 1), (14)

natural in T, and this property characterizes (X", evy ;). The map X ~ X" can be
made into a contravariant functor by sending f : X — Y to the unique morphism
'f 1YY - XY rendering commutative the diagram

vex 25 xvex
lyv®f ler,u (15)

Vy,1 1

YVWeYy —2,

In other words, 'f is the morphism corresponding to evy ; o(Y" & f) under the isomor-
phism (14)

g evy0(g®X): Hom(Y,XV) » Hom(Y'Y ® X, 1).
When f is an isomorphism, we let f¥ = (/f)~': XV — YV, so that
evyo(fY® f)=evx;: X' QX — 1. (16)
EXAMPLE 4.4 In Mod(R), MY = Homg(M, R) and 'f is determined by the equation
FO1xm =0 f)y, YyEN' xeM,
where we have written ( , ), and ( , )y for evy, and evy. We have
(FYC, f)N = (KX, X € MY, x € M.

Letiy : X — XVY be the morphism corresponding in (14) toevy oy : X @ XV — 1.
When iy is an isomorphism, X is said to be reflexive. If X has an inverse

X L5: X1@X 51,

then X is reflexive and the morphism X! — XV corresponding to & in (10) is an
isomorphism.
For finite families of objects (X;);er and (Y;);er, there is a morphism

®iel }(Om(Xi’ Yi) - g-fom(@ie[ Xis ®i€1 Yi) 17)
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corresponding in (10) to

~ Rev
(&er Hom(X;, Y)) ® (@, Xi) = Ry (Fom(X;, Y) @ X)) — Q,; Vi

In particular, there are morphisms

Ruer Xi' = (®,-61Xi)v (18)

and
XY - Hom(X,Y) (19)

obtained respectively by taking Y; = T alli,and X; =X, X, =1=Y,,Y, =Y.

Duals

In this subsection, (C, ®) is a symmetric monoidal category.

DEFINITION 4.5 Let X be an object in C. A pair (X', X' X = 1) is a dual® of X if
there exists a morphism 6 : T — X ® X’ such that the following equalities hold,

IRX XQ
K21 ®X oH XX @X —s X® 1 ~X) =idy
X'®5

) (20)
X
X 2X @1 X @X QX 2 19X ~X') = idy .

Here ¢ and & are called the evaluation and coevaluation morphisms, and are often
denoted evy and coevy. If it exists, coevy is unique (see 4.9 below).

4.6 Let (X', ev) be a dual of X with coevaluation map coev. For any ®-functor F, the
pair (F(X'),F(ev)) is a dual of F(X) with coevaluation map F(coev). To prove this,
apply F to the diagrams (20). In particular, if (X’, ev) is the dual of X in C, then it is the
dual of X in any symmetric monoidal category containing C as a symmetric monoidal
subcategory.

EXAMPLE 4.7 Let M be a free R-module of finite rank, let N = F(om(M, R), and let € be
the evaluation map f ® m > f(m): N ® M — R. Let (¢;) and (e}) be dual bases for M
and N,andleté : R - M ® N be the map sending 1 to Y, ¢; ® elf . Then ¢ is independent
of the choice the basis (¢;), and the following equalities hold,

SQM M®e
M~R@®M — MINRM — MR ~M)=idy,
N®S Q@M (21)
(N*N®R— NQM®N — RN ~N) =idy.
Thus, (N, ¢) is the dual of M.

PROPOSITION 4.8 Lete: X' ® X — 1 be a morphism in C. The pair (X', ¢) is a dual of X
if and only if the map

Yer: Hom(S,T ® X') > Hom(S ® X, T)

. , fex T®e .
sending f: S - T ® X' to the composite SQ@X — TQR®X' ® X —- T® 1 ~Tisa
bijection for all S,T € obC.

4Strictly speaking, this is a left dual - the right dual is a morphism X ® X’ — 1 such that there exists a
morphism 1T — X’ ® X making the similar diagrams commute.
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PROOF We have functors

c .. FS=s®X
< GT=T®X,

and a natural transformation
. T®e
€: FG—-ide, TX' X —>TQRT1Tx~T.

According to A.4, ¥ 1 is bijective for all S, T, i.e., (F, G, ¥~1) is an adjunction, if and only
if there exists a natural transformation 7 : idc — GF such that the triangle identities

TRX' - TRX XRX' -TRX')= idrgx

hold forall S,T € obC, i.e., (X’,¢) is a dual of X. o

COROLLARY 4.9 Let (XV,ev) be the dual of X.
(a) The functor — @ X" is right adjoint to — ® X.

(b) The coevaluation map coev : 1 — X @ X" is uniquely determined by (X", ev).

PROOF (a) This restates the fact that ¥ is an isomorphism.
(b) Under the adjunction isomorphism

Hom(1,X ® XV) ~ Hom(X, X),
coev corresponds to idy. O
Assume that Flom(X, T) exists for all T, and consider
evyy: Hom(X,1)®X — 1.

As in 4.8, this defines a morphism g 7, and from

Hom(S, T ® Flom(X, 1)) gbi{ Hom(S ® X,T) ~ Hom(S, Hom(X, T)), (22)
we get (by the Yoneda lemma) a canonical morphism, natural in T,
¢xr: T ®Hom(X,1) - Hom(X,T). (23)
The morphism ¢x 7 can also be obtained from the composition morphism (11)
Fom(1,T) ® Hom(X,1) - Hom(X,T)
by replacing Hom(1,T) with T.

PROPOSITION 4.10 An object X of C admits a dual if and only if, for all T € obC,
Fom(X,T) exists and ¢x 7 is an isomorphism.

PROOF Assume that Hom(X, T) exists and (23) is an isomorphism for all T. Then the

composite of the morphisms in (22) is an isomorphism for all S and T, so ¥ is an

isomorphism. According to 4.8, this implies that (Ffom(X,T), evy y) is a dual of X.
Conversely, if X has a dual (XV, ¢), then

Ysr: Hom(S,T ® X¥) - Hom(S ® X, T),

is an isomorphism for all S (see 4.8). Therefore, Fom(X, T) exists and equals T ® X".5
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COROLLARY 4.11 Ifan object X of C admits a dual (X", evy), then

(XV’ eVX) =~ (%Om(X, ﬂ), eVX,]])
T QXY ~ Hom(X,T).

In particular, if (XY, evy) exists, then it is unique up to a unique isomorphism, and the
morphism (9)
XVQ®T - Hom(X,T)

is an isomorphism.
PROOF This was shown in the above proof. O
For an M € ob Mod(R), the morphism (23) becomes
T ® Hom(M,R) - Hom(M,T), tQ® f > (mm— f(m)t). (24)

PROPOSITION 4.12 The following conditions on an R-module M are equivalent:
(a) M admits a dual;
(b) the map (24) is an isomorphism for all T;
(c) M is finitely generated and projective.

PROOF (a) = (b): Special case of 4.10 (it can also be proved directly).

(b) = (c): In particular, M ® Hom(M, R) ~ Endg(M). If 3, o1 Mi ® fi corresponds

to idy, under this isomorphism, so that ;. o film)m; = mforallm € M, then

M m—(fi(m)) Rl (@)=Y am; M

is a factorization of id,;. Therefore M is a direct summand of a free module of finite
rank, and so it is finitely generated and projective.

(c) = (a): When M is free of finite rank, we saw in 4.7 that there exists a dual. In the
general case, there exists a finite family (f;);c; of elements of R generating R as an ideal
and such that, for each i, the R 1 -module M I is free. Thus, there exists a §; for each i,
and the uniqueness assertion in Corollary 4.9 implies that they patch together to give a
6 for M. o

For example, a module over a Dedekind domain admits a dual if and only if it is
finitely generated and torsion free, and a vector space over a field admits a dual if and
only if has finite dimension (for an infinite-dimensional vector space V, there is no
coevaluation map k — V ® VV).

SUMMARY 4.13 Let (C, ®) be a ®-category in which internal Homs exist. For any object
X in C, the following statements are equivalent:

@ ¢xr: TQFHom(X,1) - Hom(X,T) is an isomorphism for all T}
(b) ¢xx: X Q@ Hom(X,1) - Hom(X,X) is an isomorphism;
(c) X admits a dual, in which case the dual is (Ffom(X, 1), evy ¢).

NoOTEs This section follows Dold and Puppe 1980.
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5 Rigid symmetric monoidal categories

Definition

DEFINITION 5.1 A symmetric monoidal category (C, ®) is rigid if, for all objects X and
Y,

(a) Hom(X,Y) exists, and
(b) the canonical morphism (23)

Y ® Hom(X,1) - Hom(X,Y)
is an isomorphism.

Equvalent condition (4.10): every object of C admits a dual (in the sense of 4.5).
Let (C, ®) be a rigid symmetric monoidal category. The opposite category C°PP has a
tensor structure for which ®X;*" = (®X;)°PP. The ®-functor

X, [}~ {XY,[f}: COPP > C

isa contravariant equivalence of categories because its composite with itself is isomorphic
to the identity functor. It is therefore a contravariant equivalence of symmetric monoidal
categories (3.7). In particular,

ff: Hom(X,Y) - Hom(YV,XV) (25)
is an isomorphism. There is also a canonical isomorphism
Hom(X,Y) - Hom(YV,XV), (26)
namely, the composite of the isomorphisms

X XV @i X
HomX,Y) S xv oy 2% xveyvw 1 ywexy E gromy, xV).

PROPOSITION 5.2 Let (C, ®) be a symmetric monoidal category. If C is rigid, then X
D(X) EXVisa functor equipped with a natural isomorphism

Yxy,z: Hom(X ®Y,Z) ~ Hom(X, Z ® D(Y)).

Conversely, if there exists a functor D . C — C and a natural isomorphism 1, then C is
rigid; moreover, (D(Y), €), where ¢ corresponds to the identity map under Ypyyy 1, is the
dual of Y.

PROOF Restatement of 4.8. 0

NOTES Saavedra 1972, 1, 5.1.1 defines a symmetric monoidal category to be rigid if Hom(X,Y)
exists for all X, Y and the canonical morphism (17)

FHom(X1,Y1) @ Hom(X,,Y;) = Hom(X; @ X,,Y, ®@Y,)

is an isomorphism for all X;, X,, Y1, Y,. This is equivalent to our definition.
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Traces

Let (C, ®) be a rigid symmetric monoidal category.
For any object X of C, there are morphisms

Fom(X,X) (ng? XX 3. (27)

On applying the functor Hom(1, —) to this, we obtain by (13) a morphism
Tryx : End(X) — End(1) (28)

called the trace morphism. More directly, the trace of f : X — X is the composite of
the morphisms

vf®v VVX,X

1 2%, xexv 25 xex XX -2 1.

We sometimes write Tr(f|X) for Trx(f). The (categorical) dimension (or rank) of X
is defined to be Trx(idy), so dim X is the composite of the morphisms

1]—>X®XV XV®X—>1]

Note that dim(X) is an element of the ring End(1). In particular, it need not be an
integer, much less a positive integer (see 9.9 and 9.11 for example). In the tensor category
of finite-dimensional vector spaces over a field k of characteristic p, a vector space of
dimension p has categorical dimension 0.

PROPOSITION 5.3 There are the following equalities.
(a) If X @Y exists, thenTrygy (f B g) = Trx(f)+Try(g), wheref : X - X, g: Y = Y.

(b) Trxgy(f ® g) = Trx(f) - Try(g), where f: X - X, g: Y =Y.

(¢) Trxv(fY) = Trx(f), where f : X - X.

(d Try(f) = f

(e) Trx(gof) = Trygx(yxyo(g ® f)) = Try(fog), where f : X — Y, g: Y - X.

PROOF Only the proof of (e) presents problems. For a morphism f: X — Y, let
5(f): T - Y ® XY denote the composite

v fex7

1%, XX Y @ XV.

Thus, whenY = X, TrX(f) = €Vyx oY¥x xv 05(f)
For morphisms X —f> vy 5z , the morphism 8(go f) is the composite

0(2)®Ji ZQ XY
12101220 s eovverex 2 s e 1exV~Zz@XY. (29)

Thus, when Z = X,

Try(gof) < evy oyyxvod(gof) = Tr(yx.yo(g ® ).

Similarly,
Try(fog) = Tr(yy xo(f ® g)) = Tr(yx,yo(g ® f)). -
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COROLLARY 5.4 For any objects X,Y of C,

dimX @Y)=dimX +dimY
dim(X®Y)=dimX -dimY
dim(XV) = dim(X)
dim(1) = id; .

PROOF Apply the proposition to the identity morphisms. o

REMARK 5.5 (DELIGNE 1990, 7.2) Consider, as in (e) of Proposition 5.3, morphisms
f:X —>Yandg: Y — X. The tensor product of the unordered set {X, Y} is well-defined
up to a canonical isomorphism, as is the morphism ®{f,g}: ® {X,Y} - ®{X,Y}. The
proposition says that the trace of this morphism is Tr(go f), hence, by symmetry, also

Tr(fog).
More generally, consider morphisms

Uy 25) Up—1 Up
X —X,— - —X,— X

These give rise to a morphism,

Ry ®Xl-—> ®X,~,

iez/(n) i€z /(n) i€z/(n)
which we denote by ®u;. On iterating (29), we find that §(u, 0 --- ou;) is the composite

5(up)®---®8(uy) X1 ®evy, ®-Qevy, X/
1 X ®X ®X, @ ®X, @ X —— 2 X exY,

and it follows that
Tr(uno oul) = ®i(eVXi OJ/XZ,,XiV)O ®i 5(ul-) = Tr(@iui). (30)

®-functors of rigid ®-categories

It is clear from Definition 4.5 that a ®-functor F : C — D of rigid ®-categories preserves
duals:
F(XV) ~ F(X)".

Moreover, it induces a homomorphism F : End(1:) — End(F(1¢)) ~ End(1p). This
preserves traces: forany f: X — X,

Trpx) F(f) = F(Trx(f)).
In particular, dim(F(X)) = F(dim(X)).

PROPOSITION 5.6 Let(F,c): (C,®) — (D, ®) be a ®@-functor of rigid symmetric monoidal
categories. Forany X,Y € ob(C),

F(Hom(X,Y)) ~ Hom(FX,FY). (31)

In particular,
F(XV) ~ F(X)V.
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PROOF The morphism (31) comes by adjunction (10) from
F(evxy): F(5om(X,Y)) ® FX — FY.

The commutative diagram

F(Hom(X,Y)) —— Hom(FX,FY)

2T4.11 ET4.11

FXV®Y) — (FX)" @ FY.

shows that it is an isomorphism. o

PROPOSITION 5.7 Let (F,c) and (G, d) be ®-functors C — D of ®@-categories. If C is rigid,
then every monoidal natural transformation u : F — G is an isomorphism.

PROOF The morphism v : G — F making the diagrams

FXY) =55 G(xV)

lz Hux) lg

FX)Y -2 Gx)Y

commute for all X € ob(C), is an inverse for u. Note that vy is the composite

GOX) = GXV)Y 5 F(XV)Y ~ F(X).

To see that uyovy = idgy, chase around the outside of the following diagram in two
ways, starting from the GX at lower left. The outer diagram commutes because each
subdiagram does.

FX @ F(XY) ® GX FX ® G(X¥) ® GX ——%, px

ux Quyv ®id
6Fx®idw N} lux®id®id lux

) id id
GX ox®! CX @ G(X¥) ® GX —2%, Gx

id @uyv ®id
_—

The proof that vyouy = idgyx is similar. o
For a k-algebra R, let ¢r denote the functor — ®, R: Vecf(k) — Mod(R). Let
w : C — Vecf(k) be a ®-functor, and define functors End®(w) and Aut®(w) by by

def

End®(w)(R) = End(¢gow)
Aut®(@)(R) € Aut(¢gow).
(cf. (8), p. 13). If C is rigid, then End(¢row) ~ Aut(¢grow) (5.7), and so
End®(w) ~ Aut(w). (32)

PROPOSITION 5.8 Let F : C — D be a @-functor between rigid symmetric monoidal cate-
gories. The following conditions on F are equivalent:

(a) every object of D is a subobject of F(X) for some object X of C;
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(b) every object of D is a quotient of F(X) for some object X of C.

PROOF Assume (a), and let Y be an object of D. There exists an object X of C and a
monomorphismi: YV - F(X). In a rigid symmetric monoidal category, the functor
V is a contravariant equivalence with itself as a quasi-inverse, and ®-functors preserve
duals (5.6). Hence

F(XY) = FX)¥ - YW ~ Y

is an epimorphism. We have shown that (a) implies (b), and the converse is proved
similarly. o

DEFINITION 5.9 A ®-functor of rigid tensor categories is dominant if it satisfies the
equivalent conditions of 5.8.

ASIDE 5.10 Let F: C — D be a k-linear exact ®-functor of essentially small tensor categories
over k. By the special adjoint functor theorem, F has a right adjoint F,, : Ind D — Ind C. When
C and D are locally finite, the functor F is dominant if and only if F,, is faithful. See Coulembier
2026, 1.3.4.

DEFINITION 5.11 Let C’ be a strictly full subcategory of a monoidal category C. We say
that C’ is a monoidal subcategory of C if it is stable under the formation of finite tensor
products (it suffices to check that it contains a unit and that it contains X ® Y whenever
it contains X and Y). It becomes a monoidal category under the induced tensor structure.
If C is symmetric, then C’ is symmetric, and if C is symmetric and rigid, then C’ is rigid
if it contains contains XV whenever it contains X.

NoOTEs For a proof that the diagram in Proposition 5.6 commutes, see sx4932465. The proof of
Proposition 5.7 was extracted from ncatlab.org.

6 Abelian rigid symmetric monoidal categories

Our convention, that functors between additive categories are additive, forces the fol-
lowing definition.

DEFINITION 6.1 A symmetric monoidal category (C, ®) is additive (resp. abelian) if C
is an additive (resp. abelian) category and @ is a bi-additive functor.

If (C, ®) is an additive symmetric monoidal category and (1, e) is a unit, then R et
End(1) is a ring that acts through the isomorphism 1y : 1 ® X = X on each object X of
C. The action of R on X commutes with endomorphisms of X and so, in particular, R
is commutative. If (1/, ¢’) is a second unit, then the unique isomorphism a : (1,e) —
(17,¢") (see 1.8) defines an isomorphism R ~ End(1”). The category C is R-linear in
the sense that each Hom-set is equipped with an R-module structure and o and ® are
R-bilinear.

In more detail, we have a bi-additive map

(a,f)~a-f: End(1)x Hom(X,Y) - Hom(X,Y)

given by
19x 2L 19y

ﬁl/lx ﬁlly

a-f

X ——Y.


https://math.stackexchange.com/questions/4932465
https://ncatlab.org/toddtrimble/published/Morphisms+between+tensor+functors
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That this defines an action of the ring R on Hom(X, Y') follows from the middle unity
diagram 1.5. That the action is R-bilinear follows from the definition of the action and
the functoriality of ®. That ® is R-bilinear follows from the middle unity diagram 1.5,
the left unity diagram 1.3, and 2.2. See sx5080743.

When C is rigid and R = End(1), the trace morphism is an R-linear map

Tr: End(X) —» R.

PROPOSITION 6.2 Let (C,®) be a symmetric monoidal category. If C is closed, then ®
commutes with inductive limits in each variable. If C is rigid, then ® also commutes with
projective limits in each variable.

PROOF If C is closed, then the functor Hom(X, —) is right adjoint to — ® X (see (10)),
and so — ® X commutes with inductive limits. If C is rigid, then XV ® — is both a left
and a right adjoint of — ® X. O

COROLLARY 6.3 In an abelian rigid symmetric monoidal category, ® is exact in each
variable.

Note that ® is not usually exact in Mod(R).

PROPOSITION 6.4 Let (C, ®) be an abelian rigid symmetric monoidal category. If U is a
subobject of 1, then 1 ~ U @ U+, where U+ = Ker(1 — UY). Consequently, 1 is a simple
object if End(1) is a field.

PROOF Let V = Coker(U — 1), so

0 U 1 |4 0

is exact. On applying ® to the commutative diagram

UX] — Ix1 — VX1

T T T

UXU — I1xU — VXU

in C x C, we get a commutative diagram

0 U 1 14 0

J ] >

b

0 — UQ®QU — U — VU — 0,

in C. The bottom row is (top row) ® U, so it also is exact. It follows that V' ® U = 0 and
that U @ U = U as asubobjectof T® 1 = 1.

For any object T, the morphism T ® U — T, obtained from U < 1 by tensoring
with T, is a monomorphism. This proves the first equivalence in

TQU =0 < the morphism TQU — T is zero < the morphism T — U"®T is zero,

and the second follows from the canonical isomorphisms

1.6.5 1.6.5
Hom(T®Q U,T) ~ Hom(TQU ® TV,1) ~ Hom(T,U"Y ® T).


https://math.stackexchange.com/questions/5080743
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For an object X of C and subobject T, we deduce from the diagram

X — U'®X

J J

T — U'QT

that
Ker(X - UY ® X)

is the largest subobject K of X such that K ® U = 0. On tensoring the exact sequence
0-Ul>1-UV->0

with X, we see that K = UL ® X.
We apply this statement to the object V. AsV ® U = 0, we deduce that U* @ V = V.
We apply the statement to the object U. Let T be a subobject of U. The argument in
the first paragraph shows that T @ T = T, and so

TQU=0= T=0.

We deduce that Ut @ U = 0.
From the exact sequence

0-UtQU->UL®1->UtQV -0
we now deduce that the composite U+ — 1 — V is an isomorphism, so 1 ~ U+ @ U.

PROPOSITION 6.5 Let C be an abelian symmetric monoidal category with internal Homs.
If 1 is simple, then the product of any two nonzero objects of C is nonzero provided one
admits a strong dual.

PROOF Let X and Y be nonzero objects of C with X admitting a dual. As X is nonzero,
the equality (4.5)

(ldX X eVX) o (CoeVX (%) ldx) = ldX
shows that the evaluation morphism evy : XY ® X — 1 is nonzero, and hence an
epimorphism because 1 is simple. Now XY ® X ® Y — Y is an epimorphism (6.2),
which implies that X ® Y is nonzero. o

REMARK 6.6 It follows from the proposition shows that, in an abelian rigid symmetric
monoidal category, there is a one-to-one correspondence between subobjects of 1 and
idempotents in End(1). Such an idempotent e determines a decomposition of symmetric
monoidal categories C = C’ x C" in which the objects of C’ (resp. C"”) are those on which
e (resp. 1 — e) acts as the identity morphism.

PROPOSITION 6.7 Let C and C' be abelian symmetric monoidal categories with identity
objects 1 and 1. If C is rigid, 1 is simple and 1" # 0, then every right exact ®-functor
F: C — Cis faithful.

PROOF As F is additive and exact, it suffices to show that F(X) # 0 when X # 0. If
X #0,thenev: XV ® X — 1is an epimorphism because 1 is simple, and so

FXV)YQFX)~FX'®X)—>F(I)~1
is an epimorphism. As 1’ # 0, this implies that F(X) # 0. O
Note that 1 is simple if End(1) is a field, and 1’ # 0if C' # 0.
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Traces in abelian rigid symmetric monoidal categories

In this subsection, the underlying category is an abelian rigid symmetric monoidal
category. We show that traces are additive on short exact sequences.

PROPOSITION 6.8 (DELIGNE) For any exact commutative diagram

0 X/ X X" 0
lfl lf lf{/
0 b ¢ X X" 0,

Trx(f) = Trx: (f") + Trxn (f").

In particular,
dim(X) = dim(X’) + dim(X"").

PROOF For an object X of such a category, let ty denote the morphism (27)

Hom(X,X) =~ X' @ X — 1.

Then Hom(T, ty) is the trace map End(X) — End(1).
For a short exact sequence

T:0-X' -X->X"->0,

let
Fom(Z, T) = Ker (Hom(X,X) — Hom(X',X")).

Thus,
Hom(1, Hom(Z, X)) ~ End(X) «f {f € End(X) | f respects Z}.

It suffices to show that the diagram
Hom(Z,2) —— FHom(X', X")® Fom(X",X")
l l[X/+[XH (33)
Fom(X,X) X 1

commutes. On tensoring X with its dual, we get a diagram with exact rows and columns
(6.2),
0 0 0

0 XI/V ®Xl XHV ®X XHV ®XII 0

0 — XVRX — s XX —— XX —— 0

0—>X,V®X’ —)X’V®X—>X,V®X" — 50
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From a diagram chase, we see that (X" ® X) @ (X¥ ® X’) maps onto the kernel of
XV®X — X'V®X". Hence Hom(X",X)® Hom(X,X") maps onto Fom(Z, ), and so
it suffices to show that (33) commutes with Fom(Z, Z) replaced by each of FHlom(X", X)
and Hom(X,X"). On Hom(X",X), the map to Flom(X’,X") vanishes, and so we have
to show that

Fom(X",X) — FHom(X",X")

l o

Hom(X,X) — X 5 7

commutes, and dually for Flom(X, X").
From the identity Tr(fg) = Tr(gf), we see that the diagram

FHom(X, X" Hom(X",X) —— Fom(X",X")

l o

Fom(X,X) X 1

commutes. On composing with the morphism 1 — FHom(X,X"") that corresponds to
the given morphism X — X" under the isomorphism

Hom(1, Hom(X,X")) ~ Hom(X,X"),
we obtain the required diagram for Hom(X", X). o
COROLLARY 6.9 The trace of any nilpotent endomorphism is zero.

PROOF If the endomorphism f of X is nilpotent, then there exists a finite decreasing
filtration F of X such that f(F") c F'*1, for example, the filtration with F! = fi(X).
Then f = 0 on F!/F™*1, and so

6.8

Tr(f) = Y, Tr(f|F!/F**1) = 0. °
The corollary fails for categories that are not abelian.

NOTES This subsection follows a letter of Deligne, dated July 11, 2003.

Traces and fibre functors

Let C be a k-linear abelian rigid ®-category. By a fibre functor on C with values in a
k-algebra R, we mean a k-linear right-exact ®-functor C — Mod(R).

6.10 Let w: C — Mod(R) be a fibre functor on C, and let (U, u) be a unit in C. There is
a unique isomorphism a,, : R — @w(U) such that the top square in the following diagram
commutes,

R®R — R

law(@aOJ law

(1) ® w(U) -5 ()

l’?U®UU l’?U

o' (u)

W' (U)® o' (U) —> o'(U)
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(see 1.8). If ' is a second R-valued fibre functor on Cand 7 : w — &’ is an isomorphism
of ®-functors, then

Ay = Ny©Qy. (34)

This follows from the above diagram.

6.11 For an object X of C and an R-valued fibre functor w, we define
Tr,: End(X) > R

by
Tr,(a) = Tr(w(a) | w(X)), o € End(X).

Alternatively, Tr,, is the composite of

End(X) — End(U) - End(w(U)) ~ R,

where the canonical isomorphism is defined by a,,. From this second description and
(34), we see that Tr,, = Tr,, if w and ' are isomorphic, or even if they become isomorphic
after a faithfully flat homomorphism R — R’.

6.12 Assume now that the fibre functors on C are locally isomorphic for the fpqc topol-
ogy, i.e., if w and ' are R-valued fibre functors on C, then there exists a faithfully flat
homomorphism R — R’ such thatw @z R’ ~ o’ Q@ R’.

Then, for any R-valued fibre functor w,

Tr,(ax) € k, allX € obC and a € End(X).

To see this, let w be an R-valued fibre functor on C and consider the exact sequence
i
0— k — R R®rR.
i

Then w, o ®g,i, R ®; R and w, o ®gr,i, R ® R are R ®j R-valued fibre functors
on C. Let a be an endomorphism of an object X of C. Under the maps i; and i,, Tr,(«)
maps to Tr,, (a) and Tr,, (). As w; and w, are locally isomorphic, Tr,, (a)=Tr,, () (by
6.11), and so Tr,(a) € k.

6.13 If C admits a nonzero fibre functor and any two fibre functors are locally isomor-
phic, then
End(1) = k.

Apply 6.12 to an endomorphism of 1.

7 Tensor categories

In this section, k is a field.

DEFINITION 7.1 A tensor category over k is a k-linear abelian rigid symmetric monoidal
category such that the structure homomorphism k — End(1) is an isomorphism.>

SFollowing Deligne 1990, 2.1. The condition k =~ End(1) is necessary for the fibre functors to form a
gerbe (6.13). Some authors do not require tensor categories over k to be symmetric and some require them
to be essentially small or locally finite.
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In other words, a tensor category over k is an abelian rigid symmetric monoidal
category equipped with an isomorphism k ~ End(1).

DEFINITION 7.2 A tensor subcategory of a tensor category over k is a strictly full addi-
tive subcategory stable under direct sums, tensor products, duals, and subquotients.

In particular, a tensor subcategory is an abelian subcategory (abelian category such
that the inclusion map is exact), contains an identity object, and is a tensor category over
k.

DEFINITION 7.3 A tensor functor of tensor categories over k is a right-exact k-linear
symmetric monoidal functor.

PROPOSITION 7.4 Tensor functors between tensor categories over k are exact and faithful.
PROOF This follows from 6.7 and the next more precise statement. o

PROPOSITION 7.5 (DELIGNE 1990, 2.10) Let F: C — D be a right exact ®-functor be-
tween abelian ®-categories. If C is rigid and the tensor product on D is right exact, then F
is exact.

PROOF Let0 - X — Y — Z be an exact sequence in C. On applying F to the dual
sequence, we get an exact sequence

F(Z)¥ - F(Y) = F(X)" - 0 (35)

inD. Let U - V — W — 0 be an exact sequence in D. If Hlom(U, 1) and Hom(V, 1)
exist in D, then H om(W, 1) exists in D and the sequence

00— Hom(W,1) - Hom(V,1) - Hom(U, 1) (36)

is exact. As F(X) is dual to F(X)V, it equals Flom(F(X)¥, 1) (by 4.11) and similarly for
Y and Z. For (35), the sequence (36) becomes

0—->F(X)— F(Y) - F(2),
which is therefore exact. O

Let P € N[x,y]. When X, Y are objects of a symmetric monoidal category, we can
define P(X,Y) by interpreting addition as @ and multiplication as &, so

P(x,y) = Zij m; ;x'y) = P(X,Y) = @ij m; ; X®' Q@ Y®.

DEFINITION 7.6 For an object X of an abelian rigid symmetric monoidal category C,
we let (X)® denote the strictly full subcategory of C whose objects are subquotients of
P(X,X") for some P € N[t, s]. It is again an abelian rigid symmetric monoidal category.
We call X a tensor generator of C if C = (X)®.

In other words, (X)® is the strictly full subcategory of C whose objects are those that
can be constructed from X by iterated applications of the operations of direct sum, tensor
product, dual, passage to a subobject or a quotient object. When C is a tensor category
over k, (X)® is the smallest tensor subcategory containing X.
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DEFINITION 7.7 A tensor category over k is monogenic® if it admits a tensor generator.

In the literature, a monogenic tensor category over k is said to be finitely generated.
Note that if a tensor category is generated by objects X1, ..., X,,, i.e., is the smallest tensor
subcategory over k containing the X;, then it equals (X)®, where X = X; @ --- ® X,,.

DEFINITION 7.8 A k-linear abelian category is locally finite if every object has finite
length and every k-vector space Hom(X, Y') has finite dimension.

An object of an abelian category is said to have finite length if it admits a (finite)
composition series, in which case all composition series have the same lengkth. Both
the Jordan-Hdlder and Krull-Schmidt theorems hold in locally finite k-linear abelian
categories.

PROPOSITION 7.9 A tensor category over k is locally finite if every object has finite length.
PROOF Certainly, Hom(1, 1) = k is finite dimensional. For all objects X, Y,
Hom(X,Y) = Hom(1, Hom(X,Y))

((13), p. 15). As 1 is simple (6.4), the morphism 1" — Hom(X,Y) defined by linearly
independent morphisms f1, ..., f,, : X — Y is a monomorphism. Therefore,

dim;, Hom(X,Y) < length(Hom(X,Y)). -

Extension of scalars

In this subsection, k is a field. Let C be a k-linear abelian category.

7.10 For a finite-dimensional vector space V and an object X in C, we define V ® X to
represent the functor T + V ® Hom(T, X). The choice of a basis (e;);c; of V realizes
V ® X as a direct sum of copies of X indexed by I.

In more detail, there is a functor V,X «w V ® X : Vecf(k) X C — C such that

Hom(T,V ® X) ~ V ®, Hom(T, X)
Hom(V® X, T) ~V ®, Hom(X, T)

forall X, T in C and V in Vecf(k), and such that for any k-linear functor F : C — Vecf(k),
we have F(V ® X) ~ V ® F(X). First define the functor on the skeleton of Vecf(k)
consisting of the vector spaces of the form k", and then choose a quasi-inverse to the
inclusion of the skeleton into Vecf(k).

7.11 Let k' be a finite extension of k. We define C) to be the category whose objects
are the pairs (X, &), where X is an object of C and « is a k’-module structure on X, i.e., a
k-algebra homomorphism k€’ — End(X).” A morphism (X, «) — (Y, ) is a morphism
f: X — Y such that foa(c) = B(c)of for all c € k’. The category C is a k’-linear
abelian category, said to have been obtained from C by extension of scalars. For X in C,

SOED: Mathematics. Of a group, algebra, etc.: generated by a single element.
"Equivalently: let k" ® X denote the tensor product in the sense of 7.10; a k’-module structure on X
can be defined to be a morphism y : k' ® X — X satisfying the usual conditions (10.4).
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there is a natural k’-module structure on k' ® X (tensor product in the sense of 7.10),
and in this way we get a functor

ik C—>Cury X wk'®X, (extension of scalars).
The forgetful functor is a functor
rvk: Cay = C, (X,a) » X, (restriction of scalars),

and
Homc(X, rk’/kY) ~ Homc(k,)(ik//kX, Y), Xe(CYe C(kz).

In particular,
Homc,,, (i /iX, ik Y) = Home (X, k®Y)~k'® Hom:(X,Y), X,Y €obC.

As ry i and iy i are right and left adjoints, the first is left exact and the second is right
exact. In fact, both functors are exact. For example, to see that ry, Jk is right exact, let
(X,a) — (Y, B) be an epimorphism in C), and let C be the cokernel of X — Y in C;
then C acquires a k’-module structure from those on X and Y, and so it is 0. See Deligne
2014, 5.1.

EXAMPLE 7.12 Let A be a finite-dimensional k-algebra and k’ a finite extension of k.
The k-linear abelian category Modf(A) is locally finite, and Modf(A) ;s can be identified
with Modf(k” ®; A). In this case, i}/ /k and ry . are the usual extension and restriction
functors.

PROPOSITION 7.13 Let C be a locally finite k-linear abelian category.

(a) Let X be a simple object of C.

i) D Lf End(X) is a division algebra, finite-dimensional over k, and its centre F is

a finite extension of k.
ii) i /i (X) is semisimple in Cry if and only if k' @y F is a product of fields.
(b) If'Y = (X, a) is a semisimple object of C s, then X is a semisimple object of C.
(c) Let X be an object of C. If iy /(X)) is simple (resp. semisimple), then so also is X.

PROOF (a) (i). This is obvious.

(ii). The functor Hom(X, —) is an equivalence to Vecfp from the strictly full sub-
category of C whose objects are the finite direct sums of copies of X. This remains an
equivalence when we extend scalars to k’, and i/ (X) corresponds to the right kK’ ®; D-
module k' ® D, which is semisimple if and only if F ®, k’ is a product of fields (Bourbaki
A, VIIL, §7).

(b) We may suppose that Y is simple. The sum of the simple subobjects of X is a
nonzero k’-submodule of X, hence equals X (by the simplicity of Y).

(©) If i /i (X) is semisimple, then X is semisimple because it is a subobject of r(i(X),
which is semisimple by (b). If i/, (X) is simple, then X is obviously simple. o

PROPOSITION 7.14 Let C be a locally finite k-linear abelian category, and let X be an object
of C. If X is a sum of simple subobjects, say, X = Zl. 1 Si (the sum need not be direct), then
for every subobject Y of X, there is a subset J of I such that

X=Y® EBieJSi'

In particular, X is a finite direct sum of simple subobjects, and Y is a direct summand of X.
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PROOF Let J be maximal among the subsets of I such that the sum S; = Zj o Sjis
directand Y N S; = 0. We claim that Y + S; = X (hence X is the direct sum of Y and the
S; with j € J). For this, it suffices to show that each S; is contained in Y + S;. Because
S; is simple, S; N (Y + Sj) equals S; or 0. In the first case, S; C Y + S;, and in the second
SynS;=0and Y Nn(S; + S;) = 0, contradicting the maximality of J. o

DEFINITION 7.15 A locally finite k-linear abelian category C is semisimple if every
object is a sum of simple objects (hence a finite direct sum).

PROPOSITION 7.16 Let C be a locally finite k-linear abelian category, and let k be a finite
extension of k. If C(y is semisimple, then so also is C, and the converse is true if k' is
separable over k.

PROOF The necessity follows directly from 7.13c, so suppose that k’ is separable over k.
If X in C is semisimple, then i}/, (X) is semisimple (7.13a), and every object Y of C) is
a direct factor of such an object. More precisely, the adjunction morphism (ior)(Y) — Y
splits. The object (ior)(Y) = k’ ®; Y has two k’-module structures, that provided by k’
and that provided by Y, and hence an action of k€’ ®j k’. The adjunction morphism is
the natural morphism k' ® Y — (k' ® Y) ® g,k k’. This is split because k' ® k' — k'’
is projection onto a direct factor. o

Let (C, ®) be a tensor category over k and k' a finite extension of k. For objects X
and Y of Cy, let

XQ®uY=CokerX®kK Y =2 XQY). (37)

The two morphisms are defined by the actions of k' on X and Y respectively.

PROPOSITION 7.17 Let (C, ®) be a tensor category over k and k' a finite extension of k.
With the tensor product (37), C .y becomes a k’-linear abelian ®-category, and iy ki C—
C(kry is a k-linear right-exact ®-functor. Moreover, iy ;. sends unit objects to unit objects
and duals to duals. Internal Homs exist in Cy.

PROOF The proof is straightforward, If X" = (X, ux) and Y’ = (Y, uy) are objects of
C(kr), then FHom(X’,Y") is the intersection of the kernels of the morphisms

feAf—f1: HomX,Y) »> Hom(X,Y),
where A runs over a basis for k” as a k-vector space. o

PROPOSITION 7.18 Let (C, ®) be a tensor category over k and k' a finite extension of k. If
k' /k is separable, then C is a tensor category over k' and iy, Jk IS exact.

PROOF If 1 is an identity object in C, then i}, /(1) is an identity object in Cy, and
clearly End(iy /(1)) ~ k’. To show that C) is a tensor category, it remains to show
that duals exist. If X in C has dual X", then i}/, (X) has dual i/ /. (X"), and every object
Y of Cy is a direct factor of such an object. More precisely, the adjunction morphism
(ior)(Y) — Y splits (see the proof of 7.16). Finally, i/ is exact by 6.3 and 7.5, o

NoTEs This subsection is based on Deligne 2014, 5.3.
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Descent of tensor categories

7.19 Let k' /k be a finite Galois extension with Galois group T, and let C’ be a tensor
category over k’. A descent datum on C’ relative to k' /k is

(a) a family (8,),er of equivalences of symmetric monoidal categories 8, : C' — C’,
B, being semi-linear relative to y, together with

(b) a family (u,/,) of isomorphisms of tensor functors i, : f8,,, = 8,104, such

that
Myt 1, (X )

Byrryry(X) By (Byry (X))
luyuyr,y(X ) Jﬁyu(ﬂyry(X))
Byrryr (B, (X)) Ly G, By (By (By (X))
commutes for all X € ob(C).

7.20 A tensor category C over k gives rise to a tensor category C' = C(y over k’ together
with a descent datum for which

ﬁy(X’ aX) = (X’ ochy_l),

Conversely, a tensor category C’ over k’ together with a descent datum relative to k' /k
gives rise to a tensor category C over k whose objects are pairs (X, (a,)), where X € ob(C’)
and(a, : X = B,(X)),erissuch that (u,, , )xoa,,, = f,/(a,)oa,, and whose morphisms
are morphisms in C’ commuting with the a,. These two operations are quasi-inverse, so
that to give a tensor category over k (up to a tensor equivalence, unique up to a unique
isomorphism) is the same as giving a tensor category over k’ together with a descent
datum relative to k’ /k. The proofs of these statements are elementary for k-linear abelian
categories, and extend without difficulty to tensor categories over k. See Saavedra 1972,
I11, 1.2.

8 Tannakian categories
In this section, k is a field.

DEFINITION 8.1 Let (C, ®) be a tensor category over k and R a k-algebra.

(a) A fibre functor on C with values in R (or an R-valued fibre functor on C) is a
k-linear right exact ®-functor w : C - Mod(R).

(b) A morphism of fibre functors is a morphism of ®-functors (3.4); it is automatically
an isomorphism (5.7).

More generally, a fibre functor on C over a k-scheme S is an exact k-linear ®-functor
from C to the category of quasi-coherent sheaves on S.

DEFINITION 8.2 A tannakian category over k is a tensor category over k that admits
an R-valued fibre functor for some nonzero k-algebra R. If there exists a fibre functor
with values in k itself, then the category is said to be neutral.

In other words, a tannakian category over k is a k-linear abelian rigid symmetric
monoidal category C such that the structure map k — End(1) is an isomorphism and
such that there exists a fibre functor with values in some nonzero k-algebra R.
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DEFINITION 8.3 A tannakian subcategory of a tannakian category over k is a tensor
subcategory (7.2). In other words, it is a strictly full abelian subcategory closed under
the formation of direct sums, tensor products, duals, and subquotients. It is again a
tannakian category over k - any fibre functor restricts to a fibre functor.

There exist strictly full abelian subcategories of tannakian categories closed under
the formation of tensor products and duals but not subquotients. See II, 5.5, below.
Let C be a tensor category over k and R a k-algebra.

PROPOSITION 8.4 Every R-valued fibre functor w on C is exact; moreover, w is faithful if
R #0.

PROOF That w is exact follows from 7.5. Now assume that R # 0. As w is exact, it
suffices to show that w(X) # 0if X # 0. For any nonzero X,ev: XY ® X — 1 isan
epimorphism, so w(X)"¥ ® w(X)" — R is surjectivc, which implies that w(X) # 0. O

PROPOSITION 8.5 Let w be an R-valued fibre functor on C and X a nonzero object of C.
Then w(X) is finitely generated and projective, hence flat. It is faithfully flat if R # 0.

PROOF As X admits a dual, so also does w(X), and hence it is finitely generated and
projective (4.12). In particular, it is flat. Assume that R # 0. To show that w(X) is
faithfully flat, we have to show that, for all maximal ideals m of R, w(X) ®x R/m # 0.
The functor X «» w(X) ®x R/m is again a fibre functor, so this follows from 8.4. O

Thus w takes values in Proj(R), but is only exact as a functor to Mod(R).

PROPOSITION 8.6 Let w be an R-valued fibre functor on C. For any R-algebra R, the
functor
X w wpX) E o(X) Qg R’

is an R'-valued fibre functor on C.

PROOF Certainly, wg is a k-linear right exact ®-functor C — Mod(R’), hence a fibre
functor. Here is a direct proof that w exact implies wgs exact. If

0-X - X->X">50
is a short exact sequence in C, then
0—- X)) - awX)— X" -0

is exact in Mod(R). As w(X"") is projective, the sequence splits, and so it remains exact
when tensored with any R-algebra. Thus wg/ is exact. O

COROLLARY 8.7 Every tannakian category C admits a fibre functor with values in a field.

PROOF Let w be an R-valued fibre functor on C with R # 0. For any maximal ideal m of
R, R/m is field containing k and X « w(X) ®g R/m is a fibre functor with values in
R/m. o

PROPOSITION 8.8 Every exact ®-functor from a tannakian category to a nonzero abelian
®-category with 1 # 0 is faithful. In particular, every R-valued fibre functor, R # 0, is
faithful.

PROOF This is a special case of 6.7. o
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8.9 An object of a tannakian category C is said to be trivial if it is isomorphic to a finite
sum of copies of 1. As 1 is simple (6.4), every such object is a finite direct sum of copies of
1, and the full subcategory of trivial objects is stable under the formation of subquotients

in C. The functors
VwV®I1
Vecf(k) ———— C
Hom(1,X)«X

are adjoint,
Hom(V ® 1,X) ~ Hom(V,Hom(1, X)).

Here V' ® 1 is as in 7.10. The unit of the adjunction
V - Hom(1,V® 1)

(see A.2) is an isomorphism, whereas the counit
Hom(1,X)® 1 - X

is a monomorphism, and it is an isomorphism if and only if X is trivial. Therefore, the
functors define an equivalence of Vecf(k) with the full subcategory of trivial objects in
C.

PROPOSITION 8.10 Let C be a tannakian category over k, and let w be a fibre functor with
values in a nonzero k-algebra R. For all X, Y in C, the canonical map

Hom(X,Y) ® R — Homg(w(X), w(Y))
is injective.

PROOF Recall (13), p. 15, that Hom(1, Hlom(X,Y)) ~ Hom(X, Y). In particular, each
element of Hom(X, Y) defines a morphism 1 - FHom(X,Y), and linearly independent
elements define linearly independent morphisms. Therefore, for each finite-dimensional
subspace V of Hom(X, Y)) we have a canonical monomorphism

V1 Hom(X,Y).
On applying w to this monomorphism, we obtain an injective map
V QR o w(Hom(X,Y)) ~ Homg(w(X), w(Y)).

On passing to the inductive limit over the subspaces V, we obtain the required injective
map. O

PROPOSITION 8.11 Every tannakian category is locally finite.

PROOF Let k = End(1). According to Proposition 8.7, the category has a fibre functor w
with values in a field K containing k. Then w : C — Vecf(K) is exact and faithful, and
according to Proposition 8.10, the canonical map

Hom(X,Y) ®; K — Hom(w(X),w(Y))

is injective, and so Hom(X, Y) is finite-dimensional. Subobjects of X are determined by
their images in w(X), and so X has finite length. O
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DEFINITION 8.12 A pre-tannakian category over k is a locally finite tensor category
over k.

Proposition 8.11 may fail for tensor categories over k. See Example 9.11 below.

DEFINITION 8.13 A tannakian category is algebraic or monogenic if it admits a tensor
generator (in the sense of I, 7.6).

This definition of algebraic tannakian category agrees with that in Saavedra 1972,
111, 3.3.1 (ibid., 3.3.1.1).

EXAMPLE 8.14 There exists a tannakian category over R containing an object X of
dimension 2 with endomorphism algebra the quaternions (see 9.5). As the quaternions
cannot act on a real vector space of dimension 2, there does not exist an R-valued fibre
functor, so the category is not neutral.

Extension of scalars

Let (C, ®) be a tensor category over k, and let k’ be a finite extension of k. Recall (7.11,
7.17) that the category C(y of k’-modules in C is a k’-linear abelian ®-category with
internal Homs. Moreover, the extension functor iy : C — Cgy is an exact k-linear
®-functor.

THEOREM 8.15 (GROTHENDIECK) Let k' be a finite extension of k. If (C, ®) is a tannakian
category over k, then (C ., ®y) is a tannakian category over k'.

The proof requires several lemmas.
LEMMA 8.16 If (C(xr), @) is rigid, then it is tannakian over k'.

PROOF We have to show that C;,) admits a fibre functor. Let w be a fibre functor on
C with values in a nonzero k-algebra R. For any object (X, u) in Cyy, w(X) has the
structure of an R ®; k’-module. The functor

(X, 1) » o(X): Cgry = Mod(R ®y k')
is k’-linear and exact (because (X, u) w X is exact), and
WX Qp Y) = w(X) Qrg, 1 @(Y),
from which it follows that it is monoidal and symmetric. It is therefore a fibre functor.g

If k" 5 k' O k are extensions of k, then C can be identified with (C)) ), and
so it suffices to prove that (C), ®y) is a tensor category over k’ in the two cases, k' /k
separable and k' /k purely inseparable of degree p. The first case was treated in 7.18, and
so it remains to prove the purely inseparable case. As (C), ®y) is a k’-linear abelian
symmetric monoidal category and clearly End(1’) ~ k’, it remains to prove that it is
rigid, i.e., that duals exist.

In the next two lemmas, (C, ®) is a tannakian category over k and k’ = k(al/ p),
ack.

LEMMA 8.17 Let w be a fibre functor on C with values in an extension K of k, and let X be
an object of C. The k" ®; K-module structure on w(X) defined by any k’-module structure
on X makes it into a free k' ®; K-module.
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PROOF Let K’ = k' ®; K. If K’ is a field, then the statement is obvious. Otherwise, a is
a pth power in K, say, a = aP, and K’ = K[e]/(eP), wheree =a ® 1 — 1 ® . Let d be
the dimension of the K-vector space w(X)/ew(X). The K’-module w(X) is isomorphic
to a direct sum of d modules of the form K[¢]/(¢/), 1 < j < p. From this, we see that it

is free if and only if /\i, w(X) is free (of rank one). Let /\Z, X denote the image of the

antisymmetrization map
d d
R'x-®'x

Because w is exact, it maps /\i, X to /\f{, w(X). After replacing X with /\i, X, we may
suppose that w(X) is a nonzero monogenic K’-module.
The k’-module structure on X defines a morphism

K®1 - FHom(X,X). (38)

As 1 is simple (6.4), the kernel of (38) is of the form A @ 1, where A is a vector subspace
of k’. As A is also an ideal in k’, it is 0, and so (38) is a monomorphism. On applying
w, we deduce that w(X) is a faithful K’-module, and we conclude by noting that every
faithful monogenic K’-module is free. o

LEMMA 8.18 The ®-category (Cr, ®y) is rigid.

PROOF Let 1’ be the unit object k' ® 1 of C(4/y, and let X € ob Cy. We show that the
weak dual Fomy, (X, 1") of X is a dual. For this, it suffices to show that for all objects T
of C(r), the canonical map

T Qi Homy(X,1") - FHomy, (X, T) (39)

is an isomorphism (see 4.10). Let w be a K-valued fibre functor on C, and let o’ be the
functor (X, u) ~ w(X) taking values in k¥’ ®, K-modules. Then «’ transforms (39) into

@(T) ®p Homy g, x(@(X), k' @ K) = Homysg, x(w(X), w(T)). (40)
Lemma 8.17 shows that (40) is an isomorphism. The functor «’ is exact and such that
W'(Z)=0 = Z=0

because w has these properties. Therefore o’ is conservative and so (39) is an isomor-
phism. a]

8.19 (DELIGNE 2014, 5.10) Let C be tannakian category over k, and let k be an algebraic
extension of k, for example, an algebraic closure of k. As k’ runs over the finite extensions
of k in k%, the categories C) form a 2-inductive system of abelian categories (not an
inductive system, because we only have canonical isomorphisms ijm /g Ol jxr =2 tym i
satisfying a cocycle condition). We define Cya) to be the 2-inductive limit of this system.
Specifically, an object of Cya) is an object X of C4 for some k’ C k finite over k. If X’
in C(xry is a second such object, then

Homc(ka)(X, X') = 11_1’1’)1 Homc(k,,,)(ikm/k,X, ikm/an’),

where k”” runs over the finite extensions of k in k% containing k” and k”.

The category Ca) is a tensor category over kK and ixa/; : C — Cay is an exact
k-linear ®-functor. An R-valued fibre functor w on C defines a k’ ®, R-valued fibre
functor on Cy) for each k’ C k® (cf. the proof of 8.16). On passing to the limit, we obtain
a k® @y K-valued fibre functor on Cay. Therefore, C(4a) is a tannakian category over k.
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We list some consquences of Theorem 8.15 (Deligne 2014, 5.7, 5.9, 5.11).

COROLLARY 8.20 If an object X of a tannakian category C over k admits a k’-module
structure, where k' is a extension of k, then [k’ : k] is finite and divides dim X.

PROOF Let X be an object of C admitting a k’-module structure x. Then (X, u) is an
object of C(4ry. Let w be a K-valued fibre functor on C. Then (X, u) » w(X)isa k' ® K-
valued fibre functor w’ on C4ry. Asw’(X, ) is locally free of rank equal to the (categorical)
dimension of (X, i), we have

dim(X) = dimg w(X) = [K' ® K : K] - rankg w(X) = [k : k] - dim(X, w).

Therefore, [k’ : k| divides dim(X), with quotient of the dimension of X as an object of
C(k/). O

COROLLARY 8.21 Let X be a simple object of a tannakian category C over a field k of
characteristic p # 0. Ifdim X < p, then the centre of End(X) is separable extension of k.

PROOF Indeed, according to 8.20, it is an extension of degree < p. o

COROLLARY 8.22 L et C be a tannakian category over a field k of characteristic p and k®
an algebraic extension of k. Let X be an object of C.

(@) Ifixa/k(X) is semisimple in Ca), then X is semisimple in C.

(b) If X is semisimple in C and dim X < p, then iy, (X) is semisimple in Cya).
PROOF See Deligne 2014, 5.11. o

NOTES Theorem 8.15 is due to Grothendieck. The exposition follows Deligne 2014, 5.4.

9 Examples

EXAMPLE 9.1 The category Vecf(k) of finite-dimensional vector spaces over a field k is
a tannakian category over k with the forgetful functor as a k-valued fibre functor. All
the above definitions take on a familiar meaning when applied to Vecf(k). For example,
Tr: End(X) — k is the usual trace map.

EXAMPLE 9.2 The category Mod(R) of modules over a commutative ring R is an abelian
symmetric monoidal category such that End(1) = R. In general it is not rigid because
not all R-modules will admit duals (in the sense of 4.5). The category Modf(R) of finitely
generated R-modules is an R-linear abelian symmetric monoidal category if R is coherent,
for example, noetherian.

EXAMPLE 9.3 The category Proj(R) of finitely generated projective modules over a com-
mutative ring R is an additive symmetric monoidal category such that End(1) = R. Itis
rigid (4.12) but not in general abelian..

EXAMPLE 9.4 Let G be an affine group scheme over a field k. The category Repf(G) of
linear representations of G on finite-dimensional k-vector spaces is a tannakian category
over k with the forgetful functor as a k-valued fibre functor.
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EXAMPLE 9.5 (A NONNEUTRAL TANNAKIAN CATEGORY) Let T be the category of pairs
(V, F) consisting of a finite-dimensional Z /2Z-graded complex vector space V = VOV
and an -semilinear endomorphism F of V such that F? = (—1)' on V!. With the obvious
tensor structure, T becomes a nonneutral tannakian category.

Let H = C + Cj denote the usual quaternion algebra over R. Let V' = H regarded as
a Z/2Z-graded complex vector space of degree 1, and let F acton V" as

a+bjw jla+bj)=-b+aj.

Then (V, F) is an object in T of (categorical) dimension 2, and the action of H on itself by
right multiplication defines an isomorphism H°PP — End(V, F). The forgetful functor
is a C-valued fibre functor on T. Any R-valued fibre functor on T would send (V, F) to
a 2-dimensional R-vector space on which H°PP acts, which is impossible: there is no
homomorphism of R-algebras H°PP — M,(R) because H is a division algebra.

EXAMPLE 9.6 (MORE NONNEUTRAL TANNAKIAN CATEGORIES) For a central simple al-
gebra A of dimension n? over k, we construct a tannakian category T over k containing
an object with categorical dimension n and endomorphism algebra A°PP. If A # M, (k),
then T is not neutral.

As a first attempt, one might try defining T to be the category of finite-dimensional
vector spaces over k equipped with a left action of A, but this is not rigid. Instead, we
proceed as follows.

Suppose first that A contains a maximal subfield L Galois over k. Let E denote the
group of invertible elements a of A such that aLa™! = L. Each a € E defines an element
x + axa~! of Gal(L/k), and, according to the Noether-Skolem theorem, all elements
of Gal(L/k) arise this way. Because L is a maximal subfield of A, it is its own centralizer
in A, and so the sequence

1->L*—>E->GalL/k)—1

is exact.

Define T to be the category of representations of E on finite-dimensional L-vector
spaces. Such a representation is a finite-dimensional Z-graded L-vector space V = (P, Vi
with a € L* acting as a' on V' together with an extension of the action of L* on V' to E.

Let V denote A regarded as a graded L-vector space of degree 1. The action of A on
V by left multiplication induces an action r of E on V. The left and right actions of A on
V define an isomorphism of k-algebras

A ®k ACPP El’ldk(V)

This maps the centralizer A°PP of A in A ® A°PP isomorphically onto End(V, r).

Consider, for example, the case of a cyclic k-algebra A. Such an algebra equals L[y],
where y is an element such that a = yay~!: L — L is a generator o of Gal(L/k) and
y" = ¢ € k. The objects of T are the pairs (V, F) consisting of a finite-dimensional
Z-graded L-vector space V and a o-semilinear endomorphism F : V' — V such that F"
acts as ¢’ on Vi, For example, let V denote A regarded as a graded L-vector space of
degree 1, and let F act on V as left multiplication by y. Then (V, F) is an object of T and
End(V, F) ~ AP,

When no maximal subfield of A is Galois over k, we replace A with a suitable similar
algebra. The tannakian category will then contain an object with endomorphism algebra
M,,,(A)°PP, and a suitable direct factor of the object will have endomorphism algebra
AOPP,
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EXAMPLE 9.7 Let V' and V" be vector spaces over k of the same dimension, each
equipped with a nondegenerate quadratic form. Then the categories Repf(O(V")) and
Repf(O(V")) are canonically equivalent as k-linear symmetric monoidal categories. To
see this, note that Isom(V’, V") is an O(V") torsor with an action of O(V""). Twisting a
representation of O(V”) by the torsor gives the equivalence.

EXAMPLE 9.8 The finite groups D, and Qg have isomorphic representation rings (over
C, say) because they have the same character tables, but the categories Repf(D,) and
Repf(Qg) are not equivalent as C-linear tensor categories because a direct calculation
shows that they have different associativity constraints. Alternatively, suppose that
there is a tensor equivalence, which we may assume commutes with the forgetful fibre
functors. Such an equivalence sends the trivial representation 1, of D, to the trivial rep-
resentation 1, of Qg (they are identity objects) and it sends the simple two-dimensional
representation V, of D, to the simple two-dimensional representation V, of Qg (they
are unique). In particular, we would get a C-linear isomorphism g : V, — V. Now

sends the unique identity object 1p in V, ® V) to the unique identity object 1, in
Vo ® V. But no such g can exist because the map v @ w — w @ v acts as 1 on 1, and
—lonT,.

It may be an open problem to classify the tannakian categories with the same repre-
sentation ring as Qg. See m0282292.

EXAMPLE 9.9 (SUPER VECTOR SPACES) Let sVec(k) denote the category whose objects
are pairs (V°, V1) of finite-dimensional vector spaces over k, i.e., Z /(2)-graded k-vector
spaces. We give sVec(k) the tensor structure whose commutativity constraint is deter-
mined by the Koszul sign rule, i.e., that defined by the isomorphisms

vuwe (FDVw@u: VIQWI - Wi Q V.

Then sVec(k) is a tensor category over k, but it is does not admit a nonzero fibre functor
because
dim(V?, V1) = dim(V?) — dim(V1),

which need not be positive.

EXAMPLE 9.10 Let C be a rigid additive symmetric monoidal category and T an object of
C. We say that C is the rigid additive symmetric monoidal category freely generated
by T if End(1) is the polynomial ring Z[t] and

F w F(T): Hom®(C,Cc") - C’

is an equivalence of categories for all rigid additive symmetric monoidal categories C’
(t will turn out to be the categorical dimension of T)). We show how to construct such
a pair (C,T) - clearly it is unique up to a unique equivalence of symmetric monoidal
categories preserving 7.

Let V be a free module of finite rank over a commutative ring k and let T%?(V) be
the space of tensors V®¢ ® VV®b. A morphism f : T%(V) — T“4(V) can be identified
with a tensor “f ” in TP+¢2+4(V), When a + d = b + ¢, T?+*4(V) contains a special
element, namely, the (a + d)th tensor power of “id’€ T'!(V), and other elements


https://mathoverflow.net/questions/282292
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can be obtained by allowing an element of the symmetric group S, 4 to permute the
contravariant components of this special element. We therefore have a map

€: Sgrq = Hom(T%?, 7¢4)  (whena+d=b+c).

The induced map k[S,,4] = Hom(T%?, T®%) on the group algebra is injective provided
rank(V) > a + d. One checks that the composite of two such maps (o) : T*?*(V) —
T¢4(V) and (7) : T%(V) — T/ (V) is given by a universal formula

(1) - €(o) = (rank V)N - ¢(p) (41)

with p and N depending only on a, b, c,d, e, f,o, and 7.

We define C’ to be the category having as objects symbols T%? (a,b € N), and for
which Hom(T%?, T%4) is the free Z[t]-module with basis S, 4 if a+d = b +c and is zero
otherwise. Composition of morphisms is defined to be Z[¢]-bilinear and to agree on basis
elements with the universal formula (41) but with rank(V') replaced by the indeterminate
t. The associativity law holds for this composition because it does whenever ¢ is replaced
by a large enough positive integer (it becomes the associativity law in a category of
modules). Tensor products are defined by

Ta,b ® Tc,d - Ta+c,b+d

and by an obvious rule for morphisms. We define T to be T1°.

The category C is deduced from C’ by formally adjoining direct sums of objects.
Its universality follows from the fact that the formula (41) holds in any rigid additive
category.

EXAMPLE 9.11 (GL,) Let(C, T) be the rigid additive symmetric monoidal category freely
generated by T in Example 9.10. Let n be an integer, and use t = n: Z[t] — C to extend
the scalars in C from Z[t] to C. If V is an n-dimensional complex vector space and if
a +d < n, then the map

Hom(T*b, T?) @ z1;) C — Homgy, (T**(V), T*4(V))

is an isomorphism. For any sum T’ of objects T%? and sufficiently large integer n,
End(T’) ® 7, C is therefore a product of matrix algebras. This implies that End(T") ® 7]
Q(¢) is a semisimple algebra.

After extending the scalars in C to Q(t), i.e., replacing Hom(T’, T"") with

Hom(T",T") ® 711 Q(1),

and passing to the pseudo-abelian envelope (formally adjoining images of idempotents),
we obtain a pseudo-abelian rigid symmetric monoidal category GL; with End(1) = Q(t).
As its endomorphism algebras are semisimple, GL, is semisimple abelian (VI, ?? below),
hence a semisimple tensor category over Q(t). The dimension of T € ob(GL,)ist ¢ N
and so GL; is not tannakian.

For any object X of dimension ¢ of a tensor category T over a field k containing ¢,
there exists an exact ®-functor from GL, to T sending the universal object X, to X. Two
such ®-functors are isomorphic, and the tensor automorphisms of such a @-functor are
those of X. In particular, we have a symmetric monoidal functor

Xt w1 ®Xt—1 . GLt i GLt—l'
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Iterate this construction, and let T be the inductive limit of the categories GL;_,, n > 0.
This tensor category over a field k is freely generated by an object X, of dimension ¢
equipped with a decomposition

Xt = ﬂ ®Xt—1’ Xt—l = ﬂ ®X[—2’ voe

In GL,_,, X; = 1" @ X;_,, has endomorphism ring M,,(k) X k. Passing to the limit, we
find that the ring of endomorphisms of X; in T is the ring of matrices of the form

%10
0| Al
The object X, of T is not of finite length, and Hom(X,, X;) is not of finite dimension over

k.
For more on these categories, see Deligne 2007 and the many articles citing it.

10 Algebraic geometry in a tensor category

Throughout this section, T is a tensor category over a field k. We explain, following
Deligne 1989, how to do algebraic geometry in T.

10.1 For objects S,T,X,Y in T, the canonical morphism (17), p. 15,
Fom(S,X) @ Hom(T,Y) > Hom(SQRT,XRY)

is an isomorphism - it is essentially the isomorphism

VRX)RT'RY)LT' ®S'XQY ~(SQT)' QX QY.
On applying Hom(1, —), we obtain an isomorphism of k-vector spaces,
Hom(S,X) ® Hom(T,Y) ~ Hom(S® T, X Q Y).

(The first ® is in the category of k-vector spaces.) To give a morphism X ® Y — Z from
X ® Y to another object Z is the same as giving a homomorphism of k-vector spaces,

Hom(S®T,X®Y) > Hom(S® T, Z),

natural in S and T (Yoneda lemma). On combining the last two statements, we see that
to give a morphism X ® Y — Z is the same as giving a homomorphism of k-vector spaces

Hom(S,X) ® Hom(T,Y) > Hom(S® T, Z)

10.2 The category Ind T of ind-objects of T is again a k-linear abelian category (Appendix
B). The tensor product and the associativity and commutativity constraints on T extend
to Ind T, making it a tensor category over k. Moreover, the tensor product on Ind T is
exact in each variable (6.2, B.7). The objects of Ind T can be identified with the small
filtered inductive limits of representable functors T°PP — Vec(k),

73 Eel) . def
X = ll_H)l X, w h_r)n hx, = hx, hx, = Hom(—,X,).
To give a morphism X ® Y — Z in Ind T is the same as giving a k-bilinear map
hx(S) X hy(T) — hz(S®T)

naturalin Sand T.
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10.3 A ring A (associative with 1) in Ind T is an object A equipped with morphisms
m: AQA — Aand1: 1 — A such that the two composed morphisms

meA
A®m

are equal and the two morphisms

1®idy m
AxTRA— ARQRA— A

ARl m
A AQRTI — ARA— A

equal id4. For example, when T = Vec(k), a ring in Ind T is a k-algebra (associative
with 1) in the usual sense. A homomorphism of rings in Ind T is a morphism of objects
compatible with the multiplication and the morphisms 1.

The multiplication morphism m : A ® A — A corresponds to a k-bilinear map

X,y xyt hp(S) X ha(T) = hy(SQT),
natural in S and T, and the associativity of m becomes the equality
(xy)z = x(yz) forx € hy(S),y € hy(T), z € hy(U).

Here xy € hy(SQ® T), yz € h (T ® U), and (xy)z, x(yz) € hy(S® T ® U). That
1: 1 — Aisan identity becomes the equalities

1x = x = x1 for x € h,(S).
Here1 € hy(1),s01x € hy(1 ® S) ~ hy(S) and x1 € hy(S @ 1) ~ h4(S).

10.4 A left A-module is an object M of Ind T together with a morphismu: AQM — M
such that the two morphisms
meM

ARA®M —= A®M —> M
AQu

are equal, and such that

1®M u
M~x1T®QM — AQM — M

equals idj;. Right A-modules are defined similarly. The left A-modules in Ind T form an
abelian category 4Mod - to form the kernel or cokernel of a morphism in 4Mod, first
form it in Ind T, and then equip it with the induced A-module structure.

When M is a right A-module and N a left A-module, we define M ® 4 N to be the
coequalizer of the pair of morphisms

MM @N
M@AQN —_ M®N
MQ@un

10.5 When A is commutative, ® 4, makes Mod(A) £ Mod 4 into an A-linear symmetric
monoidal category. The unit is (A, m). There is a canonical functor

X~»X®A: T— Mod(A).
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This sends XV to the dual of X ® A in Mod(A),
XVRA=(XQ®A).

The categorical dimension of X in T becomes the categorical dimension of X ® A in
Mod(A),
dim(X) = dimy (X ® A), (42)

once we identify k = End(1) with a subring of End4(A) ~ Hom(1, A) using the mor-
phisme: T — A.

DEFINITION 10.6 A homomorphism f: A — B of commutative rings in Ind T is flat
(resp. faithfully flat) if the functor

M w M ®, B: Mod(4) — Mod(B)
is exact (resp. exact and faithful).
To check that a flat homomorphism A — B is faithfully flat, it suffices to show that
M#0 = M®,B#0.
LEMMA 10.7 Let f : A — B be faithfully flat. A sequence

(N): N -5 N2 N

of A-modules is exact if (and only if)

1 1
NM®B:N &, B2 No, B 2L N @, B

is exact.

PROOF Let C be the cokernel of N’ R Ker(f3), so that

N’—a>Ker(,6’)—>C—>0

is exact. As f is flat, the sequence

®1
N' ®, B — Ker(8) 4 B— C®, B — 0

is exact, and as (N) ® 4 B is exact, C ® 4 B = 0. This implies that C = 0 because f is
faithful, and so (N) is exact. O

LEMMA 10.8 For any nonzero commutative ring (A, m, 1) in T, the morphism1: 1 — A
is faithfully flat.

PROOF The morphism 1 is a monomorphism because it is nonzero and 1 is simple (6.4).
As @ is exact in each variable (6.2), for any object M, the morphism M ® 1: M Q@ 1 —
M ® A is a monomorphism. It follows that the functor —® A is exact and that M @ A # 0
whenever M # 0. The functor is therefore also faithful. 0
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Faithfully flat descent

PROPOSITION 10.9 Let f: A — B be a faithfully flat homomorphism of commutative
rings in Ind T. For any A-module M, the sequence

dO eo®idM
M —— B®,M ——3 BB M (43)
e1®idy,

is exact, i.e., d, is the equalizer of the parallel pair of arrows. Here ey,e; : B — B ® 4 B are
the morphisms
f®idp
B~A®,B——B®4B, b~1,Q®b,

idp ®f
BﬁB®AA—>B®AB, bf—)b®1A,

and dy is the morphism

f®idy
PROOF Letd; = ¢y ® idy; —e; ® id,,. Clearly d;od, = 0. Assume first that there exists
an A-linear section to f, i.e., an A-linear map g: B — A such that gof = id4. Define
ky and k; to be the A-linear morphisms

M
B®AM—)A®AMZM

gRBRM
B®AB®AM—)A®AB®AM23®AM

Then kyod, = id,;, which shows that d, is a monomorphism. Moreover,
klodl + dOOkO = idB®AM’

which shows that d, maps onto the kernel of d;.
We now consider the general case. Because A — B is faithfully flat, it suffices to
prove that the sequence (43) becomes exact after tensoring with B. But the sequence

obtained by tensoring (43) with B is isomorphic to the sequence (43) for the faithfully

®B
flat homomorphism B ~ A ® 4 B f—> B ® 4 B and the B-module B ® 4 M because, for

example,
B, (B®s4M)~(B®4B)Q®p(BRsyM).

Now B — B ®4 B has a B-linear section, namely, that defined by multiplication B&Q B —
B, and so we can apply the first case. o

10.10 Let f: A — B be a faithfully flat homomorphism of commutative rings in Ind T,
and let M be an A-module. Set M’ = f,M < B ® , M. The modules e,,M’ and e;, M’
can be identified with B ® 4 M and M ® 4 B respectively, with the natural action of
B ® 4 B. There is a canonical isomorphism ¢ : e; .M’ — ¢,,M’, namely,

el*M, = (elf)*M = (eOf)*M = eO*M,-
Moreover, M can be recovered from the pair (M’, ¢) as the equalizer of

M’
) 0(; / a:M’ﬁA@AM,f—)B®AM/
M — B®s M, M'®f ¢
B B:M ~M Q@A——> M @,B— B, M.
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Conversely, every pair (M’, ¢), with M’ a B-module and ¢ a B ® 4 B-linear morphism
$: M'®, B - B®, M satisfying a certain natural condition arises in this way from
an A-module. Given ¢, we construct morphisms

$1: BOAM ®1B->BR®uBR M, ¢ =BR®¢
¢ M'®,B®uB—>B®,yBRs M, ¢,=(ypp®M’)ogo (yarp ® B)
¢3: M ®,BR,B—>BR, M ®,B, ¢3=¢®B.

On points, ¢;, ¢,, and ¢; are obtained by tensoring ¢ with idp in the first, second, and
third positions respectively. A pair (M’, ¢) arises from an A-module M as above if and
only if ¢, = ¢, 0¢;. The necessity is easy to check. For the sufficiency, define M to be the
equalizerof o, 8 : M’ = B®4 M’ with a and 8 as above. There is a canonical morphism
B®4 M — M’, and it suffices to show that this is an isomorphism and that the map
arising from M is ¢. The diagram

a®B
M ®,B E; B, M ®,B
2145 zl¢1
eo®@M’

B®AM’ = B®AB®AM’
e @M’

commutes with either the upper or the lower horizontal maps (for the lower maps, this
uses the relation ¢, = ¢, 0¢5), and so ¢ induces an isomorphism on the equalizers. But,
by definition of M, the equalizer of the pair (o ® id, f ® id) is M ® 4 B, and, according
to Proposition 10.9, the equalizer of the pair (¢, ® id, e; ® id) is M’. This completes the
proof.

10.11 More precisely, M ~ (B ®4 M, ¢) is an equivalence from Mod(A) to the category
of pairs (M’, ¢) satisfying ¢, = ¢, 0¢5. This statement holds also when M and M’ are
equipped with A-algebra structures preserved by ¢.

REMARK 10.12 When T is the category of finite-dimensional vector spaces over k, so
IndT is the category of all vector spaces over k, then a ring in Ind T is a k-algebra
(associative with 1) in the usual sense, and the results become familiar, for example,
10.10 is faithfully flat descent in the usual sense (e.g., Waterhouse 1979, 17.1, 17.2).

Affine schemes

10.13 Following Deligne 1989, in order to have a geometric language at our disposal, we
define the category of affine schemes in Ind T to be the opposite of that of commutative
rings (associative with 1) in Ind T. We call an object of the category an affine scheme
in Ind T or an affine T-scheme, and we write Sp(A) for the affine T-scheme defined by
A. Fibre products exist, and correspond to tensor products. An A-module M is called a
module over Sp(A), and, when Sp(B) is an affine scheme over Sp(A), B ® 4 M is called
the inverse image of M over Sp(B).

For example, Sp(0) is the empty scheme and Sp(1) is the point (pt) — they are the
initial and final objects in the category. We say that S = Sp(A) is nonempty if A # 0.
Every S is either empty or faithfully flat over (pt). For X and S affine schemes in T, the
set X(S) of S-points of X is Hom(S, X).

An affine group T-scheme is a group object in the category of affine T-schemes. Let H
be an affine group scheme in T. An H-torsor is a nonempty affine T-scheme P equipped
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with arightaction p : PXH — P such that, forall S, P(S) is either empty or a torsor under
H(S). The condition “empty or a torsor” means that, for all S, (pr,, p) : P(S) X H(S) —
P(S) x P(S) is bijective, i.e., that (pr;, p) : P X H — P X P is an isomorphism.

EXAMPLE 10.14 (VECTORIAL SCHEMES IN T) For M in Ind T, put I'(M) = Hom(1, M),
the global sections of M over S. When M is a module over S = Sp(A), we have

I'(M) = Hom(1,M) ~ Homy, (A, M).

Note that the functor I' need not be exact. For example, when T = Repf(G), it is the
functor of G-invariants.

An object X of T defines for each S = Sp(A) a module X5 = A ® X, the inverse image
of X by S — (pt). The functor S ~ I'(Xs) is representable,

Hom(1,A ® X) = Hom(X", A) = Homyjng,(Sym(X"), A).

We sometimes denote by X the T-scheme Sp(Sym(X")) representing this functor. This is
similar, when V is a finite-dimensional k-vector space, to using V' to denote the scheme
Spec(Sym™(V)), which has V for its k-points.

The functor S w I'(Xs) is a functor to groups. The T-scheme X is therefore a group
scheme in T. The group structure corresponds to the usual Hopf algebra structure on
Sym™*(XV).

EXAMPLE 10.15 (AN AFFINE k-SCHEME IS AN AFFINE T-SCHEME) Since End(1) = k,
the subcategory of T of sums of copies of 1 is naturally equivalent to that of vector spaces
of finite dimension over k, by a functor V'~ V ® 1. The choice of a basis e, ... ,e, of V
identifies V' ® 1 with 1", See 8.9.

Passing to the ind-objects, we obtain a functor from the category of (all) vector spaces
over k to Ind T. Under this functor, an affine scheme over k defines a scheme in T.
Similarly, for affine group schemes, torsors, and so on. The point Spec(k) defines the
T-scheme (pt).

10.16 Let G be an affine group T-scheme and X an object of T. To give an action of
G on X is to give, for every S, an action of G(S) on the S-module Xg, compatible with
base changes S’/S. Such an action is determined by the action of the universal element
idg € G(G) on X;. For G = Sp(A), this is an A-linear morphism A ® X - A ® X,
which is determined by its restriction to X — A ® X. The morphism X — A ® X makes
X a comodule over the Hopf algebra A (commutative with 1) in Ind T.

10.17 (THE CASE OF Repf(G)) Let G be an affine group scheme over k and let T =
Repf(G). The ind-objects of T are the linear representations — not necessarily of finite
dimension - of G (B.13). The affine T-schemes are the affine schemes over k equipped
with an action of G, an affine group T-scheme H is an affine group scheme over k
equipped with an action of G, an H-torsor is an G-equivariant H-torsor (in the usual
sense), a vectorial T-scheme is the equivariant affine scheme of a finite-dimensional
representation of G, and the inclusion of affine k-schemes into affine T-schemes is “equip
with the trivial action of G”.

When T is a neutral tannakian category, the choice of a fibre functor identifies T with
a category Repf(G) (see Chapter II), so this interpretation allows us to routinely reduce
questions on T-schemes to questions in usual algebraic geometry.

On reversing the arrows in 10.11, we obtain faithfully flat descent for affine schemes.
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THEOREM 10.18 Leta: V — U be a faithfully flat map of affine schemes in Ind T. To
give an affine scheme W over U is the same as giving an affine scheme W' over V together
with an isomorphism ¢ . pr; W' — pr; W’ satisfying

P3,(#) = p3,(P)op5, (@)
Here pj; denotes the projection VXV XV — V X V such that pj;(wy, w,, ws) = (w;, wy).

ASIDE 10.19 Let T be a pre-tannakian category over a perfect field. In this case, Deligne (1990,
8.13) constructs a T-group 7z(T) called the fundamental group of T. In particular, 7(T) acts on
the objects of T. For example, if T = Repf(G), 7(T) is (the Hopf algebra of) G with G acting by
conjugation.

When T is tannakian, the construction of the fundamental group is easier - see ??, ??. For
any fibre functor w of T over a scheme S, w(7(T)) is an affine group scheme over S, and the
action of 77(T) on an object X defines an action of w(7(T)) on w(X), natural in X and compatible
with tensor products, which for varying X gives an isomorphism

w(7(T)) — Aut?(a)).

NOTES This section largely follows Deligne 1989, §5,6.

11 An intrinsic characterization of tannakian categories

We show that a tensor category over a field of characteristic zero is tannakian, i.e., admits
a fibre functor, if its objects have categorical dimension an integer > 0.

THEOREM 11.1 (DELIGNE 1990, 7.1) Let T be an essentially small tensor category over a
field k of characteristic zero. The following conditions are equivalent:

(a) Tistannakian, i.e., there exists a fibre functor with values in a nonzero ring;
(b) forall X in T, dim X is an integer > 0;
(c) forall X in T, there exists an integer n > 0 such that /\nX =0.

The proof will occupy the rest of this section. Throughout, T is a tensor category
over a field k of characteristic 0.

The decomposition of X®" under the action of the symmetric group

Let X € obT. Because T is symmetric, there is a natural action of the symmetric
group S, on X®", The nth exterior power /\n X of X is defined to be the image of the
antisymmetrization map

al Z sgn(o)o : X®" — x®n,
o€ES,

As char k = 0, it is also the image of the projector a/n!, and so
dim(\" X) = Tr(a/n!) = Tr(a)/n!. (44)

PROPOSITION 11.2 We have

. n_ dimXy ¢ (dimX)(dimX —1)---dim(X —n + 1)
dlm(/\ X)_( n )_ n-n—1----1 :
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PROOF Let o be a cyclic permutation of order n. It follows from (30), p. 21, applied to
X; = X and u; = idy, that
Tr(o | X®") = dim(X).

If o has r(o) cycles (including cycles of length 1), then
Tr(o | X®") = dim(X)"(@).

It follows from (44) that there exists a universal polynomial P € Q[T] such that
dim /\nX = P(dim X). Taking T to be Vecf(k), we find that, foralld € N,

dy def d!
P(d) = (n)  (d-n)n!
We deduce that P(T) = ("), and the statement follows. o
n

ToDo 1 Fix t124a (11.3)

11.3 For each partition A of n, let t; be the canonical Young tableau of shape 4 (so the
boxes are numbered 1, 2, ..., n, starting at the left of first row, filling the first row, and
then continuing to the next row...). Let

c; = Z sign(r)otr € QS,,

o,T

where ¢ and 7 respectively run over the row and column permutations, be the corre-
sponding Young symmetrizer. Then S; o Q[S, ]c; is an absolutely simple representation
of S, over Q, and the S; as A runs over the partitions of n form a complete system of
simple representations of S,,.

The dimension of S; is the number of standard Young tableau of shape 4. The hook
length formula (Fulton and Harris, 2004, Exercise 6.4) says that

. n+c(x
dims, = [ h(K() ) (45)
where the product is taken over all boxes x of the Young diagram corresponding to ¢,
and c(x) denotes the content of ¥ (the number of boxes to the left of x minus the number
above x) and h(x) denotes the hook length of x (the number of boxes directly below
or directly to the right of the box, with the box itself counted once). For example, if
A= (n,0,...,0), then S; = Sym"(V), and

dims, = (2:)

dim S;

Lete; = ——c;. Then the e; form a complete set of orthogonal primitive idempo-
n

tents for Q[S,].
11.4 LetX € obT. The action of S,, on X®" extends to an action of the group algebra

k[S, ], to which we can apply the results of the last paragraph. Each idempotent of k[S,,]
defines a direct summand of X®", and we have

xon=Px, X, L ¢,X®", 1 a partition of n.
p

For example, the idempotent attached to the partition (n) is 3 __, o/n!, and the cor-

responding direct summand is Sym”(X). The idempotent attached to the partition
(1,1,..,1)is ZG s sgn(o)o/n!, and the corresponding direct summand is /\nX .
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11.5 The argument in the proof of Proposition 11.2 shows that there exists a universal
polynomial P; in Z[T] such that dim X; = P;(dim X). Now (45) shows that, for T an
integer > 0, hence always, we have

PAT) = H T+c(1c)'

x  h(x)
Thus,
) dim X + c(x)
dimX; = — 46
imx; =[] o (46)
For example,
dimSym" X = (dlmX: n- 1) :

It follows that, if dim X is an integer, and is > 0 (resp. < 0), then dim X; = O whenever the
number of rows (resp. the number of columns) in the Young diagram exceeds | dim X|.

VARIANT 11.6 Equivalently, we could define
X3 = (S; ® X®")5n

(it makes sense to tensor an object of a k-linear category with a k (or Q) vector space). The

image of the idempotent l' Y, o isinvariant, and the argument in the proof of Proposition
n:

11.2 gives

. 1 .
dimX; = ; xa(o)(dim ;)" @,
where y; is the character of S; and r(o) is the number of cycles in o.

Linear algebra in a tensor category

PROPOSITION 11.7 (DELIGNE 1990, 7.14) Let

0->N —l> E—M->0
be an exact sequence in T. There exists a ring P in Ind T such that
0O->-NQQP—-EQRQP->-MQ®P-—-0
is split as a sequence of P-modules.

PROOF Suppose first that N = 1. Then i is a monomorphism 1 — E. Let S* = Sym"(E),
and let

s, pen £, gn
be the canonical factorization of idg.. Let v, : S* — S"! be the composite of the
morphisms
N l) E®n ~ E®n QI id_®)i E®n+1 lﬂ)l Sn+1’
and let P = h_r)n (S",v,). Then v,, is a monomorphism with cokernel Sym"**(M). In
n
particular, P # 0.
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The next diagram defines a ring structure on P,

E®" ® E®"

l(id ®DHR(id ®i)

v, Qu, E®m+1 X E®n+1 Um+n+1°Um+n

im+ﬁ®in+/7 anﬂ

Sm+1 ® Sn+1 _____________________ -> Sm+n+2

Consider the diagram

LN Gy L s p—
Tin Tin®id lpn+1

" idgn ®i Uy 1

S ———— S"®E ------- > St

where u,, is defined to make the right-hand square commute. From the diagram, we see
that

uno(idsn ®l) = Un.
On passing to the limit, we obtain a morphism u : P ® E — E such that
uo(idp ®u) = idp.

Moreover, u is a P-module homomorphism because the diagram

Sm ® Sn ® E Un Sm ® Sn+1

| l

Um+
smtn ®E m+n Sm+n+1

is obviously commutative as it does not involve i. This completes the proof of the lemma
in the case N = 1.

Now consider an arbitrary N. In the next diagram, the bottom row is the pushout of
the top row by ev oy nv,

0 —> NN 2% peNY — M®N'Y —— 0

lev OYN,NV lh l
i1

0 1 ! E’ M’ 0.

The top row is exact because internal Homs are exact in T. The first part of the proof
gives us a morphism u’ : E’ — 1 such that u’oho(i ® idyv) = evy oyy yv. Consider the
morphism
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Then

uoi = (idy ®u’oh)(yp n ® idyv)(idg @Fy)oi

= (idy ®u'oh)(yp N ® idyv)(i ® idygnv)(idy ®Sy)

= (idy ®u’oh)(idy ®i ® idyv)(¥yy @ idyv)(idy ®yN)

= (idy @ evy yn vV )Y N @ idyv)(idy @Fy)

= (idy ® evy)(idy ®3y)

= idy,
where in the third and fifth equations, we used the naturality of y. This completes the
proof. a]

COROLLARY 11.8 Let F : C — D be a k-linear ®-functor of tensor categories over a field
k of characteristic 0. If F is faithful, then it is exact.

PROOF Extend F to a functor Ind C — IndD, again denoted F - it is again a faithful
k-linear ®-functor. Let{: 0 = N — E - M — 0 be an exact sequence in C, and let P
be asin 11.7. Then £ ® P is split-exact, and so F(§) ® P ~ F(§) ® F(P) is exact because
Ind F is additive. Therefore F(&) is exact (10.7, 10.8). O

COROLLARY 11.9 Let T be a tensor category over a field k of characteristic 0, let R be a
k-algebra, and let F : T — Modf(R) be a k-linear @-functor. If F is faithful, then it is exact.

PROOF Extend F to a functor Ind T - Mod(R), again denoted F - it is again a faithful
k-linear ®-functor. Let{: 0 > N — E - M — 0 be an exact sequence in T, and let P
be as in 11.7. Then F(E) is a faithfully flat R-module (8.5), so F(P) & lim Sym" (F(E)) is
a faithfully flat R-algebra. As & ® P is split-exact and F is additive, the sequence F(§{ ® P)
is exact. But F(§ ® P) ~ F(§) ® F(P), and so F(§) is exact. o

Proof of Theorem 11.1

It is obvious that (a) of Theorem 11.1 implies (b). We next show that (c) implies (b).
If /\nX = 0, then dim /\nX = 0, and 11.2 shows thatdimX =0, 1,... orn — 1; in
particular, it is an integer > 0. It remains to show that (b) = (a), (¢).

For the remainder of this section we assume that T satisfies (b) of Theorem 11.1, i.e., for
all X in T, dim X is an integer > 0.

LEMMA 11.10 LetX € obT. IfdimX = 0, then X = 0.
PROOF If X # 0, then idy # 0 and the map §x: 1 - X ® XV is not the zero map.
Because 1 is simple (see 6.4), it is a monomorphism. Now
6.8 3
0 < dim(Coker(6y)) = dim(X ® X¥) =1 = (dim X)(dimX¥) — 1,
and so dim X # 0 # dim X". o

11.11 From Lemma 11.10, we see that X; = O for all A of length > dimX. Let X
be an object of T of dimension n > 0. Let GL,(k) act on V' = k" according to the

Rm

.....

for a partition 4 of length at most n and an m € N. Then

Qm
) : Repf(GL,) —» T

.....

is an exact ®-functor sending the standard representation to X.
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LEMMA 11.12 Let A be a commutative ring in Ind T and let M be an A-module that is a
direct summand (as an A-module) of A @ X for someX € obT.
(a) Ifdimy M = 0, then M = 0.
(b) If dimy M > 0, then there exists an algebra P, faithfully flat over A, such that
M ®, P =P@® N as P-modules.

(c) Ifdimy M = d > 0, then there exists a faithfully flat extension B of A such that
M ®, B~ B%4,

PROOF (a)Letn =dimX and A ® X =M @ N. Then

/\:H(A RX)=AQ /\"HX —0.

On the other hand, as

Nwuven= @ Nve v,

p+g=m

we see that M ® 4 /\Z1 N is a direct summand of /\ZH(A ® X); hence is zero. As

dim 4(N) = dim4(A ® X) = dim X = d,

we have dim 4 ( /\Z1 N)=1.LetQ = /\Z1 N. Then A is a direct summand of Q ® , QY
because the dimension of Q over A is 1. Consequently,

M®,0®,Q"=0= M=0.

(b) We can now argue as in 11.11 to obtain an exact faithful functor from Repf(GL,,)
to Mod(A) sending V' to A ® X. Let ey, ..., e, be a basis for V and f4, ... f,, the dual basis
for VV. The group GL, acts on the polynomial algebra k[e;, f;], which can therefore be
viewed as an algebra in Ind(Repf(GL,,)). The relation )] e; f; = 1 is invariant under the
action of GL,;, and hence the quotient algebra

_ kle;, fil
Qefi—1)

is also an algebra in Repf(GL,,).

The image of P of C under the above functor is the required algebra in Mod(A).
Indeed, as M is a direct summand of A ® X, which is flat over A, M is flat over A.
Therefore P is also flat over A, and it is faithfully flat because it contains A as a direct
summand (as C contains k as a direct summand). Finally, there exists a decomposition
V®C =C & Q in Repf(GL4(k)): the projection V ® C — Cisv ® p = v - p and the
embeddingC - V@Cispr Y ¢ ® fi(p), p € C.

(c) Applying (b) d times, we get a faithfully flat A-algebra B such that M ® 4 B ~
B®d @ N with dimg N = 0. -

LEMMA 11.13 Let A be a commutative ring in Ind T and M an A-module such that
dimy M =d > 0. If M is a direct summand (as A-modules) of A @ X for someX € obT,
then there exists a faithful extension B of A such that M ® 4, B ~ B®4.

PROOF Applying (b) d times, we get a faithfully flat A-algebra B such that M ® 4, B ~
B®4 @ N with dimg N = 0. -
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We now prove the theorem. For each object X of C, we have constructed a commuta-
tive ring Ay such that Ax @ X = A;? dimX o Ax-modules (11.10, 11.13). Define a partial
order on the isomorphism classes of objects of C by [X] < [Y] if and only if (X) C (Y),
and apply transfinite induction to obtain an algebra A in Ind T such that

(a) forallXinT,A® X ~ A®dmX,
(b) for all exact sequences0 - M — N — P — 0in T, the sequence of A-modules
0-M®@A->NQ®A —>PQ®A — 0issplit exact.

Now

X » Hom, (A, X ® A): T — Mod(R), R% End,(A),

is a fibre functor.

ToDo 2 Details to be added. Note that if A ® X ~ A®4MX then AQ Y ~ APIMY for 311 Y in
(X). See Simental.

QUESTION 11.14 Let T be a tensor category over a field k of characteristic zero. Assume
that, for all X in T, dim X is an integer > 0. We then showed that there exists a fibre
functor on T. If T is algebraic, i.e., T = (X)® for some X in T, is it possible to show that
there exists a fibre functor on T with values in a finite extension of k?

NOTES

11.15 Corollaries 11.8 and 11.9 also hold for tensor categories over fields k of nonzero
characteristic. See 13.36 below.

11.16 When k has nonzero characteristic, condition (c) of Theorem 11.1 no longer
implies that the category is tannakian - one needs an additional hypothesis (Coulembier
2020, Theorem B).

11.17 For an analogue of Theorem 11.1 in super mathematics (i.e., Z/2Z-graded math-
ematics), see Deligne 2002.

NOTES The exposition in this section follows Deligne 1990, §7, and Hai 2002.

12 Tensor products of tensor categories

In this section, we explain a construction that will be needed in the next chapter.

Tensor products of abelian categories: definition and preliminaries
In this subsection, k is a commutative ring. Unadorned tensor products are over k.

DEFINITION 12.1 (DELIGNE 1990, 5.1) Let A and B be k-linear abelian categories. A
k-linear abelian category A [X] B together with a k-bilinear functor

X: AxB— AXB,

right exact in each variable, is the tensor product of A and B if, for all small k-linear abelian
categories D, the functor

F w Fo[X]: Rex(AX B,D) - Rex; (A X B,D) 47)

is an equivalence of categories. On the left, Rex, is the category of k-linear right exact
functors, and on the right, it is the category of k-bilinear functors A X B — D right exact
in each variable.
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ToDo 3 Coulembier: Did you intend to let A,B be essentially small in definition 12.1 (and impose
that A [X] B needs to be essentially small)? I think this might be used in the proof of Lemma 12.2.

LEMMA 12.2 Ifit exists, (A [X] B, [X)) is unique up to an equivalence, which itself is unique
up to isomorphism.

PROOF If (A X B,[X) and (A [X' B,[XI') are two tensor products of A and B, then there
exists an equivalence a : A [X]B — A [X’ B such that aoX] ~ X/,

AxB —2, ARB

\ :o{
X’ ¥

AKX B.
and any two such « are isomomorphic. o

Tensor products of abelian categories in the sense of 12.1 have become known in the
literature as Deligne tensor products (see, for example, ncatlab.org).

We shall prove the existence for locally finite k-linear abelian categories. Without
some finiteness condition, the tensor product need not exist, even for k = Q (see 12.16
below).

Let A and R be rings (not necessarily commutative), and let M be an (A, R)-module.
The functor

Fy: Mody - Modg, XwXQ@u M

is right exact and commutes with all direct sums. It has been known since about 1960
(Eilenberg, Gabriel, Watts) that every such functor arises in this way. We shall prove a
more precise statement. Note that Fy, is natural in M: a homomorphism f : M — N of
(A, R)-bimodules defines a natural transformation F; — Fy whose value on X is

XQf: X®M—>X®,N.
PROPOSITION 12.3 The functor
M ~ Fp; . 4Modg — Rex(Modf 4, Modg)
is an equivalence with quasi-inverse F ~ F(A,).

PROOF From a natural transformation u : Fy; — Fy, we get a morphism

MeA, @ M-5 A, ®,N ~N.

When applied to u = Fy, where f: M — N, this gives back f. Thus, the functor
M -+ Fy, is faithful.

Let u: Fj; — Fy be a natural transformation. We shall show that, for all X in
Modf 4,

uy=XQ®4u, (asmapsX @, M - X ®4 N).

Let € be the collection of X for which this is true. Certainly € contains A4, and it is
closed under finite direct sums. If X,Y € Cand X - Y — Z — 0 is exact, then the
exact commutative diagram

XM —YQM —— ZQy —— 0

quX®MA ule®uA l
X®AN—) Y®AN—)Z®AN — 0
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shows that Z € C. By definition, every X in Modf 4 arises as a cokernel
ADM 5 A" X 0,

and so it lies in ©, completing the proof.

From uy = X ® u, we deduce that u = F(u,). In particular, the functor M w Fy,
is full.

Let F: Modf, — Mody be right exact, and let M = F(A,). Then M is a right
R-module by definition, and it becomes a left A-module through the map

A = End(A,) — Endg(F(A,,)) = Endg(M).
Note that, fora € A,r R, m € M,
(am)r £ (F(a)(m))r = F(a)(mr) = a(mr),

and so M € 4,Modg. We shall show that F is isomorphic to Fy,.
For X in Modf 4, we regard Homg(M, FX) as a right A-module by

(f -a)(m) = f(am), f: M —FX, a€A, m€E M.

Then
def

fx =

is A-linear: fora€e A, me M,t: A - X,

F
(X ~ Homy (A, X) — Homg(M,FX))

F(ta)(m) = F(tea)(m) = F()(F(a)(m)) = F(t)(am) = (F(t)a)(m).

Let gx : X ® M — FX be the R-linear map corresponding to fx under the canonical
isomorphism
Hom 4 (X, Homz(M, FX)) ~ Homz(X ® M, FX),

and let € be the collection of X such that gy is an isomorphism. Then € contains A4, is
closed under finite direct sums, and contains the cokernel of X — Y if it contains X and
Y. As before, this implies that € = obMod,, and so g is an isomorphism Fy; ~ F. g

EXAMPLE 12.4 Let k be a field and A a finite-dimensional k-algebra. Every left A-
module M defines a right exact k-linear functor

Fy;: Modf 4 — Vec(k), X » X ®4 M.

The functor
M w Fy; . 4Modf — Rex,(Modf 4, Vecf(k))

is an equivalence of categories, with quasi-inverse F ~ F(A,).

Tensor products of abelian categories: construction

In this subsection k is a field. Let A and R be k-algebras (not necessarily commutative)
with A finite-dimensional, and let 4,Mody denote the category of (A, R)-bimodules on
which the two actions of k coincide.

For M in 4Modg, F) is k-linear, and so we have the following k-linear variant of
Proposition 12.3.
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PROPOSITION 12.5 The functor
M ~» FM : AMOdR d ReXk(MOde, MOdR)
is an equivalence of categories with quasi-inverse F ~ F(Ay,)

PROPOSITION 12.6 Let A, B be finite-dimensional k-algebras and R a k-algebra. The
functor
F + F4p) . Rexi(Modf 4 X Modfg, Modg) — 4gsModg

is an equivalence of categories.
PROOF The proof of Proposition 12.3 generalizes. O
PROPOSITION 12.7 Let A and B be finite-dimensional k-algebras. Then
® : Modf 4 X Modfg — Modf 4,5, (M,N) M ® N,
is the Deligne tensor product of the categories Modf 4 and Modf .
PROOF We have to show that, for any small k-linear abelian category D, the functor
F + Fo@® : Rexi(Modf 455, D) = Rexi(Modf 4 X Modfg, D) (48)

is an equivalence of categories. If D — D' is fully faithful and exact, and the statement is
true for D', then it is true for D. Now a k-linear variant of the full embedding theorem
(Mitchell 1965, VI, 7.2) allows us to replace D with Mody, for some k-algebra R. In this
case, (48) has quasi-inverse

126 12.5
Rex,(Modf 4 X Modfz, Modg) — 4gpModr — Rexy(Modf 455, Modg).

THEOREM 12.8 (DELIGNE 1990, 5.13) Let A and B be essentially small k-linear abelian
categories (k a field). If A and B are locally finite (7.8), then their tensor product exists and
is locally finite.

PROOF Write each of A and B as filtered unions of subcategories A = | J A, and B =
U 5 Bg asin (II, 3.18). Now A, [X] Bg exists for each a, 8 (by 12.7), and the transition map

Aa|Z|B,3—>Aa/|Z|Bﬁ/, OCSOC, Bﬁﬁ,,
is fully faithful and exact because it can be identified with the map
MOdAa®Boc g MOdAa®Bo¢

defined by a surjective map of k-algebras A, ® B; - A, ® Bj (see 1L, 3.6). Define
(A X B,[X)) to be the inductive 2-limit

11_1’)1’1(& DAL X BB - A, X Bﬁ)
a.pB

Specifically, an object of A [X] B is an object X of A, [X] Bg for some (at, B). Such an
X defines an object X, gy of A, [X] Bg for all (a, 8) > (g, By)- If Y is a second object of
A X B, then

HOII]NZB(X, Y) = h_r)n HOI’nAa@Bﬁ (X(cx,ﬁ)’ Y(a’ﬁ)),

where the limit is over the pairs (a, §) such that X, g and Y, ) are defined. It is
straightforward to verify that (A [X] B, [X]) has the required properties. o
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PROPOSITION 12.9 Let A, B, and C be locally finite k-linear abelian categories. There are
canonical equivalences of categories

AR (BXIC) < (AKIB)XIC
AX B < B[X A.

PROOF Obvious from the definitions. o

PROPOSITION 12.10 Let A and B be locally finite k-linear categories, and let (A [X] B, [X])
be their tensor product.

(a) The functor[X: AXB — A[X Bis exact in each variable.

(b) The functor [X induces isomorphisms
Homa (X1, X5) ® Homg(Y1,Y;) ~ Hom(X; X Y1, X, K Y)),

allX{,X, €obA Y;,Y, € 0bB.
(c) The functor [X makes (A X B)**" the tensor product of A°PP and BOPP.

(d) For all small k-linear abelian categories D, the functor [X induces an equivalence of
categories
Lex(A X B, D) = Lex(A X B, D),

where Lex denotes the category of k-linear functors left exact (in each variable).

PROOF It suffices to prove each statement for A = Modf 4 and B = Modfy, where A and
B are finite-dimensional k-algebras (see the proof of 12.8).

(a) As[X] = ®y, this is obvious.

(b) For finitely generated A and B modules, we have a bijection

Homy (M, M) ® Homy(N;, N,) ~ Hom,(M; @ N1, M, @ N,)
f®gr m@n- f(m)® gn)).

Under the bijection, maps that are A and B linear correspond to maps that are A @ B-
linear.
(c) For a finite-dimensional k-algebra A, the functor

M w» MY ¥ Hom, (M, k): (Modf ) — Modf 4om

is an equivalence of categories because MYV ~ M and (A ® B)°PP ~ A°PP @ BOPP,
Therefore,

MOdepp & MOdfgpp ~ MOdeopp®Bopp I~ MOdf(A®B)opp =~ (MOde & MOde)Opp .

This proves the statement.
(d) Under A — A°PP, right exact functors go to left-exact functors. Therefore, this
follows from (c) . O

PROPOSITION 12.11 Suppose that the functors F: AXB — Dand F': AKIB — D
correspond under (47), p. 54. If F is exact in both variables and k is perfect, then F’ is exact.

PROOF Again, it suffices to prove this in the key case 12.13 below. o
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12.12 Let A and B be finite-dimensional k-algebras and S a simple A ®; B-module.
There exist a simple A-module M and a simple B-module N, both finite-dimensional
over k, such that S is a quotient of M @, N (Bourbaki A, 7.7, Pptn 8). The centres kj,
and ky of End4(M) and Endg(N) are finite field extensions of k. If k is perfect, they
are separable over k, and hence ky; ® ky is a semisimple k-algebra, which implies that
M ®) N is a semisimple A ®, B-algebra (Bourbaki A, 7.4, Thm 2). In this case, S is a
direct summand of M ® N.

LEMMA 12.13 Let A and B be finite-dimensional k-algebras, and suppose that the functors
F : Modf 4 X Modfz — Modg and F' : Modf 445 — Mody correspond under (48), p. 57.
IfF is exact in both variables and k is perfect, then F' is exact.

PROOF Let M = F(A,, Bg) = F'((A® B) ,gp)- Then
FX,Y)=(X®Y) ®aes M
F,(Z) =7 ®A®B M.

We choose projective resolutions X* — X and Y* — Y for X and Y, and form the complex
X' QY )®agpM. Let Torﬁ’B ((X,Y), M) denote the nth homology group of this complex.
After our assumption, Tor‘,f’B ((X,Y),M) = 0forn > 0. For Z € obModf 455, we define
Torﬁ@’B (Z, M) similarly. We have to show that Torfl@B (Z,M)=0forn >0.IfZ=XQY
as above, then X* ® Y* — Z is a projective resolution, and therefore

AQB A,B
Tor,* (X ®Y,M) = Tor,,” (X,Y),M) = 0.

An exact sequence
02 -7Z->272"-0

in Modf 4gp gives a long exact sequence
- > Tord®3(Z' M) - Tor?®%(Z, M) - Tor2®%(z", M).

As every finitely generated A ® B-module has finite length, it suffices to show that

Torf@’B (Z,M) for all n > 0 and all simple A ® B-modules Z. Because

A®B A®B A®B
Tor,” (Z® Z',M) ~ Tor, > (Z,M) ® Tor, > (Z',M)
(Mac Lane 1963, V, §§7,8) this follows from 12.12. O

ToDO 4 Need to check the last proof. See aax complaint.

NOTES The exposition in this subsection follows the original in Deligne 1990, §5, except that we
have been more careful in the passage to the inductive limits. See also Lattermann 1989, 3.5.

Tensor products of abelian categories: an alternative approach

Let k be a commutative ring. Recall that a category is finitely cocomplete if it has finite
inductive limits. For example, abelian categories are finitely cocomplete.

12.14 (KELLY 1982) Let A and B be small k-linear finitely cocomplete categories. There
exists a k-linear finitely cocomplete category A « B and a k-bilinear functor

«: AXB—->A+B,
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right exact in each variable, with the following universal property: for all k-linear finitely
complete categories D, the functor

F w Foe: Rex(A « B,D) — Rex(A X B, D)
is an equivalence of categories.

12.15 (LOPEZ FRANCO 2013, THEOREM 3) Ifk is a field, and A and B are locally finite
k-linear abelian categories, then A « B is abelian and (A « B, ») is the tensor product of
A and B in the sense of 12.1. This gives a second proof of Theorem 12.8. In fact, Lopez
Franco (ibid., Theorem 1) shows that two small abelian categories have a tensor product
in the sense of 12.1 if and only if their tensor product in the sense of 12.14 is abelian, in
which case the two tensor products coincide. This can be used to show that the Deligne
tensor product may not exist.

12.16 A k-algebra R is said to be left coherent if the category of finitely presented left
R-modules is abelian (for this it suffices to check that the left ideals in R are finitely
presented). If R and S are left coherent k-algebras such that R @y S is not left coherent,
then the tensor product of zModf and ¢Modf exists in the sense of 12.14, but it is not
abelian, and so the tensor product in the sense of 12.1 does not exist. For example,
QN[[T, U]] and Q[X] are coherent Q-algebras, but QV[[T, U]|®qQ[X] ~ QVN[[T, U]][X]
is not coherent.

Tensor products of tensor categories

Let (C, ®) be a locally finite k-linear abelian rigid symmetric monoidal category. Then
® is k-bilinear and exact in each variable (I, 6.2), so it factors through C [X] C,

cxc 2, cRc

le

C

When k is perfect, T is exact (12.11). After 12.10(a), [X is k-linear and exact in each
variable.
Let C; and C, be k-linear abelian rigid categories.

PROPOSITION 12.17 Let k be a perfect field. If C; and C, are tensor categories over k, then
so also is C; X C,.

PROOF LetC = C; [XIC,. Fori = 1,2, we have a tensor T; : C; [X] C; — C;. On taking
their exterior tensor product, we get a natural transformation T

T

CC=—CKC)KEC KXKC)~(C,XC)K(C,KCy) C

LR,

which is k-linear and exact (12.11). The middle isomorphism comes from the canonical
isomorphisms in Proposition 12.9. On composing T with[X]: CXC — C[X]C, we get a
functor

®:CxC-—-_C.

As unit object, we choose 1 [X 1. It follows from (12.10(b)) that End(1 ® 1) ~ k.
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It remains to prove that C is rigid. The equivalences (I, §5)

X; v»XiV: cP? - ¢

1

induce an equivalence
opp ~ (~°PP opp
CPP~C"™KC™ - C,

denoted X ~ XV, which is characterized by
XXX, = X;’ X XY, X ecC,.
We shall show that internal Homs exist by constructing a natural isomorphism
Hom(X ®Y,Z) ~Hom(Y,XV®Z), X,Y,ZecobC.

Let F;, F,: C°PP x C°PP x C — Vecf(k), denote the two functors. Both are left exact in
each variable, so this is equivalent to constructing an isomorphism between the functors

F,Fy: CPxCPx CPP x CPP x C; x C, — Vecf(k),
where

Fi\(X1,X5,Y1,Y5,Z1,Z,) = Hom((X; K X,) K (Y, X Y>), Z, K Z,)
~Hom((X; @YX (X, ®Y,),Z; X Z,)
~ Hom(X; ® Y1,Z;) X Hom(X, ® Y,,2Z5)

and

Fy(X1,X5,Y1,Y3,2,,Z,) = Hom((Y, K Y>), (X R X)) ® (Z, K Z,))
~ Hom(Y1, X, ® Z;) X Hom(Y,,X, ® Z,).

For this, combine the isomorphisms (I, 4.8)

Hom(X; ® Y1,Z;) ~ Hom(Y1,X) ® Z;), X;,Y1,Z; €0bCy
Hom(X, ® Y;,Z,) ~ Hom(Y,, X, ® Z,), X,,Y,,Z; €0bCy

It remains to show that the canonical morphism (23), p. 17,
¢: HomX,1)®Y - Hom(X,Y)

is an isomorphism for all X, Y € ob(C). We regard ¢ as a morphism of k-bilinear left
exact functors C°PP x C — C. Then it suffices to show that ¢ y is an isomorphism for
X=X,KX,andY =Y; XY, with X;,Y; € obC;. When X is of the form X; X X, it
has a dual, namely, (X I’ X XY, evy, Kevy, ) and 6y, X 8x,. From this the proposition
follows. O

COROLLARY 12.18 Let k be a perfect field. If C, and C, are tannakian categories over k,
then so also is C; [X] C,.

PROOF There exist fibre functors w; : C; — Mod(B;), where B; is a nonzero commutative
k-algebra. The functor

(X1,X3) w» 01(X7) ® wy(X;) 1 C; xCy — Mod(B; @ B,)



62 Chapter I. Symmetric Monoidal Categories

is k-linear and left exact in both variables, and so it induces a k-linear left exact functor
X1 XX, » 01(X7) ® wy(X5): C; X.C;, = Mod(B; ® By).

We wish to define a natural isomorphism between w(X ® Y) and wX ®p gp, @Y. It
suffices to do thiswith X = X; X X, and Y = Y; X Y,. In this case, we have

(X1 KX5)® (Y1 X Y)) 2aw((X; Y XX, ®Y)))
~ (X, ®Y))Kw, (X, ®Y))
> (w1 X, ®p, @1Y1) K (X, ®p, w,Y>)
~ (01X] ® 0 X5) ®p,@s, (1Y ® w,Y5)
~w(X; X X;) ®p,es, @(Y1 X Y)).

We have shown that C, [X] C, has a fibre functor with values in the nonzero commutative
k-algebra B; ® B,. O

ASIDE 12.19 Over nonperfect fields, it seems not to be known whether tensor products of tensor
categories always exist. For tannakian categories, this is is proved in Deligne 1990, 5.18. It is also
an immediate consequence of ??, Theorem 1.1, whose proof, however, uses Corollary 12.18; see
??, §5.

EXAMPLE 12.20 Let T be a tensor category over k, and let k' be a finite extension of
k. For a finite-dimensional k’-vector space V and object X of T, we define V ® X to
represent the functor

T~ V ® Hom(T,X)

(cf. 7.10). Then V' ® X has a natural action of k’, and so lies in T(4. The functor
Vecf(k’) XT— T(k’)

induces a functor
Vecf(k') & T T(k’)’

which is an equivalence of tensor categories over k.

13 Complements

In this section, we extend some earlier results. Throughout, k is a field.

Abelian ®-categories with internal Homs

This subsection collects some results, mostly standard, about closed abelian ®-categories.

Let (C, ®) be an abelian ®-category with internal Homs (see §4). Recall (4.1) that
this means that, for all objects X, the functor — ® X has a right adjoint Hom(X, —), and
so — ® X is right exact and Hom(X, —) is left exact. Let XV = FHom(X, 1) (weak dual).

PROPOSITION 13.1 IfX - Y — Z — Oisexact, then0 — Z¥V — YV — XV is exact.
PROOF For all objects T,

TRIX->-TRY->TRZ->0
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is exact, so
0->Hom(T®Z,1) > Hom(T®Y,1) > Hom(T ® X, 1)
is exact. By adjointness (10), it follows that
0 - Hom(T,ZY) - Hom(T,Y") —» Hom(T,X")
is exact (all T), and so
0->2V->YY - XV
DEFINITION 13.2 An object X of C is flat if the functor X ® — is left exact (hence exact).

DEFINITION 13.3 An object X of C is rigid if (X, evy p) is dual to X, i.e., if there exists
a morphism coev : 1 - X ® X" satisfying (20).

If X is rigid, then XV is its (strong) dual, which is also rigid (the condition is essentially
symmetric),® and X ~ XVV.

EXAMPLE 13.4 In the category Rep(G) of representations of an affine group scheme
G on k-vector spaces, the rigid objects are those in Repf(G). Similarly, if T is a tensor
category over k, then the rigid objects in Ind T are those in T.

PROPOSITION 13.5 If X and Y are nongzero objects of C and X is rigid, then X ® Y is
nongzero.

PROOF As X is rigid, the identities (20), p. 16, imply that the composite
Y- XVRXQRY —>Y

is the identity. Therefore, Y is a direct summand of XY @ X @ Y. If X ® Y = 0, then
XV®X ®Y =0, contradicting Y # 0. o

ToDO 5 Check this proof, or assume that 1 is simple (6.4), this follows from 6.5.
PROPOSITION 13.6 Every rigid object X of C is flat.

PROOF Let0 —» A — B — C be exact. As X is rigid, the functors — ® X and — ® X" are
adjoint (4.8), and so, for all objects T, the sequence

0 - Hom(T,A® X) - Hom(T,B ® X) > Hom(T,C ® X)
is isomorphic to the sequence
0 - Hom(T ® XV,A) - Hom(T ® XV,B) - Hom(T ® XV, C),
which is obviously exact. Therefore0 > A® X - B® X - C ® X is exact. O

PROPOSITION 13.7 The tensor product of a projective object with a rigid object is again
projective. In particular, if the unit object is projective, then all rigid objects are projective.

8Without the symmetry, if one is the left dual, the other is the right dual.
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PROOF Let X be rigid and P projective. As X is rigid, Hom(P® X, T) ~ Hom(P,T ® X").
Let B — C be an epimorphism, and consider a morphism P ® X — C,

PRX

epi l

B — C.

On using the adjointness, we get a diagram

-
-
-
-
-
-
'y .

BRX' 2, coxV.

As P is projective, there is a morphism P — B ® X making the diagram commute.
By adjointness again, this corresponds to a morphism X — B making the top diagram
commute. o

PROPOSITION 13.8 The tensor product of an injective object with a rigid object is again
injective.

PROOF The proof is similar to that of Proposition 13.7, using that, for a rigid object X,
Hom(T,I ® X) ~ Hom(T ® XV, I). 0

EXAMPLE 13.9 The unit object is projective if every epimorphism X — 1 splits. In
Mod(R), the unit object is R, which is projective. For Repf(G), 1 projective means that
the functor V ~ V© is exact. In general, it means that the functor A + Hom(1, A) is
exact.

PROPOSITION 13.10 Assume that every object of C is a quotient of a flat object, and let Z
be a flat object of C. If
0-X->Y—->Z72-0,

is exact, then
0 XQR®T-YRT—-ZRXT -0

is exact for all objects T.

PROOF Let T be an object of C. By assumption, there exists an exact sequence
0-R->P->T-0

with P flat. There then exists an exact commutative diagram

0
X®R — Y®R — ZQR — 0
00— X®P — Y®P — ZQP

XQT —> YQRT —> Z QT
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The zeros at right and bottom come from the right exactness of the tensor product, and
the zeros at left and top come from the flatness of P and Z. Now the snake lemma shows
that the bottom row is exact with a zero at left. O

REMARK 13.11 In an abelian category with enough projectives, a sequence B - C — 0
is exact if and only if Hom(P, B) - Hom(P, C) — 0 is exact for all projectives P.
Certainly, if P is projective, then

B—->C—>0 exact = Hom(P,B) —» Hom(P,C) - 0 exact.
For the converse, the sequence B - C — C/B — 0 is exact, so
Hom(P, B) - Hom(P,C) - Hom(P,C/B) — 0
is exact for all projectives P. If the first map is surjective, then Hom(P,C/B) = 0, but,
by assumption, there exists an epimorphism P — C /B with P projective, which is zero

only if C/B is zero.

PROPOSITION 13.12 Assume that every object is a quotient of a flat object. Let0 — A —
B — C — 0 be exact with C flat. For all objects I, the sequence

0 — Hom(C,I) » Hom(B,I) > Hom(A,I) -» 0

is left exact. If I is injective and there are enough projectives, then the sequence is also right
exact.

PROOF The hypothese imply that the sequence
0--TRA->TRXB->TRC—-0
is exact for all T. Therefore
0 - Hom(T ® C,I) > Hom(T ® B,I) > Hom(T ® A,I) -> 0
is left exact, and right exact if I is injective. This sequence is isomorphic to the sequence
0 - Hom(T, Hom(C,I)) » Hom(T, Hom(B,I)) - Hom(T, Fom(A,I)) — 0.
The first assertion follows. Now assume that I is injective. Then
Hom(P, Hom(B,I)) - Hom(P, Flom(A,I)) —» 0

isexact for all projective P, which, by the remark, implies that #(om(B,I) - Hom(A,I) —
0 is exact. O

PROPOSITION 13.13 Assume that every object is a quotient of a flat object, and that there
are enough projectives. If0 - A — B — C — 0is exact and C is rigid, then

0 - Hom(C,I) - Hom(B,I) - Fom(A,I) - 0

is exact for all objects I.
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PROOF Under the hypotheses, projective objects are flat because they are direct sum-
mands of flat objects. It suffices to prove that

0 —» Hom(P, Hom(C,I)) - Hom(P, Hom(B,I)) —» Hom(P, Hom(A,I)) - 0

is exact with P projective (by the remark). By adjunction (10), this is isomorphic to the
sequence

0 - Hom(P ® C,I) > Hom(P ® B,I) > Hom(P ® A,I) — 0.

As P is flat,
0--PRA-PRB—-PRC—-0

is exact. From this, we get an exact sequence
0 - Hom(P ® C,I) —» Hom(P ® B,I) » Hom(P ® A,I) —» Ext'(P ® C,I).

Note that Hom(P ® C,—) ~ Hom(P,— ® CV). As CV is flat, the second functor is exact,
so P ® C is projective. Hence Ext'(P® C,—) = 0. o

PROPOSITION 13.14 Assume that every object is a quotient of a flat object. Let
0-A->B->C-0
be an exact sequence whose (weak) dual is exact. If A and C are rigid, then B is rigid.
PROOF Recall (4.10) that an object X is rigid if and only if the canonical morphism
T® Hom(X,1) » Hom(X,T)

is bijective for all T. If A is rigid, so also is A, hence it is flat (13.6), so, for all T, the top
row of the diagram

0 —— T®CY —— > TR®BY —— > TRA —— 0

! 1 :

0 — Hom(C,T) —— FHom(B.T) —— Fom(A,T)
is exact (13.10). Now the five-lemma shows that the middle vertical arrow is bijective.q

REMARK 13.15 (a) In the situation of Proposition 13.14, the dual sequence is exact if
the category has enough projectives (13.13).
(b) Not all duals of exact sequences are exact. For example, the dual of the exact

sequence 0 —» Z —2> Z - 7/2Z - 0inMod(Z)is0 - 0 - Z 2, Z — 0 (but in this
example, C is not rigid).

(c)Let0 - A — B — C — 0be exact. If A and C are rigid and C is projective, then
B~ A®C,soisrigid.

PROPOSITION 13.16 Assume that C has enough injectives and that Hom(—,I) is right
exact when I is injective. Then every projective object P of C is flat.
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PROOF Let 0 - A — B — C be exact. By assumption, for any injective object I,
Hom(C,I) - Hom(B,I) - Flom(A,I) — 01is exact. As P is projective,

Hom(P, Hom(C,I)) - Hom(P, Hom(B,I)) - Hom(P, Hom(A,I)) - 0
is exact. By adjunction (10), this implies that
Hom(P ® C,I) > Hom(P ® B,I) - Hom(P ® A,I) - 0

is exact. Hence, the kernel K of P® A — P ® B has the property that Hom(K, I) = 0 for
all injectives. As C has enough injectives, this implies that K = 0. O

NOTES I thank Kevin Coulembier for providing me with Proposition 13.13.

The category of ind-objects of a tensor category

Let T be an essentially small tensor category over the field k.

13.17 The category Ind T is a k-linear abelian category and the canonical functor
tr: T — IndT is fully faithful and exact. The finitely presentable objects of Ind T
are exactly the objects in the essential image of tr.

Any set of representatives for the isomorphism clases of T generates Ind T, and so T
is a Grothendieck category. In particular, Ind T admits small inductive limits, which are
exact when filtered, and it has enough injectives.

The objects of T are noetherian, and so Ind T is locally noetherian. An object of Ind T
is noetherian if and only if it is finitely presented.

This summarizes part of Appendix B.

13.18 For X =lim X; and Y = lim Y, we set
—i —j

-
LJ

With this tensor functor, Ind T becomes a k-linear ®-category, and 1 becomes a ®-
functor. The functor ® commutes with inductive limits in each variable, and so internal
Homs exist in Ind T.

13.19 The functor ® : IndT ® IndT — IndT is exact in each variable. To see this,
let X be an object of Ind T and & a short exact sequence in Ind T. Write X as a filtered
inductive limit X = li_n)lX ; of objects of T. As X is rigid in T, it is rigid in Ind T, and
hence flat (13.6). Therefore, each sequence X; ® & is exact,and so X ® & ~ li_r)n(X i ® &)
is exact.

13.20 Let I be an injective object of Ind T and X an object of T. For all T,

4.10 10
Hom(T,I ® Hom(X, 1)) ( ~ ) Hom(T, Hom(X,I)) (:) Hom(T ® X, I).

This last functor is exact in T, and so I ® Hom(X, 1) is injective. On applying this remark
to the dual of an object X of T, we see that for all injective objects I of Ind T, I ® X is
injective.
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Extension of scalars for tensor categories
In this section, we prove Theorem 8.15 for an arbitrary field extension of k.

13.21 Letk be acommutative ringand C a k-linear category. For a k-algebra R, we define
Mod(R, C) to be the category of R-modules in C, i.e., the category of pairs (X, ) with X
an object of C and u a homomorphism R — End(X) of k-algebras. Then Mod(R, C) is an
R-linear category, and the forgetful functor Mod(R, C) — C is k-linear and faithful. If C
is abelian, then Mod(R, C) is abelian, and the forgetful functor is exact. If C admits small
inductive limits, then, for all X in Mod(R, C) the functor

Y w» Hom¢(X,Y): C —» Mod(R)

has a left adjoint
M ~» M @z X : Mod(R) — C,

SO

Hom¢(M Qg X,Y) ~ Homy(M, Hom¢(X,Y)
M € Mod(R), X € Mod(R,C), Y &C.

See Kashiwara and Schapira 2006, 8.5.1, 8.5.2, 8.5.3.

Now let k be a field and C an essentially small tensor category over k. Then, as we saw
in the last subsection, D € Ind C is a k-linear abelian ®-category with internal Homs.
The canonical functor C — D is fully faithful with essential image the subcategory of
finitely presentable objects (equivalently, noetherian objects).

For X in D and V a k-vector space, the functor Y v Hom(V, Hom(X, Y)) is repre-
sentable, and we let V @ X denote the object of D representing it, so

Homp(V @ X,Y) ~ Hom (V, Homp(X, Y)). ™

If (e;);¢; is a basis for V (possibly infinite), then we can take V ®; X to be a direct sum
of copies of X indexed by I.

Let k’ be a field extension of k, and let D’ = Mod(k’, D) be the category of k’-modules
in D. Then D’ is a k’-linear abelian ®-category, and the forgetful functor D’ — D is
k-linear, faithful, and exact.

PROPOSITION 13.22 The forgetful functor D' — D has a left adjoint X ~ k' ® X, so
Homp (k' ® X,Y) ~ Homp(X, Y).

PROOF The vector space k' ®; X defined above has a natural structure of a k’-module,
and so lies in D’. The isomorphism (*) induces the required isomorphism. o

Let C’ be the full subcategory of finitely presentable objects of D’. Then C’ is stable
under finite sums and subquotients in D’.

PROPOSITION 13.23 The functor “lim X"~ lim X, : Ind C' —» D’ is an equivalence of
categories with quasi-inverse the functor sending an object of D' to the inductive system of
its noetherian subobjects.

PROOF All objects of C are noetherian, small filtered inductive limits exist in D and are
exact, and every object of D’ is a small filtered inductive limit of objects in C". Therefore
the statement follows from Proposition B.10 of the Appendix. o
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Let C(y be the full subcategory of D’ whose objects X are those generated as a k’-
module by a subobject in C, i.e., such that there existaY C X, Y € ob T, for which the
composite

K@ Y-k®X-—->X

is an epimorphism.

PROPOSITION 13.24 The forgetful functor D' — D induces an equivalence of categories
CI g C(k’)-

PROOF If X € obD’ is generated as a k’-module by a D-subobject Y C X with Y € obC,
then it is a quotient of k' ®, Y and is therefore in C’. Conversely, if X € ob C’, we write it
in D as a filtered union of its subobjects X, in C. Since X is noetherian in C’, the system
of submodule images of the k' ®;, X, in X is stationary. Therefore X is a quotient of
k' ® X, for a sufficiently large, and so lies in C ). O

ASIDE 13.25 The pairing
V,X) »V®X: Vecf(k') xC - C’
is universal, and induces an isomorphism from the Kelly tensor product (12.14) to C’,
VXIC—C.

Now let T be a tensor category over k. Then Ind T is a k-linear abelian ®-category
with internal Homs.

PROPOSITION 13.26 Every object of Ty is a quotient of a rigid object.
PROOF For any object Y of T, k' ® Y is rigid as an object of Ty, O
PROPOSITION 13.27 Every simple object X of Ty is rigid.

PROOF LetY generate X. As X is simple, any simple subobject of Y also generates X.
But, if Y is simple in T, then kK’ ® Y is simple in T4/, and so the epimorphism K’ ® Y — X
is an isomorphism. o

THEOREM 13.28 Let T be a tannakian category over a field k. For any field k' containing
k, Ty is a tannakian category over k'.

PROOF Recall (8.7) that T has a fibre functor w with values in a field K. In proving the
theorem, we may suppose that k' is finitely generated over k, and then that k’ is either a
finite extension of k or equal to k(t). We proved the first case in 8.15. For the second
case, note that T has a fibre functor with values in k(t) ®j K and that

kO ®K = Jklily @ K = JKIt]y,
f f

where f runs over the nonzero polynomials in k[t]. Therefore, the theorem follows
Lemma 8.20 below applied to T . O

LEMMA 13.29 Let R be an integral domain and T a nongzero torsion module. Then
/\nH(R@” @ T) is a nonzero torsion module.

PROOF See Schippi 2018, 3.2.3. o
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LEMMA 13.30 (SCHAPPI 2018, 3.2.4) Let T be a k-linear abelian ®-category such that
k ~ End(1). Assume that every object of T is a quotient of a rigid object. If there exists an
exact faithful @-functor w: T — Mod(R), where R is a filtered union of principal ideal
domains, then T is tannakian.

PROOF We have to proof that T is rigid. Because w is exact and faithful, it reflects
isomorphisms. Therefore it suffices to show that, for all X, w(X) is a finitely generated
projective R-module (cf. the proof of 8.18).

As X is the quotient of rigid object, w(X) is a finitely presented R-module. The
assumption on R therefore implies that it is a finite direct sum of cyclic modules. Thus,
w(X) = F,, & T, where F,, is free of rank n and T is torsion. It remains to show that
T =0.

If not

oA X)= N"F @),

is a nonzero torsion module (Lemma 13.29). We may replace X with /\thl X, and so
suppose that w(X) is a nonzero torsion module.

By assumption, there exists an epimorphism p : V — X with V rigid. Let V/ denote
its kernel in Ind T. From the assumption on the ring R, we see that w(p) : w(V) - w(X)
arises from a homomorphism over a principal ideal subdomain of R. As R is flat over
the subdomain, the kernel of w(p) also arises from the subdomain, and hence is finitely
generated and free. As V' is the kernel of the map (Ind w) (p), it follows that V" is rigid,
hence finitely presented, and so lies in T. On passing to the field of fractions of R, we see
that w(V) and w(V") are free of the same rank.

It remains to show that ¢ : V/ — V is an isomorphism, and for this it suffices to
show that w(¢p) is an isomorphism. As it is a map between free R-modules of the same
rank, n say, it suffices to check that the determinant

E"(w(@)) = N (@(@)) =~ o(A" @)

is invertible (E" denotes the exterior power). As w(V') and w(V) are flat, ®" : (V/)®" —
V®" is a monomorphism. Thus /\n @ is a monomorphism between two ind-objects
whose images in Mod(R) are free of rank one. But any such ind-object is invertible (in
the sense of §2) in Ind T (so lies in T). Moreover, as the unit object of T is simple, all
invertible objects of T are simple. Thus /\n @ is indeed an isomorphism. This shows that
w(X) = 0, giving a contradiction. O

COROLLARY 13.31 Let T be a tannakian category over k, and let K be a field containing k.
If T has a K-valued fibre functor, then T is a neutral tannakian category over K.

PROOF Let w be a K-valued fibre functor on T. Then (X, u) w w(X) is a K ®; K-valued
fibre functor w’ on T (cf. the proof of 8.16). The multiplication map K XK — K defines
a k-algebra homomorphism K ®; K — K. Now o’ ®kg, x K is a K-valued fibre functor
on Tg). m

NOTES

13.32 Corollary 13.31, when combined with the results of the next chapter, shows
that any two fibre functors on a tannakian category are locally isomorphic for the fpqc
topology (I, 8.8).
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13.33 Deligne (1990) proved Theorem 13.28 as a consequence of his description of
tannakian categories in terms of affine groupoid schemes (see IV, 9.1). The elementary
proof given above is from Schippi 2018.

13.34 Here is a third proof of Theorem 13.28.
(a) Case k' is algebraic over k. This case follows from Theorem 8.15 (cf. 8.19).

(b) Case k is algebraically closed. In this case, it is known that, if T is a tensor category
over k, then T is a tensor category (see the next note).

(c) General case. Let k be an algebraic closure of k and K a field containing both k'
and k. Then Tk ~ (T(,g)) &) S° it is tannakian by (a) and (b), and it follows that

Tk is tannakian (because (T(k/)) ® & T(x) is tannakian).

13.35 One can ask whether Theorem 13.28 holds for tensor categories: does a tensor
category T over k remain a tensor category under extension of the base field?

When k is algebraically closed, Etingof and Ostrik (2021, 2.2) ° suggest the following
argument: as simple objects in T are rigid and the objects of T,y are noetherian, it
suffices to prove that an extension of rigid objects in Ty is again rigid. The author has
not been able to find a proof of this last statement.

In a future paper, Coulembier and Sherman plan to include a proof that a tensor
category over an algebraically closed field remains a tensor category under extension of
the base field.

Faithful ®-functors of tensor categories are exact

We prove that Corollaries 11.8 and 11.9 hold over all fields.

PROPOSITION 13.36 Let F : C — D be a k-linear @-functor of tensor categories over k. If
F is faithful, then it is exact.

PROPOSITION 13.37 Let T be a tensor category over k and R a nonzero k-algebra. Every
faithful k-linear @-functor w : T — Mod(R) is exact (hence a fibre functor).

Therefore, in both cases, F is faithful if and only if it is exact (6.7).

FIRST PROOF OF PROPOSITION 13.36

Let
b
§:0—>A—a>B—>C—>O

be an exact sequence in C, and let I be a nonzero injective object of Ind T, which exists
because Ind T is a Grothendieck category (13.17). Then

EQRI:0>AQRI->BRI—->CQRI—0

is exact (13.19), and even split-exact because A ® I is injective (13.8). Therefore F(§{ ® I)
is exact, and hence also the isomorphic sequence

F(E)®F() : 0 » F(A) ® FI) — F(B) ® F(I) » F(C) ® F(I) — 0.

9See also Coulembier et al. 2023, 5.1.3(2).
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Let H be some homology object of the complex

F():0—- F(A) —» F(B) - F(C) — 0.
Because — ® F(I) is exact (13.19), H ® F(I) is the corresponding homology object of the
complex F(§) ® F(I), which is zero. As H is rigid, this implies that H = 0 (by 6.5).
PROOF OF PROPOSITIONS 13.36 AND 13.37
The proofs of the propositions are based on the following lemma.

LEMMA 13.38 Let T be a tensor category over k. A sequence

b
£ 0o XY —>Z—0

is exact in T if and only if there exists a nongero morphismu . 1 — U such that the map of
chain complexes

& 0 X Y VA4 0
Jues | l l
U®§ 00— UQR®RX —URQR)Y —wUR~Z —— 0

is null homotopic.

PROOF For the sufficiency, let u: 1 — U be a nonzero morphism such that u ® & is
null homotopic. Define the ring A,, in Ind T to be the ind-object

u®U
1——U U®U UQUQRU
—S U= URU = UQUeU =
(indexed by a category whose objects are the natural numbers). Let I be a nonzero
injective object in Ind T (exists by 13.17). Then I ® u is a monomorphism of injective

objects (13.18), so there exists a morphism h: I ® U — I such that ho(I ® u) = id;.
The morphism h can be extended to a morphism f: I ® A, — 1,

Qu IQUU
I—»I@Uﬁl@U@UEI@U@U@U%

ho(h®U)o(hQUQU)

such that f o(I ® u) = id;. Therefore A, # 0

Letv: 1 — A, be the composite I LU Ay. As u ® & is null homotopic, the
map of chain complexesv ® £ : & — A, ® £ is also null homotopic, which implies that
the identity map A, ® £ — A, ® £ is null homotopic. This last statement means that
A, ® £ is split-exact in Mod(A,,). As the morphism 1 — A, is faithfully exact (10.8), this
implies that £ is exact.

Now assume that £ is exact. Form the pushout diagram,

xox¥ B yexv

levxv l

11— S E.
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On applying adjunction, we see that the left hand triangle in the diagram

X —2 5y
e®Xl ‘4 le@y

EQX — EQ®Y

commutes. Hence the difference between the two morphisms Y — E ® Y restricts to
zero when composed with a. As the sequence £ is exact, this difference factors through
b: Y — Z. This gives the required homotopy. o

PROOF (13.36) Let £ be a short exact sequence in C. By Lemma 13.38, there exists a
nonzero morphism u : 1 — U such that u ® & is null homotopic, As F is faithful

F(U)

is nonzero, and it induces a null homotopic morphism F(§) - F(U) ® & because F
preserves homotopies. By Lemma 13.38 again, F(§) is exact. o

PROOF (13.37) Let & be a short exact sequence in T and let u: 1T — U be a nonzero
morphism such that u ® £ is null homotopic. Let A, be as in the proof of Lemma
13.38. Then, as in the proof of the lemma, A, # 0 and A, ® & is split-exact in Mod(A,,),
so F(A, ® &) is exact (because F is additive). The R-module F(U) faithfully flat (8.5).
Therefore F(A,), being an inductive limit of faithfully flat R-modules, is also faithfully
flat. As F(A, ® &) ~ F(A,) ® F(&), we see that F(§) is exact. -

NOTES In characteristic zero, Proposition 13.36 is an immediate consequence of statements in
Deligne 1990 (see 11.8). It is proved in general in Coulembier 2020. The above proofs follow
Coulembier et al. 2023, 2.4.1, 2.4.2.

Abelian envelopes
In this section, all pseudo-tensor and tensor categories over k are essentially small.

13.39 When we relax the condition of being abelian to being pseudo-abelian, we arrive at
the notion of a pseudo-tensor category. Thus, a k-linear ®-category D is a pseudo-tensor
category over k if

(a) k ~ End(1),
(b) Disrigid (all objects have duals),

(c) Dis pseudo-abelian (additive and idempotent complete).

From a k-linear ®-category satisfying (a) and (b), we can obtain a pseudo-tensor category
over k by passing to the pseudo-abelian envelope. In this subsection, we examine the
possibility of obtaining a tensor category over k by passing to an abelian envelope.

Let D be a pseudo-tensor category over k. Roughly speaking, we say that a fully
faithful @-functor from D to a tensor category T over k is an abelian envelope of D if
every faithful ®-functor from D to a ®-category T’ extends essentially uniquely to an
exact ®-functor from T,



74 Chapter I. Symmetric Monoidal Categories

DEFINITION 13.40 (COULEMBIER ET AL. 2023, 2.1.1, 2.5.1) LetD be a pseudo-tensor cat-
egory over k. A fully faithful k-linear ®-functor F : D — T from D to a tensor category
T over k is an abelian envelope of D if, for every tensor category T’ over k, composition
with F defines an equivalence from

o the category of k-linear exact ®-functors T — T’ to

o the category of k-linear faithful ®-functors D — T'.

This definition makes sense because k-linear exact ®-functors of tensor categories
are faithful (7.4).

By a monoidal category over k, we mean a k-linear monoidal category such that
k ~ End(1).

PROPOSITION 13.41 (COULEMBIER 2022, 4.4.4) Consider a k-linear faithful monoidal
functoru : A — T, where A is a rigid monoidal category over k and T is an abelian rigid
monoidal category over k. Assume that

(a) every objectin T is a quotient of u(X) for some object X in A, and

(b) for every morphism a : w(X) — u(Y) in T, there exists a morphism q : X' — X in A
such that u(q) is an epimorphism and aou(q) is in the image of u.
Then, for every abelian rigid monoidal T’ over k, u defines an equivalence from the category
of k-linear exact tensor functors T — T’ to the category of k-linear faithful ®-functors
A-T.

COROLLARY 13.42 Let D be a pseudo-tensor category over k and T a tensor category over
k. A fully faithful @-functor F : D — T is an abelian envelope of D if every object of T is
a quotient of F(X) for some X in D.

PROOF Immediate consequence of the proposition. O

PROPOSITION 13.43 (COULEMBIER ET AL. 2023, THEOREM A) A pseudo-abelian tensor
category D over k admits an abelian envelope if and only if the following two conditions
hold:

(a) every nonzero morphism U — 1 in D, is the equalizer of the pair of arrows
UQU —3 U.

(b) foreveryarrow X — Y in D, there exists a nonzero M in Ind D such that the morphism
M®X -> MQY issplitin IndD.

A morphism in an additive category is split if it is a direct sum of an isomorphism and
a zero morphism. In a pseudo-abelian category, a morphism f : X — Y is split if and
only if there existsa g : Y — X such that f = fogof. For example, an endomorphism
f of X is split if and only if it is von Neumann regular in End(X).

EXAMPLE 13.44 Let T be a tensor category over k, and let K be a field containing k. Let
K ® T be the category with the same objects as T but with Hom replaced by K ®; Hom.
Its pseudo-abelian envelope Tx is a K-linear pseudo-abelian rigid ®-category with
K ~ End(1).

Now let T be a tannakian category over k, and let K be a field containing k. Then
T(x) is the abelian envelope of Tx. Moreover, Ind(T ) is equivalent to Ind(T).
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EXAMPLE 13.45 (COULEMBIER ET AL. 2023, 5.1.1, 5.1.2, 5.1.4) Let K be a field contain-
ing k and D a pseudo-tensor category over k. The naive extension of scalars K @ D
is the category with the same objects as D but with Hom replace by K ®;, Hom. Its
pseudo-abelian envelope is a pseudo-tensor category, denoted K®QC. If the K-linear ®-
category Ty is a tensor category over K, then it is the abelian envelope of K®T; moreover,
Ind(T(x)) ~ (Ind T)k.

QUESTION 13.46 The category of motives My (k) over k relative to a Weil cohomology
theory H is a pseudo-abelian tensor category over k. If it admits an abelian envelope,
then the Lefschetz standard conjecture holds over k. Is the converse true?

14 Some 2-categories

We show that monoidal categories form a (strict) 2-category - on€«{. This allows
us to deduce that other categories, for example, tannakian categories over a fixed field
k also form a 2-category. Our convention concerning units in monoidal categories so
simplifies the proofs that we can leave those concerning units to the reader.

The 2-category JM-on6ai
o The objects of #l-on6ai are the small monoidal categories.
¢ The 1-morphisms of #0nE i are the monoidal functors.

¢ The 2-morphisms of #-0nE€«{ are the monoidal natural transformations.

Thus, a 1-morphism C — D is a functor F : C — D together with a natural isomorphism
cf; v+ FX® FY — F(X ® Y) such that certain diagrams commute (3.1) and F maps
unit objects to unit objects. A 2-morphism

a.:F =G

is a natural transformation F = G such that certain diagrams commute (3.4).

Recall that 6« { is a 2-category (Appendix, A.9). The forgetful functor M on€ el —
%1 sends a monoidal category to its underlying category, a monoidal functor to its
underlying functor, and a monoidal natural transformation to the natural transformation.
The associativity and interchange laws follow from those in €« { once we show that the
various constructions preserve monoidal functors and monoidal natural transformations.

VERTICAL COMPOSITION

Given monoidal categories C, D, the Hom category
Hom(C, D)

is the category whose objects are the monoidal functors F : C — D and whose morphisms

are the monoidal natural transformations. We check that this is indeed a category,
Given a monoidal functor F, the identity natural transformation F = F is clearly

monoidal. Given monoidal natural transformationsa: F = Gandf: G = H,we
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see from the commutative diagram

FX)QF(Y) —— FX®Y)

laX®ay laX@)Y
G
Boa)y®Box)y| GX)QGY) — GX®Y) |Bo)xey
lﬁx®ﬁy lﬁ)@y

H(X) @ HY) > H(X ®Y)

that Soc is monoidal. Therefore vertical composition is well-defined, and it is associative
and unital because natural transformations have these properties.
COMPOSITION OF 1-MORPHISMS

Let (F,cf): C - Dand (G,c%): D — E be monoidal functors. Their composite is the
monoidal functor (3.3)
(GoF,c%F): C > E.

STRICT ASSOCIATIVITY OF 1-MORPHISM COMPOSITION

Let
F:A-B, G:B->C, H:C-D

be monoidal functors. Then

(HoG)oF = Ho(GoF)

(HG)F H(GF)

as functors, and Cxy and Cxy both equal
F G H
HG(cy y)oH(Cy y) 1y °Cr.cR(Y)

HORIZONTAL COMPOSITION

Let F, G be monoidal functors C — D and H, I functors D — E. The horizontal composite
of monoidal natural transformationsa: F= Gand8: H=1I,

TR VTR
C Uoc D “ﬂ E,
\G/ \T/

is the natural transformation § * a: HoF — IoG such that (8 * a), is the diagonal
map in the commutative square

(HoF)(X) 2" (ToF)(X)

lH(aX) lf(oc)a

(HoG)(X) Fow, (IoG)(X).

Thus wt w
I(ax)ofrxy = (B * a)x = Box)oH (ax).
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It remains to see that 3 * o is monoidal. The required compatibility diagram follows by
pasting the monoidality squares for @ and § together with the naturality square for the
tensor constraint of I. Explicitly, one checks that

(B * a)X@YOC;I_(I’I; = C§(G,y°((ﬁ * a)x ® (B * a)y).

‘We omit the verification.

THE INTERCHANGE LAW

Since horizontal and vertical composition of monoidal natural transformations This
follows directly from the interchange law in €a <.

Now that we have shown #lon6€ -« to be a 2-category, it follows easily that the
following are also 2-categories.

The 2-category of symmetric monoidal categories

o The objects are the small symmetric monoidal categories.
o The 1-morphisms are the symmetric monoidal functors.

¢ The 2-morphisms are the monoidal natural transformations.

If monoidal functors F and G are symmetric, so also is GoF.
Now fix a field k.

The 2-category of tensor categories over k.

o The objects are the small tensor categories over k.
¢ The 1-morphisms are the exact k-linear symmetric monoidal functors.

¢ The 2-morphisms are the k-linear monoidal natural transformations.
If symmetric monoidal functors F and G are k-linear and exact, so also is GoF.

The 2-category of tannakian categories over k, I ann,.

o The objects are the small tannakian categories over k.
¢ The 1-morphisms are the exact k-linear symmetric monoidal functors.

¢ The 2-morphisms are the k-linear monoidal natural transformations.

NoTEs That monoidal categories form a (strict) 2-category is well-known to the experts, but I
was unable to find a published proof.

ToDo 6 In the absence of an available proof that the monoidal categories form a 2-category, I
should probably include all details. Since none of the constructions seem to involve « or y, if the
monoidal categories form a bicategory, they surely form a 2-category, and if they don’t form a
bicategory, there’s probably something wrong with the definition.






Chapter I1

Neutral tannakian categories

In this chapter, we describe neutral tannakian categories and their fibre functors in
terms of affine group schemes and their torsors.

Throughout, k is a field except when indicated otherwise. Unadorned tensor products
are over k, and unadorned products are over Spec k.

1 Affine group schemes and their representations

We review the basic theory of affine group schemes and their representations. For more
details, see, for example, Milne 2017 or Waterhouse 1979. After 1.10, all bialgebras and
Hopf algebras are commutative.

Affine monoid schemes and bialgebras

In this subsection, we allow k to be a commutative ring.

1.1 LetG = Spec A be an affine scheme over k,andm : GXG — Gande: Speck - G
morphisms. The triple (G, m, e) is an affine monoid scheme over k if (G(R), m(R), e(R))
is a monoid for all k-algebras R. This condition can be expressed in terms of diagrams:
the associativity condition requires that the two composed morphisms

mxidG m
GXGXG T3 GXxG — G (49)

idG xXm

are equal and the condition that e(R) is a neutral element requires that the two morphisms

idg xe m
G~GxSpeck—— GXG— G
(50)

exidg m
G ~SpeckxG——> GXG— G

equal idg.

1.2 An algebra over k (associative with 1) is a k-module V' together with k-linear maps
m: AQ A — Aande: k — A such that the two composed maps

ARARA — 3 A®A 5 A (51)
idy ®m

79
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are equal and the two maps

e®id m
A~~kR@RA—> ARA— A
(52)

id Qe m
A ARk— ARA— A
equal id,4.

1.3 A coalgebra over k (co-associative with co-identity) is a k-module C together with
k-linear maps A: C - C® C and e : C — k such that the two composed maps

A A®id
C— CRC 3 CRCRC
id®A

are equal and the two maps

A e®id
C—-(CRC—k®Cx=C
A id®e
C—CRC—CRkxC
equal idc.
Thus “algebra” and “coalgebra” are opposite (dual) notions.

1.4 A bialgebra over k is a quintuple (A, m, e, A, €) such that
(a) (A,m,e)is an algebra over k,
(b) (A, A,¢)is acoalgebra over k,
(c) A and € are algebra homomorphisms,

(d) m and e are coalgebra homomorphisms.
In the presence of (a) and (b), the conditions (c) and (d) are equivalent (Milne 2017, 9.40).
A bialgebra (A, m, e, A, €) is said to be commutative if the underlying algebra (A, m, e)
is commutative.

1.5 Let G = Spec A be an affine scheme over k. Then A is a commutative k-algebra,
and the monoid structures (m, e) on G correspond exactly to the coalgebra structures
(A,€) on A given by algebra homomorphisms, i.e., to the bialgebra structures on A.
The functor A ~ Spec A defines a contravariant equivalence between the category of
commutative bialgebras over k and the category of affine monoid schemes over k.

1.6 Let(C,A,¢)and (C’,A’,€") be coalgebras over k. Then C ® C’ becomes a coalgebra
over k with the comultiplication

! C® '
cec 2B coo®(C ®c) —t,

®Cc’
CRCHR(CC,
where yc o(c ® ¢’) = ¢/ ® c, and co-identity
ERe:CRC' - kQ®k ~k.

If G and G’ are affine monoid schemes over k with associated coalgebras C and C’, then
G x G' is an affine monoid scheme over k with associated coalgebra C ® C’.
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Affine group schemes and Hopf algebras

In this subsection, we allow k to be a commutative ring.

1.7 Let G be an affine scheme over k and m: G X G — G a k-morphism. The pair
(G, m) is an affine group scheme over k if (G(R), m(R)) is a group for all k-algebras R.
In terms of diagrams, this condition says that there exist morphisms e : Speck — G and
inv: G — G (necessarily unique) such that (G, m, e) is a monoid scheme over k and

G (inv,id) GxG (id,inv) G

l l

m
e v e
Speck G Speck

commutes.

1.8 Let A be a k-algebra (not necessarily commutative) and A: A - A ® A a homo-
morphism of k-algebras. The pair (A, A) is a Hopf algebra over k if there exist k-algebra
homomorphismse: A - kand S: A — A (necessarily unique) such that (4, A,¢e)isa
bialgebra over k, and

(S,id4)oA =€ = (id 4, S)oA.

Such an S is called an antipode. Thus a bialgebra over k is a Hopf algebra if and only if
there exists an antipode. A Hopf algebra is said to be commutative if the algebra A is
commutative.

1.9 Let G = Spec A be an affine scheme over k. To give the structure of a group scheme
on G is the same as giving the structure of a commutative Hopf algebra on A. The functor
A « Spec A defines a contravariant equivalence between the category of commutative
Hopf algebras over k and the category of affine group schemes over k.

1.10 An affine group scheme G = Spec A over k is of finite type over k if A is finitely
generated as a k-algebra. By an algebraic group over k we mean an affine group scheme
of finite type over k.

Henceforth, all bialgebras and Hopf algebras are commutative.

1.11 Let A C B be Hopf algebras over a field. Then B is faithfully flat over A. See
Waterhouse 1979, 14.1.

Representations

In this subsection, k is a field.

1.12 Let G be an affine group (or monoid) scheme over k. A representation of G on a
k-vector space V is a homomorphism

G(R) - AutR—linear(V(R))

natural in R. In other words, it is a family of homomorphisms G(R) — GL(V(R)), indexed
by the k-algebras R, compatible with extension of scalars. When V is finite-dimensional,
this is the same as a homomorphism G — GLy, of affine group (or monoid) schemes
over k. We let Repf(G) denote the category of representations of G on finite-dimensional
k-vector spaces.
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1.13 A (right) comodule over a k-coalgebra C is a vector space V over k together with
a k-linear map p: V - V @y C such that the two composed maps

, idy ®A
V —TVQC —ZVRCRC
p®idc

are equal and

id
Vv o vec X vekay

equals idy,. For example, A defines an C-comodule structure on C.

PROPOSITION 1.14 Let G = Spec A be an affine group (or monoid) scheme and V a
k-vector space. To give an A-comodule structure on V is the same as giving a linear repre-
sentation of Gon V.

PROOF A representation r of G on V is determined by its action on the “universal”
element
idg € Hom(G, G) = G(A).

Now r(id;) is an A-isomorphism V®A — V® A whose restrictiontoV = Vk C V®A
determines it and is an A-comodule structure p on V. Conversely, a comodule structure
p on V determines a representation of G on V such that, for every k-algebra R and
g €GR) o Homy (A, R), the restriction of g, : VR > V@®RtoV®k CV QR is

(idy ®gop: V->VR®A—->VQRR.
For more details, see Milne 2017, 4.1. O

Let G = Spec A. The representation of G on A defined by the A-comodule structure
A: A - AQ Aiscalled the regular representation of G.

PROPOSITION 1.15 Let C be a k-coalgebra and (V, p) a comodule over C. Every finite
subset S of V is contained in a sub-comodule of V' having finite dimension over k.

PROOF Let {c;} be a basis for C over k (possibly infinite). For each v in S, write p(v) =
> v; ® ¢; (finite sum). The k-subspace spanned by the v and the v; occurring in such a
sum is a sub-comodule over C containing S (see Milne 2017, 4.7). o

COROLLARY 1.16 Every C-comoduleis a filtered union of finite-dimensional sub-comodules.

PROOF Let C be a k-coalgebra, and V a C-comodule. The set of all sub-comodules
of V finite-dimensional over k is partially ordered by inclusion, filtered (any two are
contained in a third), and has union V (by the proposition). o

COROLLARY 1.17 Every representation of an affine group scheme (or monoid scheme) on
a vector space is a filtered union of finite-dimensional subrepresentations.

PROOF According to Proposition 1.14, this is a restatment of Corollary 1.16. O

A representation r: G — GLy is faithful if r(R): G(L) - Autg_jinear(V(R)) is
injective for all k-algebras R. When V is finite dimensional, this is equivalent to r being
a closed immersion (Milne 2017, 3.35).

PROPOSITION 1.18 An affine group scheme G is algebraic if and only if it has a faithful
finite-dimensional representation over k.
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PROOF If G admits a faithful representation on a finite-dimensional vector space, then
it admits a closed immersion into scheme of finite type over k, and so it is of finite type
over k.

For the converse, let G = Spec A with A a finitely generated k-algebra, and let (A, ¢€)
be the corresponding k-coalgebra structure on A. A sub-comodule V of A provides a
faithful representation of G if it contains a set of generators for the k-algebra A (Milne
2017, proof of 4.9). According to 1.15, we can choose V to be finite-dimensional over k.

PROPOSITION 1.19 Let C be a coalgebra over k. Every finite subset of C is contained in a
finite-dimensional k-subcoalgebra.

PROOF According to 1.15, the finite subset is contained in a finite-dimensional k-
subspace V' of A such that A(V) C V ® C. Let {v;} be a basis for V, and let A(v;) =
2. U; ® a;; (finite sum). Then A(a;;) = ] a;a;;, and so the k-subspace V' spanned by
the v; and q;; satisfies A(V") € V' ®; V'. Now V" is the required k-coalgebra. o

PROPOSITION 1.20 Let A be a Hopf algebra over k. Every finite subset of A is contained in
a Hopf subalgebra B that is finitely generated as a k-algebra.

PROOF According to 1.19, the finite subset is contained in a finite-dimensional k-
subspace C of A such that A(C) C C ®; C. If Aa = ), b; ® ¢;, then A(Sa) = Y, Sb; ® Sc;,
and so the k-subspace V spanned by C and SC satisfies A(V) CV @, V and S(V) C V.
Let B be the k-algebra generated by V. Then

1eB, AB)CB®B, ¢B)ck, S(B)CB. -
COROLLARY 1.21 Let G be an affine group scheme over k. Then G is a filtered projective
limit G = lim G; of (affine) algebraic groups over k in which the transition maps G; — G;,
i < j, are faithfully flat.

PROOF Let A be a the Hopf algebra over G. According to the proposition, A is a filtered
union A = | J A; of Hopf subalgebras A; that are finitely generated as k-algebras. The
functor Spec transforms the inductive limit A = h_r)nAl- into an projective limit G =
lim G;. As Hopf algebras are always faithfully flat over Hopf subalgebras (1.11), A; is
ﬁhfully flat over A;, and so the transition map G; — G; is faithfully flat. o

More precisely, if G is an affine group scheme over k, then G = 1(2 G/N,where N
runs over the set of normal affine subgroup schemes of G such that G/N is algebraic.
Projective limits of affine group schemes are again affine group schemes. See Demazure
and Gabriel 1970, III, §3, n° 7.

PROPOSITION 1.22 Let G be an algebraic group over k and (V, r) a faithful finite-dimensional
representation of G. Every finite-dimensional representation of G can be constructed from
V by iterated applications of the operations of direct sum, tensor product, dual, passage to

a subobject or quotient object.

PROOF See Milne 2017, 4.14. o

In other words, (V,r) is a tensor generator (I, 7.6) for the rigid symmetric monoidal
category Repf(G).

THEOREM 1.23 (CHEVALLEY) Let G be an algebraic group over k. Every algebraic sub-
group of H of G arises as the stabilizer of a one-dimensional subspace in a finite-dimensional
representation of G.

PROOF See Milne 2017, 4.27. o
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2 Recovering a group scheme from its representations

Let G be an affine group scheme over k. Let R be a k-algebra, and let g € G(R). For any
finite-dimensional representation (V, ry,) of G over k, we have an R-linear isomorphism

ef
A’V d= rV(g)Z VR — VR'
These maps satisfy the following conditions:
(a) for all representations V and W, lygw = Ay ® Ay

(b) Ay is the identity map (here 1 = k with the trivial action);

(c) for all G-equivariant mapsu : V — W, Ay oug = ugody.

THEOREM 2.1 Let G be an affine group scheme over k, and let R be a k-algebra. Suppose
that, for every finite-dimensional representation (V,ry) of G over k, we are given an R-
linear map Ay : Vi — Vy. If the family (v )y satisfies the conditions (a, b, c), then there
exists a unique g € G(R) such that Ay, = ry(g) for all V. In particular, the maps Ay are
isomorphisms.

PROOF Let A(G, R) denote the set of families 4 = (4y,)y, satisfying the conditions (a,b,c).
Suppose first that G is algebraic, and let (W, r) be a faithful representation of G. It follows
from Proposition 1.22 that an element (4y,)y of A(G, R) is determined by 1y, and so we
have inclusions

G(R) = A(G,R) = GLy(R), g (rv(®)v ~ rw(g).

According to Chevalley’s theorem (1.23), there exists a representation (W, ry,) of G,
which we may choose to be faithful, and a one-dimensional subspace L in W such that G
is the stabilizer of L in GLy;,. Let u : L — W be the inclusion map, and let 1 € A(G, R).
As dyoup = ugold;, we see that Ay, stabilizes L, and so it lies in G(R), as required.

In the general case, let V' € Repf(G), and let (V)@ be the full subcategory of Repf(G)
of objects isomorphic to a subquotient of P(V, V") for some P € N[t, s]. Let Gy be the
image of G in GLy,. It is an algebraic quotient of G acting faithfully on V, and so

Gy(R) ~ A(Gy,R) = GLy(R).

Define a partial ordering on the set of isomorphism classes of objects of Repf(G) by the
rule
[VI<[V'] & (V)® c(V)®.

Note that [V], [V'] < [V @ V'], and so the set is filtered. If [V'] < [V'], then restriction
gives a commutative diagram

GV/(R) —Z_) A(GV”R)

l l

Gy(R) —— A(Gy,R)
Now G = l(g Gy so, on passing to the projective limit, we get bijections

G(R) ~ lim Gy(R) = lim A(Gy, R) = A(G, R).
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COROLLARY 2.2 Let G be an affine group scheme over k and let w be the forgetful functor
on Repf(G). Then the canonical morphism

G — Aut®(w)
is an isomorphism of functors (of k-algebras).

PROOF For any k-algebra R,

def

Aut®(w)(R) = End(pgow) = A(G,R).

O
Let f : G — H be a homomorphism of affine group schemes over k. Using f, we
can regard an H-module as a G-module. In this way, we get a @-functor

wf : Repf(H) — Repf(G) (53)

H

such that w® ow/ = w
forget for;

get” Our next result shows that all such functors arise in this
fashion.

COROLLARY 2.3 Let G and H be affine k-group schemes, and let F : Repf(H) — Repf(G)
be a @-functor such that w¢ i There exists a unique homomorphism

forgetowf = Coforget‘
f: G- HsuchthatF = o/,

PROOF Such an F defines a homomorphism (functorial in the k-algebra R)

* . ®(..G (. H * —
F*: Aut (cuforget)(R) — Aut (coforget)(R), F*(D)y = Apwy.
Corollary 2.2 allows us to regard F* as a functorial homomorphism G(R) — H(R).
According to the Yoneda lemma this arises from a unique homomorphism f: G — H.
Clearly, the maps F ~ f and f — w/ are inverse. o

REMARK 2.4 (a) Theorem 2.1 holds also for affine monoid schemes, but with a different
proof as we cannot use Chevalley’s theorem (see Milne 2017, 9.2).

(b) Proposition 2.2 shows that G is determined by the triple (Repf(G), ®, ©°). In fact,
the coalgebra of G is already determined by (Repf(G), w®) (see the proof of Theorem 3.1
below).

EXERCISE 2.5 Let G be an algebraic group over k, and let w be the forgetful functor
Repf(G) — Vecf(k). We have seen that G(k) can be identified with set of natural
automorphisms (1y )y of w such that Aygy = 4y @ Ay and 1y = id. Show that the Lie
algebra of G can be identified with the set of natural endomorphisms (1/)y of w such
that lygw = Ay ® id+id ®1y, and 4; = 0.

3 The main theorem
Recall that a neutral tannakian category over k is a k-linear rigid abelian symmetric

monoidal category such that there exists a fibre functor w to Vecf(k). These conditions
imply that k ~ End(7) and that fibre functors are faithful.
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Statements

THEOREM 3.1 Let (C, ®) be an essentially small neutral tannakian category over k and @
a k-valued fibre functor.

(a) The functor Aut®(w) of k-algebras is represented by an affine group scheme G.
(b) The functor C — Repf(G) defined by w is an equivalence of ®-categories.

Thus every neutral tannakian category is equivalent (in possibly many different
ways) to the category of finite-dimensional representations of an affine group scheme.

The proof will occupy the rest of this section. After a series of preliminaries on
abelian categories, we construct the coalgebra A of G without using the tensor structure
on C (Theorem 3.20). The tensor structure then allows us to define an algebra structure
on A, and the rigidity of C implies that A is a Hopf algebra (so that G is a group scheme
rather than a monoid scheme).

COROLLARY 3.2 A neutral tannakian category (C, ®) is monogenic if and only if, for one
(hence every) k-valued fibre functor w, the affine group scheme Aut®(w) is algebraic.

PROOF If (C, ®) is monogenic, with tensor generator X, then w(X) is a faithful finite-
dimensional representation of Aut®(w) for any fibre functor w, which is therefore
algebraic (1.18).

Conversely, suppose that for some k-valued fibre functor w on C, the affine group
scheme G & Aut®(w) is algebraic. Then Repf(G) has a tensor generator (1.22), which
corresponds to a tensor generator of (C, ®) under the tensor equivalence C = Repf(G)
defined by w. O

Abelian categories as module categories

Let A be an abelian category. An object P of A is a generator if the functor h” «

Hom(P, —) is faithful and it is projective if h” is exact. Thus P is a projective generator
if and only if A is exact and faithful.

LEMMA 3.3 Let A be an abelian category and P a generator A. For any noetherian object
X of A, there exists an epimorphism P®" — X, some n.

PROOF If X is nonzero, then there exists a nonzero morphism ¢, : P — X (otherwise P
would not separate the identity morphism X — X from the zero morphism). Similarly, if
¢, is not an epimorphism, then there exists a morphism ¢, : P — X such that the image
of (¢1,¢,) : P> — X is strictly larger than that of ¢, (otherwise P would not separate the
projection X — X/ Im(¢,) from zero). Continuing in this fashion, and using that X is
noetherian, we obtain an epimorphism (¢, ..., ¢,) : P®" - X. o

PROPOSITION 3.4 Let A be an abelian category whose objects are noetherian. Assume that
A has a projective generator P, and let A = End(P). Then A is a right noetherian ring, and
h? is an equivalence from A to the category of finitely generated right A-modules.

PROOF We first show that A is right noetherian. Let a be a right ideal in A, and let
aP be the subobject of P generated by the images of the maps o« : P — P with a € a.
It suffices to show that a = Hom(P, aP) because then the ascending chain condition
on the submodules of P implies it for the right ideals of A. Certainly a C Hom(P, aP).
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Let « € Hom(P, aP). There exist ¢, ...,¢,, € a such that (¢;,...,¢,): P* —» X isan
epimorphism. Now the diagram

shows that a = )’ ¢;0h € a.
The left action of A on P defines a right action of A on hP(X), natural in X, and so
h? is a functor A — Mod 4. Because P is a projective generator, h” is exact and faithful.
Let X an object of A. For some m, n, we have an exact sequence

pom _ pOn . x 5 0.
On applying h” to this sequence, we get an exact sequence
A®™m 5 A®" L BP(X) - 0,

which shows that AP (X) has finite presentation. Conversely, because A is right noethe-
rian, every finitely generated right A-module M is finitely presented, say,

A®m 2, q@n v o,

where u is an m X n matrix with coefficients in A. This matrix defines a morphism
P®™ — PO whose cokernel X has the property that h*(X) ~ M. This shows that h? is
essentially surjective, and it remains to show that it is full.

Let X, Y be objects of A, and choose an exact sequence P®™ — P®" — X — 0. Then

Hom(P®™,Y) ~ h?(Y)®" ~ Hom(A®™, h?(Y)) ~ Hom(h? (P®™), WP (Y)),
and the composite of these maps is that defined by h”. From the diagram

0 —— Hom(X,Y) ——— Hom(P",Y) ———— Hom(P™,Y)

| ! !

0 — Hom(h*(X),h*(Y)) — Hom(h"(P"),h*(Y)) — Hom(h*(P™), k¥ (Y)),

we see that Hom(X, Y) — Hom(h?(X), h?(Y)) is an isomorphism, and so h is full. -

EXAMPLE 3.5 Let A be a locally finite k-linear abelian category. Assume that A has a
projective generator P, and let A = End(P). Then A is a finite-dimensional k-algebra,
and h? is an equivalence from A to the category of finitely generated right A-modules.

EXAMPLE 3.6 Let A be abelian with noetherian objects, and let B be a full subcategory of
A stable under finite direct sums and subquotients. For X in A, let g(X) = X/ [ Ker(a),
where a runs over the epimorphisms X — Y with Y € obB. As X is noetherian,

q(x) =X/ (] Ker(a)

aeF

for some finite set F of . Note that g(X) is a subobject of @aeF X/ Ker(a), and so
it lies in B. Clearly, q(X) is the largest quotient of X in B — any other epimorphism
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X — Y factors uniquely through g(X) - and so q is a left adjoint for the inclusion functor
i: B—o A,

Homg(g(X),Y) ~ Homa(X,i(Y)), X €obA, Y €o0bB.

Now assume that A has a projective generator P,and let A = End(P). Then Q & q(P)
is a projective generator for B, and B & End(Q) is a quotient A/a of A.

According to Proposition 3.4, the functor Hom(P, —) identifies A with the category
Modf 4. In this model, P is A4, Q is Bg, and B consists of the right A-modules killed by a.
In summary:

B— A A =End(P), Q=q(P),
thN hPlN B = End(Q),
Mod j Mod,, j defined by A » B.

NOTES Proposition 3.4 and its infinite version (without the noetherian hypothesis) have been
variously credited to Freyd, Gabriel, Lam, and Mitchell.

Abelian categories with a “fibre” functor

EXAMPLE 3.7 Let A = Modf 4, where A is a finite-dimensional k-algebra. Let Q be a
projective generator of A, and let w = h?. Then w is an exact faithful k-linear functor
A — Vecf(k). If End(w) = B, then End(Q) = B°PP, and, according to 3.4, w is an
equivalence

Modf 4 — Modf goor = gModf.

PROPOSITION 3.8 Let A be a k-linear abelian category, and let w : A — Vecf(k) be an
exact faithful k-linear functor. Assume that A has a projective generator. Then B © End(w)
is a finite-dimensional k-algebra, and w is an equivalence A — gModf.

PROOF Note first that the existence of w implies that the k-linear category A is locally
finite: certainly Hom(X, Y) C Hom(w(X), w(Y)) is finite dimensional, and a subobject
Z of X is determined by the subspace w(Z) of w(X), and so the set of subobjects of X can
be identified with a subset of the lattice of subspaces of w(X).

The left action of B on w defines a left action of B on w(X), natural in X, and so w is
a functor A — zModf. By definition, it is exact and faithful, and it remains to show that
it is full and essentially surjective.

Let P be a projective generator for A, and let A = End(P), so h is an equivalence
A — Modf 4. Then A acts on w(P) on the left, and the map

a®pr w(@)(p): Hom(P,X) ®4 w(P) - w(X)

is natural in X € ob A. This map is obviously an isomorphism when X = P. As both
functors commute with finite direct sums and are right exact, it follows (as in the proof
of Proposition 3.4) that it is an isomorphism for all X in A, and so

h(=) ® w(P) = w(-).

In other words, up to a natural isomorphism, we have a factorization

w

A ——— Modf;, ——— zModf.
h? —Qa(P)
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As w is exact, it follows from the diagram, that the A-module w(P) is flat, and
hence projective (because it is finitely presented). Let Q = Homy(w(P), 4A). Then
hQ(-) ~ — ® w(P), and so h? is exact and faithful. Thus, Q is a projective generator for
Mod,4, and so

I’lQ . MOdA —&/) MOdeopp = BMOdf,

where B°PP = End(Q) ~ End(h?)°PP ~ End(w)°PP. -

REMARK 3.9 Let A = Modf,, where A is a finitely generated k-algebra. Then every
exact faithful k-linear functor w : A — Vecf(k) is of the form h? for some projective
generator Q. Indeed, on applying the proof of 3.8 with A = Modf 4, and P = A4, we find
that — ® 4 w(4,) = w(—), and so w = h? with Q the A-linear dual of w(A ).

Existence of a projective generator

Let A be an abelian category. For an object X of A, we let (X) denote the strictly full
subcategory of A whose objects are subquotients of a finite direct sum of copies of X. It
is the smallest strictly full abelian subcategory of A containing X.

An object of A is simple if it is nonzero and contains no proper nonzero subobject.
A composition series for an object X of A is a finite decreasing filtration

X=F'>F!'>...0F =0

with simple successive quotients F!/F'*1. An object is said to have finite length if it
admits a composition series, in which case any two composition series have the same
length and multiset of quotients (taken up to isomorphism). We let 1g(X) denote the
common length of the composition series for X, and, for a simple object S, we let lgS(X )
denote the number of isuch that F! /F'*1 is isomorphic to S. In the Grothendieck group
of A,

[X] = lg(X) - [S],

where [S] runs over the isomorphism classes of simple objects in A.

LEMMA 3.10 Let A be an abelian category whose objects have finite length. If
(a) there are only finitely many isomorphism classes of simple objects, and
(b) every simple object is a quotient of a projective object,

then there exists a projective generator for A.

PROOF Let Sy, ..., S, be a set of representatives for the simple objects, and, for each i,
let P; — S; be an epimorphism with P; projective. We claim that P déf Pi®---@P,isa
projective generator. Certainly, it is projective, and to show that h” is faithful, it suffices
to show that M # 0 = hP(M) # 0. Every nonzero M has a simple quotient, so there
exists an epimorphism M — S; for some i. The epimorphism P; — S; extends (by zero)
to an epimorphism P — S;, which lifts to a nonzero morphism P — M. o

3.11 An essential extension of an object Y is an epimorphism « : E — Y such that no
subobject E’ C E, distinct from E, maps onto Y. When Y is simple, this just says that
the kernel of « contains every E’ C E distinct from E.
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LEMMA 3.12 Assume A = (X)), and let E » S be an essential extension of a simple object
SinA. ForallY € obA,

dim; Hom(E,Y) < Igg(Y) - dimy End(S). (54)
If equality holds for X, then it holds for all objects of A, and E is projective.

PROOF When Y is simple, every nonzero morphism E — Y factors through E » S
(because its kernel is contained in Ker(E - S)) and induces an isomorpism S — Y.
Thus, Hom(E,Y) ~ Hom(S, Y), and so

{ Hom(E,Y) ~ End(S)ifY ~ S
Hom(E,Y) = 0 otherwise.

In both cases, (54) holds with equality.
An exact sequence
0-Y -Y->Y"->0 (55)

gives an exact sequence
0 - Hom(E,Y’) - Hom(E,Y) - Hom(E,Y"), (56)
from which it follows that
dim, Hom(E,Y) < dim; Hom(E, Y") + dim; Hom(E, Y"").

As the right-hand side of (54) is additive on short exact sequences, the inequality (54)
now follows by induction on the length of Y. If equality holds for Y, then equalities hold
throughout the following diagram

RHS(Y) RHS(Y') + RHS(Y")
1] VI VI
LHS(Y) < LHS(Y') + LHS(Y"),

so equality holds for each of Y’ and Y”" and the sequence (56) is exact with a 0 on the
right.

If equality holds in (54) for Y = X, then it holds for X®™, and so also for all subquo-
tients of X®™. Moreover, the sequence (56) is exact with a 0 on the right, which says
that E is projective. O

PROPOSITION 3.13 (GABBER) Let A be a locally finite k-linear abelian category. For any
X in A, the subcategory (X) of A has a projective generator.

PROOF The quotients of any composition series for X represent the isomorphism classes
of simple objects in (X), and so (X satisfies the condition (a) of 3.10. We shall complete
the proof by showing that every simple object S of (X) admits an essential extension
P(S) » S with P(S) projective.
Let
X=F">--D>F O>F*>...0F =0

be a composition series for X. We construct, by induction on i, an essential extension
P; » S of S such that

dimy Hom(P;, X /F") = 1g4(X /F") - dim. End(S). (57)
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We can take P; = S. Supposing P; to have been constructed, we now construct P; ;. Let
f1s» fs span Hom(P;, X /F"). Define Q ; by the fibre product diagram

Qj N X/Fi+1

| |

P; AN X/F,

and let Q be a subobject of Q; Xp, --+ Xp, Q; minimal among those mapping onto P;.
Then Q is an essential extension of P;, hence also of S. As Q maps onto P;, we have an
inclusion

Hom(P;, X /F') < Hom(Q, X /F"),

but
. NS N 7 .. ;
dim, Hom(Q, X /F") < Igy(X/F") - dimy End(S) = dim; Hom(P;, X /F"),
and so
Hom(P;, X /F') ~ Hom(Q, X /F?). (58)
From the diagram
project .
Q & Q1 Xp, =" Xp, Qg — > Q1 X+ X Qy Q; X/FH
N o,
diagonal project fj :
Pr—— P h s X
i

we see that f IR hence every element of Hom(P;, X /F 1, lifts to an element of Hom(Q, X /F 1y,
and so the map

58)

Hom(Q, X /F'*') - Hom(P;, X /F") ( Hom(Q, X /F")

is surjective. Therefore, the sequence
0 - Hom(Q, F'*! /F') - Hom(Q, X /F*!) - Hom(Q, X /F') — 0

is exact. The dimensions of the end terms are respectively lg (F'/F*1) - dim;, End(S)
(because F'*! /F" is simple) and 1g,(X /F") - dimy, End(S) (use (58) and the induction
hypothesis). Therefore,

dimy Hom(Q, X /F'*!) = 1g.(X /F™*1) - dimy End(S),

and we can take P;; = Q.
The induction ends with an essential extension P(S) L P, of S such that (54) is an
equality for E = P(S) and Y = X. Lemma 3.12 now shows that P(S) is projective, as

required. a]

COROLLARY 3.14 A locally finite k-linear abelian category A has a projective generator if
and only if A = (X) for some object X.
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PROOF The sufficiency follows from the proposition. For the necessity, if A admits a
projective generator P, then A & Modf 4, with A = End(P) (see 3.5), and Modf , = (A4).o

COROLLARY 3.15 Let A be a k-linear abelian category, and let w : A — Vecf(k) be an
exact faithful k-linear functor. For any X in A, B & End(w|({X)) is a finite-dimensional
k-algebra, and w is an equivalence (X) = zModf.

PROOF The hypotheses imply that A is locally finite, and hence (X) has a projective
generator. We can now apply Proposition 3.8. O

REMARK 3.16 For a more direct proof of 3.15, not using Gabber’s result 3.13, see Deligne
and Milne 1982, 2.12, 2.13.

REMARK 3.17 Let A be a locally finite k-linear abelian category, and let S be a simple
object of A. If S is not projective, then there exists a nonsplit extension

0S8 >E —->S-0

with S’ simple. If E; is not projective, then we can repeat the construction with E; for S.
Continuing in this way we obtain a sequence

Ei>E_~»-->»E »S§

with each E; an essential extension of S. If the process terminates with a projective object,
then we have shown that S is a quotient of a projective object, as required. It is obvious
that the process terminates when A has a generator, but we only know something weaker,
hence the more elaborate argument in the above proof.

NOTES Proposition 3.13 is Deligne 1990, 2.14, where Deligne writes “Le résultat suivant m’a été
signalé par O. Gabber”. There are many similar results in the literature, but this seems to have
been new in 1990.

Locally finite k-linear abelian categories as unions of module categories

PROPOSITION 3.18 Every locally finite k-linear abelian category A is a filtered union of
strictly full subcategories A, such that

o each A, is stable under finite direct sums and subquotients,

¢ each A, is equivalent to Modf 4 for some finite-dimensional k-algebra A, (not
necessarily commutative).

PROOF The category A is a union of the subcategories of the form (X). The union is
filtered because (X), (Y) C (X @ Y)). Each category (X) satisfies the first condition by
definition, and it satisfies the second by 3.5 and 3.13. O

Locally finite k-linear abelian categories as comodule categories

The next proposition allows us to express the results of the last subsection in terms of
coalgebras, which are more convenient for passage to the limit.

Recall that Vv denotes the linear dual Homy,_j;,...(V, k) of a k-vector space V. Note
that VvV @ V¥ C (V ® V)Y, with equality if (and only if) V is finite-dimensional.

PROPOSITION 3.19  (a) If(C, A, ¢€) is a coalgebra over k, then (CV,AY|cvgev,€Y) is an
algebra over k.
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(b) If (A, m,e) is a finite-dimensional algebra over k, then (AY, m",e") is a coalgebra
over k.

(c) Let C be a coalgebra over k. Every right C-comodule is a left CV-module.

(d) Let A be an algebra over k. If A is finite dimensional, then every left A-module is a
right AY-comodule.

PROOF For (a) and (b), compare the definitions 1.2 and 1.3.
For (c), let (M, p) be a right C-comodule. For m € M, write p(m) = Zi m; @ c;, and
for f € CV, define
frm=3 fc)-my

This makes M into a left C¥V-module.
For (d), let M be a left A-module. For m € M, let {m,, ..., m,} be a basis of A - m.
Then there exist f; € AY such thata - m = ). fi(a)m; for all a € A. Now

p(m) = m; ® f;
defines a co-action of AY on M. -

The operations in (c) and (d) are inverse, so, when C is finite-dimensional, to give a
right co-action of C on a k-vector space V is the same as giving a left action of C¥ on V.

Let C be an essentially small k-linear abelian category and w : C — Vecf(k) an exact
faithful k-linear functor. Recall that the existence of w implies that C is locally finite. For
an object X of C, let Ay = End(w|(X)), and let Cx = Ay. For any Y in (X), w(Y) is a left
Ax-module, hence also a right Cx-comodule. The functor Y ~ «(Y) is an equivalence
of categories (3.8, 3.13, 3.19)

(X) = coModf(Cy).
Define a partial ordering on the set of isomorphism classes of objects in C by the rule
[X] < [YTif (X) c(Y).

Note that [X],[Y] < [X @ Y], so the set is filtered, and that if [X] < [Y], then restric-
tion defines a homomorphism Ay — Ayx. On passing to the inductive limit over the
isomorphism classes, we obtain the following statement.

THEOREM 3.20 Let C be an essentially small k-linear abelian category and w : C — Vecf;
an exact faithful k-linear functor. Let C(w) denote the k-coalgebra li_r)n[X] End(w|(X))".

Then w is an equivalence C =5 coModf(C(w)).

In more detail, the natural actions of C(w) on the objects w(Y), Y € C, allow us to
regard w as a functor
C — coModf(C(w)).

This functor is an equivalence of categories carrying w into the forgetful functor.

EXAMPLE 3.21 Let A be a finite-dimensional k-algebra (not necessarily commutative)
and w the forgetful functor ;,Mod — Vecf(k). For R a commutative k-algebra, let ¢
denote the functor R® — : Vecf(k) - Mod(R). The action of R® A on R ® w(M) defines
a map

a@: R® A — End(¢row),
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which we shall show to be an isomorphism by describing an inverse 5. For 1 €
End(¢row), set B(1) = 14(1 ® 1). Clearly foa = id, and so we need only show that
aof = id. For M € ob(Mod,), let My = w(M). The A-module A ® M,, is a direct
sum of copies of A, and the additivity of 4 shows that 1,gy, = 44 ® idy,. The map
a®@meam: AQ® My - M is A-linear, and hence

RA®M, —> RQM

l/l A®idy, l/lM

RA®M, —> RQM
is commutative. Therefore
1 ®@m)=21,1)® m = (axof(1)y(1 ® m)form € M,

i.e., aof =id.

We have shown that A ~ End(w), and it follows that, if in (3.20) we take C = 4,Mod,
so that C = (4 A), then the equivalence of categories obtained sends a left A-module to
the associated right AY-comodule (3.19).

NOTES

3.22 Itis necessary in Theorem 3.20 that C be essentially small, because otherwise the
underlying “set” of C(w) may be a proper class. For example, let S be a proper class, and
let C be the category of finite-dimensional k-vector spaces graded by S. In this case C(w)
contains an idempotent for each element of S, and so cannot be a set.

In terms of Grothendieck universes, we can say that C is always equivalent to a
category of comodules, but possibly only in a larger universe.

3.23 It is possible to realize the category in Theorem 3.20 as a category of modules over
k-algebra, but for this it is necessary to introduce topologies. The category of coalgebras
over k is the ind-category of the category of finite coalgebras over k. Hence, its opposite
is the pro-category of the category of finite k-algebras, i.e., the category of profinite
k-algebras. The category of right comodules over a coalgebra is equivalent, as a k-linear
category, to the category of finite continuous modules over the corresponding profinite
k-algebra. See Serre 1993, 2.2.

3.24 Theorem 3.24 can be expressed in terms of coends. Let C be a small category and
F: CXxC°P — D a functor. A coend for F is an object D of D together a family of
morphisms ¢y : F(X,X) — D indexed by the objects X of C such that

(a) for all morphisms X — Y in C,

F(X,X)

F(X,X—V &
D

F(X,Y)

F(Xam %

F(Y,Y)

commutes;



3. The main theorem 95

(b) the pair (D, {) is universal with respect to (a).
When it exists, the coend is uniquely determined up to a unique isomorphism. The
definition can be extended to essentially small categories by choosing a skeleton for the
category.
Now consider a category C and functor w : C — Vecf(k), asin 3.20. Let

Clw) = li_n)qEnd(coKX))V.
[X]
For each X in C, we have an isomorphism
0(X) ® w(X)¥ = End(w(X))Y, (a® f)(«) = f(a(a)),

and hence morphism ¢y : w(X) ® w(X)¥ — C(w). The pair (C(w), {) is the coend for
the functor w ® wv : C x C°PP — Vecf(k).

NoOTES Theorem 3.20 is proved Takeuchi 1977, but was known earlier to Bourbaki (Serre 1993,
§2, Thm 3).

Categories of comodules

Let (C, A, €) be a coalgebra over the field k (co-associative with co-identity), and let w be
the forgetful functor coModf(C) — Vecf(k).

By definition, an object of coModf(C) is a pair (M, p;) with M a finite-dimensional
k-vector space and p); : M — M @ C a k-linear map satisfying certain conditions. On
varying M, we obtain a natural transformation p : @ - w ® C. On combining p with a
k-linearmap a : C — V,where V is a k-vector space (not necessarily finite-dimensional),
we get a natural transformationa: v > w @ V.

PROPOSITION 3.25 The map of k-vector spaces
a— a: Homy jinear(C, V) = Nat(w,w ® V) (59)
is an isomorphism.

PROOF We construct an inverse. Let a be natural transformation w — w ® V. Let
¢ € C, and let M be a finite-dimensional subcomodule containing ¢ (which exists
by 1.15). Then ap(c) € M ® V, and its image under ¢ ® idy lies in V. The map
a (¢~ (e ®idy)(a(c)) is well-defined, and is the required inverse. O

The map (59) is natural in V, and so we have a natural isomorphism of functors
Homy jipear(C, —) =~ Nat(w,w ® —). (60)

REMARK 3.26 The comultiplication map A: C — C ® C corresponds under (59) to a
natural transformation
w->w®(CQCQ0).

This can be shown to be the composite

P p®C
W—w®R®C— (wR®C)RC~w®(CRC).

The coidentity map € : C — k corresponds under (59) to the natural isomorphism
w — w ® k. As the underlying vector space of C represents the functor Nat(w, w ® —),
we see that (C, A, €) can be recovered from the pair (coModf(C), w) (uniquely, up to a
unique isomorphism).
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A homomorphism m : C ® C — C of k-coalgebras defines a C-coaction py; ;

® M®ycn®N M@N®
M®NM>M®C®N®CLM®N®C®C—WI>M®N®C

on M ® N for any C-comodules M, N. On varying M and N in coModf(C), we get a
natural transformation

A" wQ@w-ow®wC.
PROPOSITION 3.27 The map
m = p™ 1 Homy_coaigebra(C ® C,C) = Nat(w @ w, 0 ® 0 ® C)
is an isomorphism of k-vector spaces.
PROOF Construct an inverse, as in 3.25. o

ToDoO 7 Add proof, aax**3.

Define
¢™ . coModf. X coModf- — coModf

to be the functor sending a pair of C-comodules (M, py,), (N, py) to (M @ N, pl’;’}’N).

PROPOSITION 3.28 The map m — ¢ defines a one-to-one correspondence between the
set of k-coalgebra homomorphisms m : C @, C — C and the set of k-bilinear functors

¢ : coModf X coModf- — coModf,

with the property that $(M,N) = M ® N as k-vector spaces.

(a) The homomorphism m is associative (51) if and only if, for all M, N, P in coModf(C),
the canonical isomorphism of k-vector spaces

MQINQ®P)~(MN)QP

is an isomorphism of C-comodules.

(b) There exists a k-coalgebra homomorphism e : k — C satisfying (52), p. 80, if and
only if there exists a C-comodule U with underlying k-vector space of dimension 1
such that the canonical isomorphism of k-vector spaces

UQU~U

is an isomorphism of C-comodules.

(c) The homomorphism m is commutative (i.e., m(a @ b) = m(b ® a) foralla,b € C)
if and only if, for all M, N in coModf(C), the canonical isomorphism of k-vector
spaces

MQN~NQM

is an isomorphism of C-comodules.
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PROOF The first assertion is a restatement 3.27.
(a) Similar to (c).
(b) The map

PM®e M®m
M2Mk— MQICRKQC—— MQC, M e coModf(C),

corresponds under (60) to ¢ — m(c @ e) : C — C. Therefore the right identity property
(52) holds if and only if the above map is pp, (see ??). This means precisely that the
canonical isomorphism M ® k ~ M of k-vector spaces is a C-comodule map.

(c) Note that m is commutative if and only if m = moy, wherey: CQC - CQ®C
isc® d — d @ c. This holds if and only if

E""MIN->-MRINRRC)=(@"™": MIN >MQONQ C).

From the definition of p™, we see that this is the case if and only if the canonical
isomorphism of k-vector spaces M @ N ~ N ® M is an isomorphism of C-comodules.

NOTES Proposition 3.28 is from Saavedra (1972, II, 2.6.3). For another exposition, see Szamuely
2009, 6.2.

ToDo 8 TBA Need to rewrite the proof of 3.28. See IV, ??, ??. See aax.

Summary

3.29 Let C be an essentially small k-linear abelian category, and let w : C — Vecf be
an exact faithful k-linear functor.

o The k-coalgebra
def ;. v
Clw) = hm[X] End(w|(X))

acts on each object w(Y'), Y € ob C, and so w defines a functor C — coModf(C(w)).
This is an equivalence of categories.

o If Cis amonoidal category and w is a monoidal functor, then C(w) is a bialgebra.
Specifically, the monoidal structure on C provides C(w) with a multiplication.

o If, in addition, C is symmetric, then C(w) is a commutative bialgebra.
o If, in addition, C is rigid, then C(w) is a Hopf algebra.
o The k-coalgebra C(w) is equal to the coend of the the functor

w®wY: CxCOPP - Vecf(k).

Completion of the proof of the main theorem 3.1

THEOREM 3.30 Let(C, ®) be an essentially small k-linear abelian ®-categoryandw : C —
Vecf(k) an exact faithful k-linear ®-functor.
(a) The functor End®(w) of k-algebras is represented by an affine monoid scheme G over
k.

(b) The functor C — Repf(G) defined by w is an equivalence of ®-categories.

PROOF Because of the correspondence between monoid schemes and bialgebras (and
their representations) (see §1), this is simply a restatement of part of 3.29. o
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If (C, ®) is rigid, w is automatically faithful (I, 6.7). Moreover, End®(w) = Aut®(w)
(I, 5.7), and so G(R) is a group for all k-algebras R, which implies that G is a group
scheme. This completes the proof of Theorem 3.1.

REMARK 3.31 (a) Let (C, w) be (Repf(G), w®). On following through the proof of Theo-
rem 3.1 in this case one recovers Corollary 2.2: Aut®(w®) is represented by G.
(b) In the proof of Theorem 3.30, it is possible to replace Proposition 3.28 with V, ??.

ASIDE 3.32 If in Theorem 3.30, (C, ®) is a monoidal rather than a symmetric monoidal cate-
gory, then the Hopf algebra C may be neither commutative nor cocommutative, and this is an
interesting way of constructing such Hopf algebras. For more on this theme, see Breen 1994, 1.5.

4 Nori’s criterion to be a neutral tannakian category

The following is a sometimes useful criterion for a category with a tensor product and
forgetful functor to be tannakian.

PROPOSITION 4.1 Let C be an essentially small k-linear abelian categoryand ® : CxXC —
C a functor, k-linear in each variable. Suppose that there are given an exact faithful k-linear
functor F : C — Vecf(k) and natural isomorphisms

aX,Y,Z: X®(Y®Z)—)(X®Y)®Z
]/X’Y:X®Y—>Y®X

with the following properties,
(@) Fo® = ®o(F X F);
(b) F(ax.yz) is the usual associativity constraint in Vecf(k);
(¢) F(yx.y) is the usual commutativity constraint in Vecf(k);

(d) there exists a unit object (U,u) in (C,®) such that (FU,Fu) is a unit object in
Vecf(k);

(e) if F(L) has dimension 1, then there exists an object L™ in C and an isomorphism
LQRL! > U.
Then (C, ®,a,y) is a tannakian category over k, and F is a k-valued fibre functor.

PROOF Certainly (C, ®, a, ) is a k-linear abelian ®-category, and Theorem 3.30 shows
that F defines an equivalence of ®-categories C = Repf(G), where G is the affine
monoid scheme over k representing End®(F). Thus, we may assume C = Repf(G)
and that F is the forgetful functor. Let (U, u) be as in (d). Because it is a unit object
in Repf(G), U can be identified with k (trivial action of G). Let A € G(R). If L in
Repf(G) has dimension 1, then A; : L — L is invertible, as follows from the existence
of a G-isomorphism L ® L=! — U. It follows that Ay is invertible for all X in Repf(G),
because

def d .
det(ix) = [\ Ax =4 Aiye d=dimX,
is invertible. Thus, G is an affine group scheme. o
NOTES Nori (1976, §1) adopts the statement of 4.1 as a definition of tannakian category.

ToDo 9 Check this once again. aax 2.8
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5 The functor defined by a homomorphism of group
schemes

Let f : G — H be a homomorphism of affine group schemes over k. Using f, we can
regard an H-module as a G-module. In this way, we get a k-linear exact ®-functor

wf : Repf(H) — Repf(G)
compatible with the forgetful functors.

THEOREM 5.1 Let f : G — H be a homomorphism of affine group schemes over k.
(a) The homomorphism f is faithfully flat if and only if the functor w/ is fully faithful
and its essential image is closed under subobjects.!

(b) The homomorphism f is a closed immersion if and only if every object of Repf(G) is
a subquotient of an object in the image of /.

Sometimes it is possible to omit the condition on subobjects in (a).

COROLLARY 5.2 A homomorphism f : G — H of affine group schemes is faithfully flat if
wl is fully faithful and at least one of the following conditions holds:

(a) Repf(G) is semisimple (for example, G reductive and char(k) = 0);
(b) G or H is profinite.

PROOF We have to show that the essential image is closed under subobjects.

(a) When B is semisimple, every subobject of F(X) is of the form e(F(X)) with e
an idempotent in End(F (X)), and e(F(X)) ~ F(e’X) with ¢’ the idempotent in End(X)
mapping to e.

(b) See Biswas et al. 2021, Lemma 2.1. O

Proof of (a) of Theorem 5.1

For a k-algebra A (not necessarily commutative), we let ,Modf, denote the category of
left A-modules finite-dimensional over k.

Let f : A — Bbeahomomorphism of k-algebras. Using f, we can regard a B-module
as an A-module and zModf}, as a subcategory of 4Modf.

LEMMA 5.3 Assume that B is finite-dimensional over k. The homomorphism f : A - B
is surjective if and only if gModf, is a full subcategory of 4,Modf, stable under forming
submodules.

PROOF If f is surjective, then the subcategory gpModf  certainly has the claimed proper-
ties. For the converse, let A denote the image of A in B. Then A is an A-submodule of B,
and hence also a B-submodule. As it contains the identity element 1 of B, it equals B.4

Let f: C — D be a homomorphism of k-coalgebras. Using f, we can regard a
C-comodule as a D-comodule and coModf(C) as a subcategory of coModf (D).

LEMMA 5.4 The homomorphism f . C — D is injective if and only if coModf(C) is a full
subcategory of coModf (D) closed under subobjects.

Let F: A — Bbe an exact fully faithful functor of abelian categories. We say that its essential image is
closed under subobjects if, for all objects X of A, every subobject of F(X) is isomorphic to F(Y) for some
subobject Y of X.
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PROOF If C is finite-dimensional over k, this follows from 5.3 applied to f¥: DV - CV
(see 3.19). In the general case, we can write C as a union C = | J C; of finite-dimensional
k-subcoalgebras (1.19), and correspondingly coModf(C) = Ui coModf(C;). Now the
statement for C follows from the statement for the C;. o

We now prove (a) of Proposition 5.1.

If f: G — H is faithfully flat, and therefore an epimorphism, then Repf(H) can be
identified with the subcategory of Repf(G) of representations of G factoring through H.
It is therefore obvious that e/ has the stated properties. Conversely, if o/ has the stated
properties, then the homomorphism O(H) — O(G) of Hopf algebras over k is injective
(5.4), and so faithfully flat (1.11).

Proof of (b) of Proposition 5.1

Let f : G — H be a homomorphism of affine group schemes over k. Let C be the strictly
full subcategory of Repf(G) whose objects are subobjects of objects of the form of w/(Y),
Y € ob(Repf(H)). The functors

Repf(H) — C — Repf(G)
correspond (see 3.20) to homomorphisms of k-coalgebras
O(H) - B - 0O(G).

As C is closed under taking subobjects in Repf(G), we see that B — (O(G) is injective
(Lemma 5.4). Moreover, for Y € ob(Repf(H)),

End(wg (@’ (Y))) - End(wy|(Y))

is injective, where wg and wy are the forgetful functors, and so O(H) — B is surjective.

We now prove (b) of Proposition 5.1.

If f is a closed immersion, then O(H) — O(G) is surjective, and it follows that
B ~ O(G) and C = Repf(G).

Conversely, if C = Repf(G), then B = O(G), and O(H) — O(G) is surjective, i.e., f is
a closed immersion.

Complements

5.5 Let f: G — H be a homomorphism of affine algebraic groups over k. If f is an
epimorphism in the category of affine group schemes, then w/ : Repf(H) — Repf(G)
is fully faithful, and so Repf(H) is a strictly full abelian subcategory of Repf(G) closed
under the formation of direct sums, tensor products, and duals, but not subquotients
unless f is faithfully flat. For example, the inclusion G < H of a proper parabolic
subgroup G into a smooth connected algebraic group H is an epimorphism but is not
faithfully flat. See Milne 2017, 5.44, and Brion 2017, Theorem 1.

5.6 Let G be an affine group scheme over k and N a normal subgroup scheme of G.
Then Repf(G/N) is the full subcategory of Repf(G) whose objects are the representations
of G on which N acts trivially. In this way, we get a one-to-one correspondence between
the normal subgroup schemes of G and the tannakian subcategories of Repf(G) closed
under subobjects.
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5.7 Statement (a) of Theorem 5.1 generalizes. A homomorphism f: G — H of flat
affine group schemes over a noetherian ring R is faithfully flat if and only if the functor
w' : Repf(H) — Repf(G) on the categories of representations on finite R-modules is
fully faithful and its essential image is closed under subobjects. See Hai et al. 2025,
Theorem 7.2.

ToDo 10 Fix this.

5.8 Let
f

1-NLcEoo1
be a sequence of homomorphisms of affine group schemes over k. Assume that f is a
closed immersion and that g is faithfully flat. The sequence is exact if and only if the
following three statements hold.
(a) Let V € Repf(G). Then w/(V) is trivial if and only if V ~ «w&W) for some
W € Repf(Q).
(b) Let V € Repf(G). There exists a subobject V, C V such that w/ (V) is the largest
trivial subobject of w/ (V).

(c) Every object of Repf(N) is a subobject of w/ (V) for some V in Repf(G) (i.e., w/ is
dominant, 5.8).
See Esnault et al. 2008, Appendix A . For a different criterion, see dos Santos 2015, §4.2.

6 Properties of G reflected in Repf(G)

In view of the previous theorems, it is natural to ask how properties of G are reflected in
Repf(G).

Finiteness and connectedness

PROPOSITION 6.1 An affine group scheme G over k is finite if and only if Repf(G) = (X)
for some representation X, i.e., the objects of Repf(G) are subquotients of a direct sum of
copies of X.

PROOF If G is finite, then the regular representation X of G is finite-dimensional and
has the required property. Conversely if Repf(G) = (X), then G = Spec B, where B is the
linear dual of the finite k-algebra Ay in the proof of 3.20. o

PROPOSITION 6.2 An algebraic group G has no nontrivial finite quotients if and only if,
for every representation X on which G acts nontrivially, the subcategory (X) is not stable
under Q.

PROOF According to 5.1(a) and Proposition 6.1, the finite quotients of G correspond
to the subcategories of Repf(G) of the form (X) stable under tensor products (hence
tannakian). O

COROLLARY 6.3 In characteristic zero, an algebraic group G is connected if Repf(G) has no
symmetric monoidal subcategory with only finitely many simple objects up to isomorphism.

PROOF In characteristic zero, G is disconnected = G has a nontrivial finite quotient =
Repf(G) has a tensor subcategory of the form (X). Such a category has only finitely many
simple objects (the quotients of any composition series for X represent the isomorphism
classes of simple objects in (X)). o
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The converse to the corollary is false: in characteristic zero, every unipotent algebraic
group G is connected, but Repf(G) has a single simple object (up to isomorphism).

Algebraicity

PROPOSITION 6.4 An affine group scheme G over k is algebraic if and only if Repf(G)
admits a tensor generator, i.e., Repf(G) = (X)® for some object X.

PROOF Restatement of 3.2. O

This helps explain the definition 8.13: a tannakian category is algebraic if it is
monogenic.

Smoothness; reducedness

6.5 Let G be an affine group scheme over a field k. Is there a criterion on Repf(G) for G

to be smooth or reduced? In characteristic zero, every algebraic group is smooth, and
over a perfect field of characteristic p, an algebraic group is smooth if and only if it is
reduced (equivalently, geometrically reduced) (Milne 2017, 1.26). Note that Repf(u,) is
semisimple even though u,, is not reduced (hence not smooth).

6.6 Let G be an affine group scheme over a perfect field k of characteristic p. Then G is
reduced if and only if the relative Frobenius Frobg / is faithfully flat. Thus Proposition
5.1(a) applies.

6.7 Let T be aneutral tannakian category over a perfect field k of characteristic p. Define
T(P) to be category with the same objects as T but with

Hom»(X,Y) = Hom(X,Y) Q xsxr k.

There is a k-linear exact ®-functor Fr, : T?® — T, and the affine group scheme attached
to a fibre functor on T is reduced if and only if Fr, is fully faithful and its essential image
is closed under subobjects. See Deninger and Wibmer 2023, Corollary 4.2.

Unipotent groups

6.8 An algebraic group G over k is unipotent if its only simple representations are
the one-dimensional representations with G acting trivially. Thus, if G is unipotent,
then every nonzero representation has a nonzero fixed vector, and an easy induction
argument shows that, for any (V,r) in Repf(G), there exists a basis of V' for which

1 % % - x

1 =% *
r(G)cU, © R
0 1

1

i.e., there exists a flag such that G acts trivially on the quotients. Conversely, every
algebraic subgroup of U,, is unipotent (see, for example, Milne 2017, 14.5). An algebraic
group over k is unipotent if and only if every nontrivial algebraic subgroup of it admits a
nontrivial homomorphism to G, (ibid., 14.22). In characteristic zero, unipotent algebraic
groups are connected.
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Trigonalizable groups

6.9 An algebraic group G over k is trigonalizable if its only simple representations are
those of dimension 1. An easy induction argument shows that, for any (V, r) in Repf(G),
there exists a basis of V for which

ES ES %k k
%k %k %k
rG)cT,<
0 X %
%

Conversely, every algebraic subgroup of T, is trigonalizable (see, for example, Milne
2017, 16.2). A smooth connected algebraic group over an algebraically closed field is
solvable if and only if it is trigonalizable (Lie-Kolchin theorem, ibid., 16.30).

Reductive groups

6.10 A smooth connected algebraic group G over k is reductive if it has no nontrivial
smooth connected normal unipotent algebraic subgroup and this condition continues
to hold under extension of the base field k. When k is perfect, the condition has to be
checked only over k, and a smooth connected algebraic group is reductive if and only if
it has a faithful semisimple representation (see Milne 2017, 6.46, 19.17).

6.11 Let G be an affine group scheme over a field of characteristic zero. Then G is a
reductive if and only if

(a) Repf(G) has a tensor generator (so G is algebraic; 6.4),

(b) Repf(G) contains no nontrivial object X such that (X) is stable under ® (so G is
connected; 6.2), and

(c) Repf(G) is semisimple (so G is reductive; 6.15 below).

Semisimple groups

6.12 A smooth connected algebraic group G over k is semisimple if it has no nontrivial
smooth connected normal solvable algebraic subgroup and this condition continues
to hold under extension of the base field k. When k is perfect, the condition has to be
checked only over k. See Milne 2017, 6.44.

6.13 A reductive group G is semisimple if and only if its centre is finite. The centre
of G is reflected in the gradations on Repf(G) (see 9.2 below). For example, let D be
a diagonalizable algebraic group with character group M. To give a homomorphism
D — Z(G) is the same as giving an M-gradation on Repf(G).

6.14 Let G be a reductive group. Then G /G is a torus, which is trivial if and only if G
is semisimple. It follows that G is semisimple if and only if there do not exist nontrivial
representations V and W of G such that V @ W is trivial.



104 Chapter II. Neutral tannakian categories

Semisimple tannakian categories
In this subsection, k is a field of characteristic 0 and k is an algebraic closure of k.

THEOREM 6.15 Let G be a connected affine group scheme over k. The category Repf(G) is
semisimple if and only if G is pro-reductive (i.e., a projective limit of reductive groups).

The theorem fails (both implications are false) if k has nonzero characteristic. The
theorem will be proved as a consequence of a series of propositions.

PROPOSITION 6.16 The category Repf(G) is semisimple if and only if Repf ;(Gy) is semisim-
ple.

PROOF Let G be an affine group scheme over k, and let k’ be a finite extension of k.
A representation of G, on a finite-dimensional k’-vector space induces a representa-
tion of G on the underlying k-vector space together with a k-linear action of k’ on the
representation. In this way, we get an equivalence of categories

Repf,,(Gy) = Repf, (G)

(see B.19b). Now I, 7.16, shows that Repf, (G) is semisimple if and only if Repf,,(Gy) is
semisimple (because k’ is separable over k). The proposition follows. O

PROPOSITION 6.17 Let (V,r) be a representation of a connected algebraic group G over k.
A subspace W C V is stable under G if and only if it is stable under Lie(G).

PROOF We have
W is stable under G < Stabg(W) =G.

As Stab; (W) is smooth and G is connected,
Stabg(W) = G < Lie(Stabg(W)) = Lie(G)
(Milne 2017, 10.15). On the other hand,
W is stable under Lie(G) <= Staby (W) = Lie(G).
As Lie(Stabg(W)) = Staby ) (W) (ibid., 10.31), the statement follows. O

PROPOSITION 6.18 (WEYL) Let g be a semisimple Lie algebra over k. Every finite-dimensional
representation of g is semisimple.

PROOF For an algebraic proof, see Humphreys 1972, 6.3. We sketch Weyl’s original proof.
We can assume that k = C. Let g, be a compact real form of g, and let G, be a connected
simply-connected real Lie group with Lie algebra g,. Then G, is compact, so every
finite-dimensional representation (V, r) of it carries a gy-invariant positive-definite form,
namely, (x,y)y = fGO<x, y)dg, where (, ) is any positive-definite form on V. It follows
that every finite-dimensional (real or complex) representation of G, is semisimple, but,
for any complex vector space V, the restriction map is an isomorphism

Hom(G, GLy) ~ Hom(G,, GLy),
and so every complex representation of G is semisimple. O

COROLLARY 6.19 Let G be an algebraic group over k. If G is semisimple, then Repf(G) is
semisimple.
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PROOF After 6.16, we may suppose that k is algebraically closed. The Lie algebra of G is
semisimple (Milne 2017, 23.68), and so this follows from 6.17 and 6.18. O

PROPOSITION 6.20 Let G be an algebraic group over an algebraically closed field k, and
let N be a normal algebraic subgroup of G. If (V,r) is a semisimple representation of G,
then (V,r|N) is a semisimple representation of N.

PROOF We may suppose that (V,r) is simple. Let W be a nonzero simple N-submodule
of V. For any g € G(k), gW is an N-module and it is simple because g — g~'S maps
N-submodules of g to N-submodules of W. The sum ), gW, g € G(k), is G-stable
and nonzero, and therefore equals V. Thus V, being a sum of simple N-submodules, is
semisimple (I, 7.14). O

We now prove Theorem 6.15. After 6.16, we may suppose that k is algebraically
closed. As every finite-dimensional representation G — GLy, of G factors through an
algebraic quotient of G, and (by definition) G is pro-reductive if and only its algebraic
quotients are reductive, we may suppose that G is algebraic.

If G is reductive, then G = Z - G’, where Z is the centre of G and G’ is the derived
subgroup of G (Milne 2017, 19.25). Letr : G — GLy, be a finite-dimensional representa-
tion of G. The algebraic group Z is a diagonalizable, so r|Z is diagonalizable: V = @I. Vi,
where Z acts on the V; through distinct characters y; (ibid., 12.12). Each V; is stable
under G’. The algebraic group G’ is semisimple, so each V; is a sum of simple G’-modules
(6.19). Each of these simple submodules is stable under G = Z - G/, and so V is a sum of
simple G-modules.

Conversely, suppose that Repf(G) is semisimple and choose a faithful representation
V of G. Let N be anormal unipotent algebraic subgroup of G. We have to show that N = 1.
According to 6.20, V is semisimple as a representation of N: it is a sum of its simple
subrepresentations. As N is unipotent, it acts trivially on each simple subrepresentation,
hence on V, but V was chosen to be faithful, so this implies that N = 1, as required.

REMARK 6.21 The proposition can be strengthened as follows: the identity compo-
nent G° of an affine group scheme G over k is pro-reductive if and only if Repf(G) is
semisimple.

To prove this, we have to show that the category Repf(G) is semisimple if and only
if Repf(G®) is semisimple. We may suppose that G is algebraic. As G° is a normal
algebraic subgroup of G, the necessity follows from 6.20. For the sufficiency, let V' be
a representation of G. Replace G with its image in GL;,. Let W be a G-stable subspace
of V. By assumption, there is a G°-equivariant map p: V' — W such that p|W = id.
Define

_ _ 1 _
q: k®V kW, q=ﬁzgwpgvl’
g

where n = (G(k): G°(k)) and g runs over a set of coset representatives for G°(k) in
G(k). One checks easily that g has the following properties:

(a) itis independent of the choice of the coset representatives;
(b) forall o € Gal(k/k), o(q) = q;
(c) forally e k@ W, q(y) = q;

(d) forallg € G(k),gw -q=q-gv.
Thus q is defined over k, restricts to the identity map on W, and is G-equivariant.
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REMARK 6.22 An algebraic group G is said to be linearly reductive if Repf(G) semisim-
ple. Thus, in characteristic zero, G is linearly reductive if and only if G° is reductive. An
algebraic group G over a field of characteristic p # 0 is linearly reductive if and only if
G° is of multiplicative type and p does not divide the index (G : G°). This was proved by
Nagata in 1961 for smooth algebraic groups, and is often referred to as Nagata’s theorem.
See Demazure and Gabriel 1970, IV, §3, 3.6.

Tannakian categories with the Chevalley property

A tensor category over k is said to have the Chevalley property if the tensor product
of any two semisimple objects is semisimple, or, in other words, if the subcategory of
semisimple objects is a tensor subcategory. Chevalley’s theorem says that the category
of finite-dimensional representations of an abstract group over a field of characteristic
zero has the Chevalley property (Milne 2017, 22.45). We can extend this to nonneutral
tannakian categories.

THEOREM 6.23 Let T be a tannakian category over a field k of characteristic zero. Then T
has the Chevalley property.

PROOF We may suppose that T is algebraic. Then there exists a finite extension k’ of k
such that T is a neutral tannakian category (IV, 10.1). Let V- and W be semisimple
objects in T, and let V/ and W’ be their images in T(,y. Then vV’ and W’ are semisimple
(1,7.13a),and so V' @ W’ is semisimple. As (V Q W) ~ V' @ W', it follows that V @ W
is semisimple (I, 7.13c). O

In nonzero characteristic, there is only the following theorem of Deligne and Serre.

THEOREM 6.24 Let T be a tannakian category over a field of characteristic p # 0, and
letVy,...,V,, be objects of T. If the V; are semisimple and Zzl (dimV; —1) < p, then
Vi® - ®V,, is semisimple.

PROOF As for the preceding theorem, it suffices to prove this for Repf(G). In that case,
it is proved in Serre 1994 when G is smooth and in Deligne 2014 in general. o

The bound ) (dim V; — 1) < p in the theorem is optimal, as the following example
shows. Let G = SL,, and for d € N, let V(d) denote the k-vector space of homogeneous
polynomials of degree d in two symbols, so dim, V(d) = d + 1. There is a canonical
action of G on V(d) for which V(d) is simple if d < p and nonsemisimple if d = p. Let
d,...,d,, beintegerssuch that1 <d; < p—1and ) d; = p. Then

2, dimV(d)-1) = p,
and the homomorphism

i fm) = f1o fmt V(d) @ - ®V(dy) = V(p)
is surjective. As V(p) is not semisimple, neither is V(d;) ® --- ® V(d,,)-

EXERCISE 6.25 Let k be a field of characteristic p and G a finite group. Show that
Repf(G) has the Chevalley property if and only if G has only one Sylow p-subgroup.

ASIDE 6.26 Let k be an algebraically closed field. A k-linear abelian rigid monoidal category is a
fusion category if it is semisimple, has only finitely many isomorphism classes of simple objects,
and k ~ End(1). Note that these conditions imply that the category equals (X) for some object
X. When G is an affine group scheme over k, Repf(G) is a fusion category if and only if G is a
finite discrete group whose order is prime to the characteristic exponent of k (6.22, 6.1). Every
symmetric fusion category such that dim(X) € N for all objects X is of this form (11.1).
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7 Torsors

Basic definitions

In this subsection, we allow k to be a commutative ring. Unadorned tensor products are
over k, and unadorned products are over Spec k.

7.1 Let G be an affine group scheme flat? over k, and let X be an affine scheme over
k. An action of G on X is a morphism X X G — X of k-schemes such that, for every
k-algebra R, X(R) X G(R) — X(R) is an action of the group G(R) on the set X(R). In
other words, the following two diagrams commute,

xxcx6 25 xxao X x Spec(k) =24 X x G
[ !
XxG —X 5 x X.

The action is said to be simply transitive if, for every R and pair of points (x;, x,) in
X(R), there is a unique g in G(R) such that gx; = x,. In other words, for all R, the map

(t,8) = (1,18) 1 X(R) X G(R) = X(R) X X(R)
is a bijection. This is equivalent to the morphism

XXG—- XXX
being an isomorphism.

7.2 Let u: X X G — X be a simply transitive action of G on an affine k-scheme X. We
say that (X, u) is a torsor under G over k (for the fpqc topology) if X(R) # @ for some
faithfully flat k-algebra R. For example, G acting on itself by right translation is a torsor
under G over k (this is the trivial torsor). There is an obvious notion of a morphism of
torsors under G over k.

7.3 Let (X, u) be a torsor under G over k. By assumption, there exists a P € X(R) for
some R faithfully flat over k. For all R-algebras R/,

g~ Pg: G(R) - X(R)

is a bijection compatible with the actions of G(R’), and so Xy ~ Gy as Gg-torsors. In
other words, (X, u) is locally trivial for the fpqc topology on Speck. Note that X is
faithfully flat over k because it becomes faithfully flat over the faithfully flat k-algebra R.

We sometimes write “G-torsor over k” instead of a “torsor under G over k”.

7.4 A sheaftorsor under G over k is a sheaf F for the fpqc topology on Spec(k) together
with an action of G such that, locally, F is G-equivariantly isomorphic to G. When
regarded as a sheaf, a torsor under G over k becomes a sheaf torsor under G over k.
In this way, we get an equivalence from the category of torsors under G over k to the
category of sheaf torsors under G over k. That the functor is essentially surjective follows
from descent theory: let F be a sheaf torsor on Spec(k); by assumption, there exists a
faithfully flat k-algebra R such that the restriction of F to Spec R is representable, and
this implies that F is representable over Spec k (V, ??).

2Hence faithfully flat, because of the existence of the identity section.
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7.5 Let G be an affine group scheme over k, and suppose that G acts on a sheaf X in
such a way that G(R) acts simply transitively on X(R) for all k-algebras X. Then X is
torsor under G over k if it satisfies any one of the following equivalent conditions:

(a) for some faithfully flat k-algebra R, X(R) # @;
(b) X is represented by an affine scheme faithfully flat over k.

7.6 Let G - H be a homomorphism of affine group schemes flat over k, and let X

be a torsor under G over k. The quotient of the sheaf X X H by the diagonal action
(x,h)g = (xg,g 'h) of G is a sheaf torsor, hence a torsor, under H over k. The torsor is
denoted by X A® H, and called the contracted product. If G — H is faithfully flat, then
soalsois X — X A® H.

ASIDE 7.7 The correspondence between affine group schemes over a ring and commutative Hopf
algebras over the ring extends to a correspondence between torsors and Hopf-Galois extensions.
For noncommutative Hopf algebras this gives a noncommutative notion of torsor. See ncatlab.
We leave it as an exercise to the reader to interpret the construction in 7.6 in terms of Hopf
algebras.

Projective limits

In this subsection, k is a field. We show that torsors for affine group schemes over
algebraically closed fields are trivial.

THEOREM 7.8 Let X be a torsor under an affine group scheme G over k. Let G:l(iﬂ G;, as
in 1.21, and let X; = X A® G;. For alli, the map X(k*) — X;(k) is surjective; in particular,
X(k*) # 0.

We first need a lemma from topology. Let (X;);er, (¢;j)i<j> be a filtered projective
system of topological spaces and continuous maps. If the X; are non-empty and compact
(i.e., quasi-compact and T,), then l(iEX ; is nonempty according to a standard theorem.
The next lemma shows that we may weaken T, to T; in this statement provided that we
require the transition maps to be closed.

LEMMA 7.9 Let (X;)ier, (¢1))i<;j be a filtered projective system of topological spaces and
continuous maps. If
(a) the X; are non-empty, quasi-compact, and T, and

(b) the ¢; j are closed maps,
then l(iEXi is nonempty. Furthermore, if, for some fixed i, the maps ¢; ; : X; — X; are
surjective for all j > i, then the map l(iEX j = X is surjective.

PROOF Let 8 be the set of families (A;);c; such that A; is a nonempty closed subset of
X;and ¢; j(A;) C A; foralli, j € I with j > i. Define a partial ordering on § by setting
(A4;) £ (By)if A; ¢ B; foralli € I. By quasicompactness (8, >) satisfies the hypotheses
of Zorn’s lemma, and so there exists an element (A4;);c; of S that is minimal with respect
to <. By (b), B; of ﬂj>i ¢:,j(A;j) is closed in A;, and it is easy to see that (B;);c; € S. By
minimality, B; = A; for all i. We have shown that, for a minimal family (4;), ¢; ; maps
Ajonto A; forall j > i.
For some fixed i, let x; € A;, and define

J A

j otherwise.


https://ncatlab.org/nlab/show/Hopf-Galois+extension
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The condition T; implies that C; is closed, hence (C;);¢; € 8. By minimality, A; = C; =
{x;}. As this is true for all i, we see that (x;);e; € l(iEX ;. This proves the first statement,
that l(iEX i # 0, and the second statement follows from the first applied to the projective

system with Y; = qbi_jl(x,-) for j > i, where Xx; is any element of X;. o

PROOF (OF THEOREM 7.8) We first remark, that if X is an affine scheme of finite type
over k, say, X = Spec A with A a nonzero finitely generated k-algebra, then X (k) # ¢.
Indeed, for any maximal ideal m of A, k/ A /m is a finite extension of k (Zariski’s
lemma), and X (k) # @. Similarly, if Y — X is a faithfully flat map of affine schemes of
finite type over k, then Y (k¥) — X (k) is surjective.

In the situation of the theorem, if I contains a countable cofinal subset, then we may

suppose that I = N. The maps
o X = o X () - Xk

are surjective, and so the statement is obvious in this case.

For more general I, we want to apply Lemma 7.9. However, the transition maps
X j(kal) — X;(k?) are not closed for the Zariski topology, and so we need to define a new
“orbit topology™.

Let Y be a torsor under an algebraic group H over k, and consider the collection €
of subsets of Y(k®) that are finite unions of orbits yH’(k?), where y ranges over Y (k)
and H' ranges over the algebraic subgroups of H. These sets are closed for the Zariski
topology on Y (k!), which is noetherian, and so any infinite intersection of such subsets
is actually a finite intersection. As y,H;(k¥) n y,H,(k¥) is either empty or equal to
z(H, N H,)(k) for any element z of the intersection, we see that every finite intersection
of sets in ©, hence every intersection, lies in C. It follows that the elements of € are the
closed sets of a topology on X (k?) - this is the orbit topology. As every y € H(k¥) is an
orbit of the trivial group, the topology is T;. It is quasi-compact because of the property
we proved for infinite intersections.

We now prove Theorem 7.8. The transition maps ¢;; : X j(kal) — X;(k¥) are surjec-
tive. When we endow each set X;(k) with its orbit topology, they are continuous because,
if H is an algebraic subgroup of G; and x € X;(k%), then ¢i_jl(xH (k*)) = x'H'(k¥),
where x’ is any preimage of x in X j(kal) and H’ is the preimage of H in G;. They
are also closed because, if H is an algebraic subgroup of G; and x € X j(kal), then
¢;i(xH (k) = ¢ ji(X)H '(k?), where H' is the image of H in G; (an algebraic subgroup).
Thus, the theorem follows from Lemma 7.9. o

COROLLARY 7.10 Let G be an affine k-group scheme, and write G as a projective limit
l(iEGi, as in 1.21. For all i, the map G(k¥) — G;(k™) is surjective.

PROOF Apply Theorem 7.8 to X = G. o

REMARK 7.11 For any faithfully flat homomorphism f : G — H of affine group schemes
over k, the map f(k¥): G(k*¥) = H(k) is surjective (Demazure and Gabriel 1970, III,
§3, 7.6).

REMARK 7.12 Let G — H be a faithfully flat homomorphism of algebraic groups over
afield k and X — Y an equivariant morphism of homogeneous spaces. When X (k')
and Y (k®) are endowed with the orbit topology, the map X (k*) — Y (k¥) is closed and
continuous. Using this, it is possible to prove Theorem 7.8 for homogeneous spaces
(Stewart 1975, §2).
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NOTES The orbit topology and Lemma 7.9 are used to prove Corollary 7.10 in Hochschild and
Mostow 1957. In Stewart 1975 they are used to study projective limits of coset varieties.

8 Classification of the fibre functors

Let C be a neutral tannakian category over k. By definition, there exists a fibre functor
with values in k and we proved (3.1) that the functor Aut®(w) of k-algebras is represented
by an affine group scheme G over k. Moreover, in a natural way, w takes values in Repf(G)
and defines an equivalence C =5 Repf(G). For any fibre functor  with values in a k-
algebra R, composition defines a pairing

Fom®(wg,n) X Aut®(wg) = FHom®(wg,n)

of functors of R-algebras. According to I, Proposition 5.7, Fom®(wg,n) = Isom®(wg, ),
so Aut®(w)(R’) acts simply transitively on Fom®(w,n)(R’) for all R-algebras R’. To
prove that Jom®(w,n) is a G-torsor, it remains to show that it is representable by an
affine scheme over k (7.5).

THEOREM 8.1 Let C be a neutral tannakian category over k. let w be a k-valued fibre
functor, and let G = Aut®(w).

(a) For any fibre functor n on C with values in R, Jom®(wg, n) is representable by an
affine scheme faithfully flat over Spec R; it is therefore a G-torsor.

(b) The functor n -~ Fom®(wg,n) determines an equivalence between the category of
fibre functors on C with values in R and the category of G-torsors over R.

PROOF Recall (I, 7.10), that we have defined V' ® X when V and X are objects of Vecf,
and C respectively. We let Hom(V,X) = VV @ X. If W C Vand Y C X, then the
transporter of W to Y is

(Y : W) € Ker(Hom(V,X) — FHom(W,X/Y).

Let X € ob(C), and define

Py C End(wX,X), Py = ﬂY(Y: wY), YcX", n>1

Ax C End(wX), Ax =ywY: wY), YCX", n>1

Then w(Px) = Ax and Px € ob((X)). For any R-algebra R’, FHom(w|(X),n|(X))(R’) is
the subspace of Hom(w(Px) ®; R’,n(Px) ®g R’) of maps respecting all Y C X", some n.
It therefore equals 7(Pyx) ® R’. Thus

f]‘fOWl(CUKX), n | <X>)(Rl) - HomR—linear(n(P)\g)a Rl)-

Let Q be the ind-object (P )X, and let B = hm AV We saw in 3.28, that the tensor
structure on C defines an algebra structure on B. Because w is an equivalence C —
Repf(G), it also defines a ring structure on Q, i.e.,amap Q ® Q — Q in Ind(C) making
@(Q) — B into an isomorphism of k-algebras. We have
FHom(w, NR') = lim Hom(w|(X), n|(X)(R')
= I(E HomR—linear(n(P;\g)a R")

= HomR—linear(n(Q)s R),
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where 7(Q) & 11_1’)1’1 n(P}\g). Under this correspondence,

}Com‘x’(a), MR’ = HomR-algebra(U(Q),R’),

and so Hom®(w,n) is represnted by 7(Q). We know (I, 8.5) that n(P)V() is a projective
R-module, in particular flat, and so n(Q) = h_r)n n(P)\g) is flat over R. For each X, there is
an epimorphism Py - 1, and the exact sequence

0-1—-Py—Py/T-0
gives rise to an exact sequence
0 — n(1) - n(PY) = n(Py/1) - 0.

Asn(1) = Rand r;(P)V( /1) is flat, this shows that n(P)V() is a faithfully flat R-module.
Hence 7(Q) is faithfully flat over R, which completes the proof that Fom®(w,n) is a
G-torsor.
To show that 7 w Fom®(w,n) is an equivalence, we construct a quasi-inverse. Let
T be a G-torsor over R. For a fixed X, define R’ ~ 7n;(X)(R’) to be the sheaf associated
with
R« T(R") AR (w(X) @ R').

Then X w n7(X) is a fibre functor on C with values in R. o
ToDo 11 Rewrite this using Gabber’s result. Indeed, we have

w=h"@wP), n=h"QnP).
See aax 2.3.

ToDo 12 Given a neutral tannakian category and a k-valued fibre functor, identify the affine
scheme X in the category such that 7(X) represents 7som®(w, 7).

EXAMPLE 8.2 Let G be an affine group scheme, and let w be the forgetful functor. Then
Og = lim TBA.

COROLLARY 8.3 Any two fibre functors on a neutral tannakian category over k are locally
isomorphic for the fpqc topology.

PROOF Let7 be an R-valued fibre functor and w a k-valued fibre functor. Then Fom®(wg, )
is a torsor over Spec R for the fpqc topology, and so becomes trivial over some faithfully
flat R-algebra R’. This means that w and 7 become isomorphic over R’. If ; and 7, are
fibre functors with values in R; and R, respectively, then they become isomorphic to w
over some common ring faithfully flat over R; and R,. o

COROLLARY 8.4 Let C be a neutral tannakian category over k. Any two k-valued fibre
functors w and 1 of C become isomorphic over k% (and over a finite extension of k if C is
algebraic).

PROOF Let w and 7 be k-valued fibre functors on C. If C is algebraic, then Hom(w,n)
is represented by a scheme X = Spec A, where A is a nonzero finitely generated k-
algebra. For any maximal ideal of A, A/m is a finite extension of k (Zariski’s lemma),
and X(A/m) # @.

In the general case, 7om®(w, n) is represented by a torsor under the affine group
scheme Aut®(w) over k, and so has a k?-point by Theorem 7.8. O
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A nonassociative algebra® in a symmetric monoidal category is a pair (X, t) con-
sisting of an object X and a morphism ¢ : X ® X — X (no conditions). Let A = (V, t) be
a nonassociative algebra in Vecf(k). The functor of commutative k-algebras

R ~ Aut(A ® R) (automorphisms of R-algebras)
is represented by an algebraic subgroup of GLy,, denoted Aut(A) or Aut(V,t).

COROLLARY 8.5 Let (C, ®) be a neutral algebraic tannakian category over k. There exists
a nonassociative algebra (X, t) in C such that, for any fibre functor over an extension k' of
k,

Aut®(w) = Aut(w(X), w(t)).

PROOF As C is neutral, there exists a k-valued fibre functor w,, and w, defines an
equivalence of symmetric monoidal categories C —=> Repf(G), where G = Aut®(w).
According to Milne 2020a, Theorem 1, G = Aut(A) for some nonassociative algebra A =
(V, ty) in Repf(G). There exists a nonassociative algebra (X, t) in C and an isomorphism
wy(X, t) ~ (V,ty) (unique up to a unique isomorphism). For any fibre functor w with
values in an extension k’ of k,

Aut® () C Aut(w(X), w(t)),

but w becomes isomorphic to w, over some extension of k’, and so the inclusion is an
equality. o

REMARK 8.6 Let (X,t)be asin 8.5, and let A = w(X, t) for some k-valued fibre functor
w. For any k-algebra R, the functor n w 5(X, t) is an equivalence from the category of
fibre functors over R to the category of forms of A over R (i.e., nonassociative algebras
over R that become isomorphic to A over some faithfully flat R-algebra).

EXAMPLE 8.7 Let V and V' be vector spaces of the same dimension, each equipped with
a nondegenerate quadratic form. There is a canonical equivalence between Repf(O(V))
and Repf(O(V")) given by the O(V)-torsor of isomorphisms V — V.

By using Theorem 13.28 of Chapter I, we can extend Corollary 8.3 to nonneutral
tannakian categories.

COROLLARY 8.8 Any two fibre functors on a tannakian category are locally isomorphic
for the fpgc topology.

PROOF Let T be a tannakian category over k, and let w; and w, be R;- and R,- valued
fibre functors. Then T has a fibre functor w over a field K (I, 8.7), and T, is a neutral
tannakian category (I, 13.31) with fibre functor «’,

X, w) » (X) Qkg,x K-
The functor w; defines an R; ®, K-valued fibre functor cog on Tk,
X, W) w w1 (X),

and similarly for w,. According to 8.3, there exists a K-algebra R, faithfully flat over
both R; ®; K and R, ® K such that o] ®g gk R * @), ®gr2gx R. Such an isomorphism
defines an isomorphism @; ®g, R = @, ®g, R. o

EXERCISE 8.9 Rewrite the proof of Theorem 8.1 in terms of Hopf-Galois extensions.

3This is shorthand for “possibly nonassociative algebra”.
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NOTES

8.10 Let G be an affine group scheme over k. Let C = Repf(G), and let w be a fibre
functor on C. If w is the forgetful functor, then G ~ Aut®(w), but otherwise Aut®(w) is
the inner twist of G by the G-torsor Fom(wgyrger » @)- Thus, except when k is algebraically
closed, C only determines G up to an inner twist (i.e., it determines the band of G).

8.11 We noted in 8.10 that, over an algebraically closed field, an affine group scheme G
is determined up to isomorphism by the pair (Repf(G), ®). Without ®, we have only
the following results.

Let G be a connected reductive group over an algebraically closed field of character-
istic zero. Then G is determined up to isomorphism by the set of isomorphism classes of
its finite-dimensional semisimple representations endowed with the obvious sum and
product (i.e., by the Grothendieck semiring of Repf(G)). See, for example, Kazhdan et al.
2014.

A connected split reductive group G over a field of characteristic 0 is determined up
to isomorphism by specifying a maximal torus T of G, the set of isomorphism classes of
simple representations of G, and the character homomorphism from the Grothendieck
ring of G to that of T. More precisely, it is possible to determine all isomorphisms
compatible with the specified data.

9 Examples

Graded vector spaces

9.1 Let C be the category whose objects are the families (V"),c7 of vector spaces over
k with finite-dimensional direct sum V = €D V". There is an obvious rigid symmetric
monoidal structure on C for which End(1) = k and w : (V") ~» @ V" is a fibre functor.
Thus, according to Theorem 3.1, w defines an equivalence of symmetric monoidal
categories C =5 Repf(G) for some affine k-group scheme G. This equivalence is easy
to describe: let G = G,, and send (V") to the representation of G,, on V = € V" for
which G,, acts on V" through the character 1 — 1".

Gradations on tannakian categories

9.2 Let M be a set. An M-gradation on an object X of an additive category is a de-
composition X = @m em X™. An M-gradation on an additive functoru : C — C’isan
M-gradation on each u(X), X € ob(C), depending functorially on X.

Suppose now that M is an abelian group, and let D be the diagonalizable group over

k whose character group is M. For example, if M = Z, then D = G,,,, and if M = Z /nZ,
then D = u,.

An M-gradation on a tannakian category C over k can be variously described as
follows:
(a) an M-gradation, X = @ X™, on each object X of C that depends functorially on X
and is compatible with tensor products in the sense that

xeY)"= P X Y

r+s=m

(b) an M-gradation on the identity functor idc of C that is compatible with tensor
products;
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(c) a homomorphism D — Aut®(idc);

(d) a central homomorphism D — G, where G = Aut®(w), for one (or every) fibre
functor w.

Definition (a) is simply a restatement of (b). By a central homomorphism in (d), we
mean a homomorphism from D into the centre of G defined over k. Although G need
not be defined over k, its centre is, and equals Aut®(idc), from which the equivalence of
(c) and (d) follows. Finally, a homomorphism w : D — Aut®(id.) defines a gradation
X =@ X™ on every X € obC: let X™ be the subobject on which w(d) acts as m(d) € k.

Note that, when regarded as a map into the centre of Aut®(w), the homomorphism
in (d) is independent of w (in fact, it is equal to the homomorphism in (c)).

NOTES The results in this subsection are from Saavedra 1972, IV, 1.1.

Representations of groups of multiplicative type

9.3 Let k be a separable algebraic closure of k, and let T' = Gal(k /k). An algebraic group
G over k is of multiplicative type if every representation of G becomes diagonalizable
over k. In characteristic zero, this is equivalent to G bein{g commutative and its identity
component being a torus. The character group X*(G) « Hom(Gg, G,,) of a group G of
multiplicative type is a finitely generated abelian group on which T acts continuously.
Let M = X*(G), and let k’ C k be a Galois extension of k over which all elements of M
are defined. For any finite-dimensional representation V' of G, we have a decomposition

def

V Rk = @ Vi, Vi ={v eV k' | gv=m(guall g e G(k)}.

meM

A finite-dimensional vector space V over k together with a decomposition

KRV=EPVn

meM

arises from a representation of G if and only if V9™ = gV forallm € M and o € T
Thus an object of Repf(G) can be identified with a finite-dimensional vector space V'
over k together with an M-gradation on V ® k’ compatible with the action of T. See III,
5.26 below.

Filtrations of Repf(G)

Let V be a vector space. A homomorphism 4 : G,, — GLy, defines a filtration

- DFWOFYy 5., F'W= i>nVi
of V, where V = D, V; is the gradation defined by 4.

Let G be an algebraic group over a field k. A homomorphism 1: G,, — G defines a
filtration F* on V for every representation (V, r) of G, namely, that corresponding to roA.
These filtrations are compatible with the formation of tensor products and duals, and they
are exact in the sense that the functor V- w Gr’ (V) is exact. A functor (V,r) «~ (V,F*)
from representations of G to filtered vector spaces satisfying these conditions is called a
Jiltration F* of Repf(G), and a homomorphism 1 : G,, — G defining F" is said to split
F*. We write Filt(4) for the filtration defined by A.
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Define FOG to be the algebraic subgroup of G respecting the filtration on each repre-
sentation of G, and, for n > 1, define F"G to be the algebraic subgroup of F°G acting
trivially on the graded module @, F'V /F™*"V attached to each representation V of G.
Clearly, F"G is unipotent for n > 1.

THEOREM 9.4 Let G be a reductive group over a field k, and let F* be a filtration of Repf(G).
From the adjoint action of G on g, we acquire a filtration of g.

(a) There exists a cocharacter A of G splitting the filtration F".

(b) FOG is a parabolic subgroup of G with Lie algebra F°q.

(c) F'G is the unipotent radical of F°G, and Lie(F'G) = Flg.

(d) The centralizer Z(A) of any cocharacter A splitting F* is a connected algebraic sub-

group of F°G such that the quotient map q : F°G — F°G/F'G induces an isomor-
phism Z(1) — F°G/F1G, so

F°G =F'G % Z(),

and the composite qoA of 1 with q is central.

(e) Two cocharacters 2 and 2’ of G define the same filtration of G if and only if they
define the same group F°G and qod = qol’; the cocharacters A and A’ are then
conjugate under F'G.

PROOF Choose a faithful representation V' of G, and let P be the algebraic subgroup of G
preserving the filtration on V. Then P is obviously parabolic, and so P = P(4) for some
cocharacter 4 of G, i.e., P is the unique smooth algebraic subgroup of G such that

Pk = {g € G(k¥) | %irré A®r) - g - A1)~ exists in G(k)}

see Milne 2017, 25.1. Now 4 splits the filtration, and so (a), (b), and (c) follow from ibid.,
13.3, 25.6. o

REMARK 9.5 It sometimes more convenient to work with ascending filtrations. To turn
a descending filtration F* into an ascending filtration W,, set W; = F~; if u splits F*,
then z —~ u(z)~! splits W,. With this terminology, we have W,G = W_,G X Z(u).

NOTES See Saavedra 1972, especially IV, 2.2.5.

ToDo 13 Should add more details. See mo50566 for a confused discussion and a better discussion
in mo467613. Should finally write out a detailed proof of this. aax 2.4

Filtered fibre functors

Let T be a tannakian category (not necessarily neutral) over a field k, and let R be a
commutative k-algebra.

A graded R-moduleis an R-module M together with a decomposition M = @n M.
With the obvious tensor structure, the graded R-modules become an R-linear abelian
symmetric monoidal category. A graded R-module admits a dual if and only if it is
finitely generated and projective. To give a gradation on an R-module M is the same as
giving a representation of G,, on M.

An R-valued graded fibre functor on T is an exact k-linear ®-functor from T to the
category of graded R-modules. It takes values in the finitely generated projective graded

R-modules.
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A filtered R-module is an R-module M together with a family (F"M),,c of submod-
ules
- DF'"MDF"™M D -

such that

Urm=Mm  (FM=o0

nez nez
A morphism (M,(F"M)) — (N,(F"N)) of filtered R-modules is an R-linear map
f: M — N such that f(F"M) C F"N for all n. With the obvious tensor structure,
the filtered R-modules become an R-linear symmetric monoidal category. A filtered
R-module (M, (F"M)) admits a dual if and only if M is finitely generated and projective
and the submodules F"M are direct summands of M locally for the Zariski topology on
Spec R. There is a ®-functor

M Gr'(M) ¥

@ FnM/Fn+1M
n
from filtered R-modules to graded R-modules.

An R-valued filtered fibre functor on T is a k-linear @-functor w from T to the
category of filtered R-modules such that the functor X w Gr’(w(X)) is exact. For example,
if w is an R-valued graded fibre functor on T, then

X w (M,(F'M)), MEP o), FMED wx),
ieZ i>n

is a filtered fibre functor on T. Filtered fibre functors of this form are said to be splittable.
In the last subsection, we defined a filtration on Repf(G) to be a filtration on its
forgetful functor, and we saw that such a filtration is splittable if G is reductive.

THEOREM 9.6 Let w be a filtered fibre functor on T with values in a k-algebra R.
(a) There exists a faithfully flat R-algebra R’ such that w ®g R’ is splittable.

(b) Let ' be the composite of w with the forgetful functor to Mod(R). If the affine group
scheme over R representing Aut®(w') is pro-smooth (i.e., a projective limit of smooth
algebraic groups), then w is splittable.

PROOF See Ziegler 2015, Theorems 1.2 and 1.3. O

NOTES Saavedra (1972, IV, 2.2.1) states 9.6(a) as an open problem. In ibid., IV, 2.4, he gives
proofs (due to Deligne) of the theorem under various additional hypotheses, for example, if T is
neutral and k has characteristic zero.

Real envelopes; compact groups

9.7 Let K be a topological group. The category Repf (K) of continuous representations
of K on finite-dimensional R-vector spaces is, in a natural way, a neutral tannakian
category with the forgetful functor as an R-valued fibre functor. There is therefore an
affine group scheme K over R, called the real envelope of K, and an equivalence of
categories Repf R(Iz) =, Repf r(K) compatible with the forgetful fibre functors. This
equivalence arises from a homomorphism K — K(R). When K is compact, K = K(R)
and K is of finite type if and only if K is a Lie group. See Serre 1993, §5.

An algebraic group G over R is said to be compact if G(R) is compact and the
canonical functor Repf(G) — Repf(G(R)) is an equivalence. The second condition
is equivalent to each connected component of G(C) containing a real point (or to G(R)
being Zariski dense in G).
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ASIDE 9.8 For the original Tannaka duality, see Tannaka 1938. For a contemporary review (by
van der Waerden), see zbMATH 0020.00904. In modern language:

Let G be a topological group and let TI(G) be the symmetric monoidal category
of representations of G on finite-dimensional C-vector spaces. Let F : II(G) —
Vecf(C) be the forgetful functor. Endow the collection of natural transformations
a . F — Fwith the coarsest topology such that the projections o — o, : End(F) —
End(V) are continuous. We say that a natural transformation « is tensor-preserving
if it is the identity map on the trivial representation and the equality aygy =
ay ® oy holds, and that it is self-conjugate if it equals its complex conjugate. The
set J(G) of all tensor-preserving self-conjugate natural transformations of F is a
compact subgroup of End(F). If G has sufficiently many almost-periodic functions,
then every element of G defines an element of J(G) and Tannaka shows that
the embedding G — J(G) has dense image. When G is compact, this map is an
isomorphism of topological groups. The main tool in the proof is an examination of
the prime ideals in the ring of almost-periodic functions on G.

For a historical study of Tannaka’s 1938 paper, see Kiimmerle 2024.

Representations of Lie algebras

9.9 Let g be a finite-dimensional Lie algebra over a field k. The category Repf(g) of
representations of g on finite-dimensional k-vector spaces is a tannakian category over
k with the forgetful functor w as a k-valued fibre functor (apply 4.1). We examine this
category in two cases.

(a) Let g be one-dimensional and assume that k is algebraically closed. The affine
group scheme Autf(w) is D(M) x G,, where D(M) is the diagonalizable group scheme
with character group M = (k, +), i.e., k viewed as an abelian group under addition. This
can be deduced from Iwahori 1954.

(b) Let g be semisimple, and assume that k has characteristic zero. Then Aut?(a))
is the simply connected semisimple algebraic group over k with Lie algebra g (Cartier
1956; Milne 2007).

9.10 Recall that a diagram is a root system (V, R) together with a lattice X such that
Q(R) c X C P(R). Itis possible to attach a tannakian category to a diagram (V, R, X)
without mentioning algebraic groups. Indeed, let g be a split Lie algebra over a field k of
characteristic zero with root system (V, R), and let Repf(g)X be the full subcategory of
Repf(g) of representations whose simple components have highest weight in X. This is
a tannakian category over k, and the group attached to the forgetful fibre functor is a
split semisimple algebraic group over k with diagram (V, R, X). See Milne 2007, 8.3.

Nori’s (true) fundamental group

ToDo 14 Look at this again. aax

9.11 Let S be a scheme over a field k. By a vector sheaf on S, we mean a locally free
sheaf of finite rank (equivalently, a vector bundle). A vector sheaf E on S is finite if there
exist polynomials g, h € N[¢], g # h, such that g(E) ~ h(E). For example, an invertible
L sheaf on S is finite if and only of L®™ ~ O for some m. With the obvious structures,
the finite vector sheaves form k-linear rigid symmetric monoidal category with Og as
the unit object, but it is not necessarily abelian.
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Define a vector sheaf E on a curve to be semi-stable if for every vector subsheaf
E' CE,

deg(E") < deg(E) qer

rank(E’) ~ rank(E) HE).

Let S be a complete connected reduced scheme over a field k. Following Nori 1976, we
say that a vector sheaf on S is semi-stable if for every nonconstant morphism f: C — S
with C a complete connected normal curve, f*E is semi-stable with slope u(f*E) = 0.
Let C(S/k) denote the category of semi-stable vector sheaves on S that are subquotients
of finite vector sheaves. If S has a k-rational point s, then C(S/k) is a tannakian category
over k (in particular, abelian) with a k-valued fibre functor w,: E w E,. The affine
group scheme attached to (C, wy) is called the fundamental group scheme 7111\’ (S, s) of
S. It is a projective limit of finite group schemes over k. Note that C(S/k) also has a
tautologous fibre functor 7 over S such that 7, = w;.

Fix an s € S(k), and consider the triples (G, P, p), where G is a finite group scheme
over k, P is a torsor under G over S, and p € P(k) maps to s € S(k). They form a
category N(S/k,s) in an obvious way. From a homomorphism 71'11\’ (S,s) - G from
7111\7 (S, s) to a finite group scheme G over k, we get an exact ®-functor ¢ : Repf(G) —
C(S/k), and hence a fibre functor 7 = no¢ over S, a fibre functor w = w;o¢ over k, and
an isomorphism 7, — w. Now Hom(n, wg) is a torsor under G over S together with a
k-rational point lying over s. In this way, we obtain an equivalence of categories

Hom(7Y'(S,s),—) = N(S/k,s), (61)

where Hom(n’l\’ (S, s), —) is the category whose objects are finite group schemes over k
equipped with a homomorphism from 7r]1\7 (S, s) and whose morphisms are the homo-
morphisms of k-group schemes compatible with the morphism from 7111\’ (S, s).

Let ﬂft(S, s) denote the largest pro-étale quotient of nllv (S, s). When k is algebraically
closed, n'ft(S, s)(k) is the usual étale fundamental group 7, (S, s) of S since they classify
the same objects. Let k be a perfect field, and let S = S X Spec(k), where k is an algebraic
closure of k. The point s € X(k) defines a point § € X (k). Because § comes from a
k-rational point, Gal(k/k) acts continuously on the étale fundamental group 7 (S, 3).
The associated pro-étale group scheme over k is ﬂft(S, §). For example, both groups are
trivial if S = Spec(k).

See Nori 1976 for the original account and Szamuely 2009, 6.7, for a more recent
account. There is, by now, a large literature on the Nori fundamental group scheme and
various extensions of it.

The Galois theory of linear differential equations.

A differential field is a field K, which we shall always assume to have characteristic
zero, equipped with derivation, i.e., an additive map 0 : K — K such that d(ab) =
d(a)b + ad(b) for all a,b € K. We sometimes write a’ for da. For example, (C(T), %),
is a differential field.

Let (K, 9) be a differential field. A differential module (V, V) is a finite-dimensional
K-vector space V together with an additive map V such that V(fm) = f'm+ f Vm for all
f € K, m € V. The choice of a basis for V gives rise to a matrix differential equation

y =Ay, AeM,K), yeK"
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Roughly speaking, the Picard-Vessiot field for a differential module is the differential
field extension generated by the solutions of the matrix differential equation. The differ-
ential Galois group is then the group of differential k-algebra automorphisms of the
Picard-Vessiot field. It has a natural structure of an algebraic group. The classical theory
provides a Galois correspondence between the algebraic subgroups of the differential
Galois group and the differential subfields of the Picard-Vessiot ring. The basic problem
in the theory is how to compute the differential Galois group of a given differential
module.

There is a tannakian interpretation of the above theory, which provides new insights,
and which we now briefly describe.

Let (K,0) be a differential field. The kernel of d is a subfield k of K, called the
constant field. Let (V, V) be a differential module over (K, d). The subset V'V et Ker(V)
is k-subspace, whose elements are called the horizontal vectors. Given an extension
(L,9) C (K, 0) of differential fields, define (V, V) to be the differential module over
(L,0) with V; = V ®g L and such that, relative to a basis for V, V gives rise to a
differential equation with the same matrix A as V.

The differential modules over (K, ) form a tensor category over k. For example, the
tensor product of (V1, V) and (V,,V,)is (V; ® V,,V, ® V,), where

(V1 ® V) (v ®vy) = Vi(v1) ® U3 + 11 @ Vy(vy),
and the dual of (V, V) is (VV, VV), where

V¥ ()(v) = 3(¢(v)) — $(V(V)).

The forgetful functor (V, V) ~ V is a K-valued fibre functor, and so the category is even
tannakian.

DEFINITION 9.12 Let (V, V) be a differential module over a differential field (K, 3d). A
differential field extension (L, d) D (K, d) is a Picard-Vessiot extension for (V,V) if it
has the following properties:
(a) (L, 9) has the same constant field k as (K, 9);
(b) the k-subspace VLVL of horizontal vectors in V; spans V; as an L-vector space;
(c) the coordinates of the horizontal vectors of V', relative to an L-basis of V; coming
from a K-basis of V, generate the field L as an extension of K.

Note that if (L, 9) is a Picard-Vessiot extension for (V, V), then the condition (b)
holds for all differential modules in the tannakian subcategory ((V, V))® generated by
V,V).

THEOREM 9.13 Let (V, V) be a differential module over a differential field (K, ).
(a) Let (L,0) be a Picard-Vessiot extension for (V, V). The functor
wp 2 AV, V))® = Vecf(k), (W,V)w (Wp)'r,
is a fibre functor on {(V, V))®, and Aut®(w;) is canonically isomorphic to the dif-
ferential Galois group of (V, V).

(b) Every k-valued fibre functor on {(V, V))® arises, as in (a), from a Picard-Vessiot
extension.

In particular, when k is algebraically closed, (IV, 10.1) implies that there exists a Picard-
Vessiot extension for (V, V) (unique, up to a nonunique isomorphism).

NOTES For more, see Deligne 1990, §9, van der Put and Singer 2003, and Szamuely 2009, 6.6.
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Real Hodge structures

9.14 A real Hodge structure is a finite-dimensional vector space V over R together
with a decomposition

V ®pC = @pqvp,q

such that VP4 and VP are conjugate complex subspaces of V ®p C. There is an obvious
rigid symmetric monoidal structure on the category Hodg of real Hodge structures, and

w: (V,(VP) w V

is a fibre functor. The group corresponding to Hodr and w is the real algebraic group
S obtained from G, by restriction of scalars from C to R, that is, S = Resc /g Gy, (the
Deligne torus). The real Hodge structure (V, (VP*9)) corresponds to the representation of
S on V such that an element 1 € S(R) = C* acts on VP9 as 17179, There is a weight
gradationV = @V, whereV,,®C = EBP rq=m VP4, The functor (V, (VP9)) w (V,,)
from Hodp, to the category of graded real vector spaces corresponds to the homomorphism
G,, — S that, on real points, is

tt7l: RX - C*.

Rational Hodge structures

9.15 A rational Hodge structure is a Q-vector space V together with a real Hodge
structure on V ® R such that the weight gradation is defined over Q. Thus, to give
a rational Hodge structure on V' is the same as giving a gradation V. = @ _V,, on V
together with a real Hodge structure of weight m on V,, ® R for each m. The Tate
Hodge structure Q)(m) is defined to be the Q-subspace (277i)"Q of C with h(z) acting
as (zz)™. It has weight —2m and type (—m, —m).

For a real Hodge structure (V, h), the R-linear map C = h(i) is called the Weil

operator. It acts as i97P on VP4, and C? = h(—1) actsas (=1)" on V,,,.

A polarization of a real Hodge structure (V, h) of weight m is a morphism of Hodge
structures

P: VRV > R(—m), meZ,

such that
(x,y) —» Qmi)™Pp(x,Cy): VXV - R

is symmetric and positive-definite. A polarization of a rational Hodge structure V'
is a morphism of rational Hodge structures  : V ® V. — Q(—m) such that ) @ R
is a polarization of V' ® R. A rational Hodge structure is polarizable, i.e., admits a
polarization, if and only if V ® R is polarizable. See Deligne 1979, 1.1.

The polarizable rational Hodge structures form a tannakian category Hodg with the
forgetful functor as a fibre functor. Let G denote the associated affine group scheme over
Q. Then,

(a) all algebraic quotients of G are reductive (in particular, connected);
(b) the quotient of G by its derived group is the (well-known) Serre protorus;

(c) the derived group of G is simply connected (hence a product of simply connected
almost-simple algebraic groups over Q);
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(d) the simple factors of the adjoint group of G are the groups of the form Resg/q(H),
where F is a totally real number field and H is a geometrically simple algebraic
group over F such that, for all embeddings o of F in R, the real algebraic group
oH contains a compact maximal torus.

See, for example, Milne 2020b.

Hodge-Tate modules

9.16 Let K be afield of characteristic zero, complete with respect to a discrete valuation,
whose residue field is perfect of characteristic p # 0. Let C be the completion of an
algebraic closure K2 of K, and let G = Gal(K? /K). The cyclotomic character y : G —
Zy is defined by the action G on the p"th roots of 1 in K2,

ot =¢X0, oceG, ¢"=1somen.
Let V be a finite-dimensional C-vector space equipped with a semilinear action of G,
o(cv) =o(c)o(v), oce€eG, ceC, vevV.
Fori € Z,let V! denote the subset of V on which G acts through y/,
Vi={veV|ov=y(), alloc e Gl

It is a K-subspace of V, and we set V(i) = V! ® C. The inclusion V! < V extends to a
C-linear map V(i) — V, and Tate showed that the map

@V(i)e 1%

is injective. If it is also surjective, then V is said to be Hodge-Tate.

Now assume that the residue field is algebraically closed. An action of G on a finite-
dimensional K-vector space V extends to a semilinear action of G on V ® C, and we
say that V' is Hodge-Tate if V ® C is Hodge-Tate in the above sense. The Hodge-Tate
modules for K form a tannakian category (Serre 1979).

10 Neutral tannakian categories over a base ring

In this section, we explain how to extend some of the results in this chapter to more
general base rings. Throughout, R is a commutative ring. By a finite flat R-module, we
mean an R-module that is finitely presented and flat (equivalently, finitely generated
and projective, or locally free of finite rank). All Hopf algebras are commutative.

Affine group schemes and their representations

The correspondence between affine group schemes and Hopf algebras described in §1
holds over any commutative ring R. Let G be the affine group scheme corresponding to
the Hopf algebra A, and let V' be an R-module. To give a representation of G on V' is the
same as giving an A-comodule structure on V. In this way, we obtain an isomorphism(!)
of categories

Rep(G) = coMod(A)
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When G is flat over R, it is possible to endow the kernel and cokernel of a homo-
morphism of A-comodules with an A-comodule structure in such a way that coMod(A)
becomes an abelian category (Serre 1968, 1.3). If, in addition, R is noetherian, then
the category coModf(A) of right A-modules finitely generated over R is also an abelian
category.

PROPOSITION 10.1 When R is noetherian, every comodule over a flat R-coalgebra is a
filtered union of its finitely generated subcomodules.

PROOF See Serre 1993, 1.4. o

Correspondingly, when G is a affine group scheme flat over a noetherian ring R,
every G-module is a filtered union of finite generated G-submodules.

PROPOSITION 10.2 Let G be an affine group scheme flat and of finite type over a Dedekind
domain R. There exists a finite flat R-submodule V' of O(G), stable under G, such that the
homomorphism G — GLy, is a closed immersion.

PROOF There exists a finitely generated R-submodule V of O(G), stable under G, con-
taining a set of generators for O(G) (by 10.1). Now G flat over R = O(G) is torsion-free
(as an R-module) = V is torsion-free = V is flat (because R is a Dedekind domain). It
remains to show that the homomorphism a : O(GLy,) - O(G) defined by the action of
G on V is surjective.

We may suppose that V is free. Let A : O(G) — O(G) ® O(G) be the comultiplication
map and € : O(G) — R the co-identity map. Let (e;);<;<, be a basis for V, and write
Alej) = Zl. e; ® a;j, a;; € O(G). The image of a contains the a;; (the choice of the
basis (e;), determines an isomorphism O(GLy) ~ R[T;], and a maps T;; to a;;). As
€ : O(G) — R is the co-identity,

e; = (e ®idy)A(e)) = Zi e(e;a;j,
and so the image of a contains V/, which we chose to generate O(G). O

Thus, if R is a Dedekind domain and G is flat, then there is an embedding of G into
GLy, for some finite flat R-module V. Such a V' is a direct summand F = V @ W of a free
R-module F of finite rank. Extend the action of G on V to F by letting it act trivially on
W and choose a basis for F. Now G is a closed algebraic subgroup of GL,,, n = rank F.

Let S be a noetherian scheme and & a locally free Og-module of finite rank. The
functor sending an S-scheme f: T — S to Auty (f*&) is representable by an affine
group scheme GL; over S.

DEFINITION 10.3 A flat group scheme G over a noetherian scheme S is said to be linear
if there exists a locally free Og-module & of finite rank and an S-morphism G — GL¢
that is both a closed immersion and a homomorphism.

Grothendieck showed that an algebraic group scheme of multiplicative type over a
connected noetherian scheme S is linear if and only it is isotrivial, i.e., split by a finite
étale covering S’ — S of S. Gille extended this to reductive groups as follows. A group
scheme G smooth and affine over a scheme S is said to be reductive if its geometric
fibres are reductive. For such a group scheme, rad(G) is defined to be the largest central
torus of G.
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PROPOSITION 10.4 (GILLE 2022, 1.1) A reductive group over a connected noetherian scheme
S is linear if and only if rad(G) is isotrivial.

Let S be affine connected and noetherian, and let § be a geometric point of S. Let

T be a torus over S, and let T/ be the quotient of T corresponding to the submodule of

X*(Ts) et Hom(Ts, G,,) consisting of the elements with finite 7;(S, §)-orbits. Then T/

is the universal isotrivial quotient of T'.

COROLLARY 10.5 Let G be a reductive group over S (affine, connected, and noetherian),
and let G7 be the quotient of G by the kernel of rad(G) — rad(G)/ . Then G/ is linear.

PROOF Indeed, rad(G/) = rad(G)’, which is isotrivial. O

Let V be a finite flat R-module. By a line in V', we mean a finite flat submodule L of
V of rank 1 that, locally on SpecR, is a direct summand of V. Given a line L in a finite
flat R-module V, we let Aut(V, L) denote the functor of R-algebras

R w {0( (S AutR/(V ®R R,) | OC(LR/) = LR,}

PROPOSITION 10.6 Let G be a group scheme flat of finite type over a Dedekind domain R.
There exists a finite flat R-submodule V and a line L in V such that

G = Aut(V,L).
PROOF The usual proof over fields extends to Dedekind domains (Broshi 2013, 1.1). 4

The statement (1.11), that a Hopf algebra over a field is faithfully flat over any Hopf
subalgebra, has an extension to base rings.

THEOREM 10.7 Let A C B be Hopf algebras flat over a noetherian ring R. The algebra B
is faithfully flat over A if and only if B/ A is a flat R-module.

PROOF From the criterion,
a homomorphism A — B of commutative rings is faithfully flat if and only

we see that it suffices to show that A — B is faithfully flat if B/ A is a flat R-module. Note
that this last condition implies that*

0 — A Qg x(p) > B®g x(p) > (B/A) Qg x(p) — 0

is exact for all prime ideals p of R. Now the original theorem 1.11 shows that AQzx(p) —
B ®p x(p) is faithfully flat for all p, and the next criterion shows that A — B is faithfully
flat.

Let R be a noetherian ring and f: A — B a homomorphism of flat R-
algebras. Then f is faithfully flat if f ®z x(p) is faithfully flat for all prime
ideals p of R (Hai et al. 2025, 3.3). o

When R is a Dedekind domain, 10.7 is proved in Duong and Hai 2018, 4.1.1. For a
noetherian ring, it is Hai et al. 2025, 7.1.

“x(p) is the field of fractions of A/p.
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Recovering G from Rep(G)

PROPOSITION 10.8 Let G be an affine group scheme flat over a Dedekind domain R, and
let w be the forgetful functor Repf(G) — Mod(R). Then w defines an isomorphism G —
Aut®(w).

PROOF Once 10.6 has been acquired, the proof of Theorem 2.1 applies. o

ToDo 15 Explain this.

PROPOSITION 10.9 Let G be a reductive group over scheme S, assumed to be affine noethe-
rian and connected, and let GI be the quotient of G by the kernel of rad(G) — rad(G)”.
Then the homomorphism G — Aut®(w) defined by the forgetful functor w induces an
isomorphism

G/ ~ Aut®(w).

PROOF See Zhao 2022, 3.2.3. O

For example, the map G — Aut®(w) is an isomorphism when G is a reductive
group over a Dedekind domain and it need not be an isomorphism when G is a torus of
dimension 2 over a curve with a node.

Tannakian duality over a Dedekind domain

When no longer working over a field, we have to take account of the fact that not all
finitely generated modules will be projective. For a Dedekind domain, there is the
following result.

PROPOSITION 10.10 Let L be a flat coalgebra over a Dedekind domain, and let M be a
finitely generated L-comodule. Then M is a quotient of a finite flat L-comodule,

PROOF See Serre 1968, 2.2. o

Hence, for any finitely generated L-comodule, there exists an exact sequence of
L-comodules
0—-P,—>Py,—->M-0

with P, and P, projective and finitely generated.

PROPOSITION 10.11 Let R be a Dedekind domain. Let A be an R-linear abelian category
and w : A — Modf(R) an exact R-linear faithful R-linear functor. Assume that there exists
a full subcategory A° of A such that

(a) every object of A is a quotient of an object of A° and

(b) w(X) is a finite flat R-module for all X in A°.
Then the coalgebra L(w) & Coend(w ® w") is flat over R, acts naturally on each object of
A, and defines an equivalence A — coModf(L).

PROOF Saavedra 1972, 11, 2.3.5, 2.6.1, or Duong and Hai 2018. O

ToDo 16 Show that if A & coMod(L), then L = Coend(w ® w"). Add a proof of this proposition.

Recall (13.3) that an object of a symmetric monoidal category is rigid if it admits a
dual.
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DEFINITION 10.12 Let R be a Dedekind domain. A neutral tannakian category over
R is an R-linear abelian ®-category T such that

(a) every object is a quotient of a rigid object, and

(b) there exists an R-valued fibre functor, i.e., an exact faithful R-linear ®-functor
w: T — Mod(R).

EXAMPLE 10.13 Let L be a flat Hopf algebra over a Dedekind domain R. Then coModf(L)
is a neutral tannakian category over R. Proposition 10.10 shows that it satisfies condition
(a), and the forgetful functor satisfies (b).

THEOREM 10.14 (SAAVEDRA 1972,11,4.1.1) Let T be an R-linear abelian category and
w : C - Modf(R) an exact faithful R-linear ®-functor. Let C be the full subcategory of X
such that w(X) is a finitely generated projective R-module. There exists an affine monoid
scheme G flat over R and a ®-equivalence

T — Repf(G)

whose composite with the forgetful functor is w if and if every object of C is a quotient of an
object of C,, in which case

G ~ End®(w) ~ End®(w|Cy).

PROOF The pair (T, w) satisfies the hypotheses of 10.11 with T° the subcategory of rigid
objects. Therefore w defines an equivalence T — coModf(L(w)), where L(w) is the coend
of w ® w. Now, as in the proof of Theorem 3.1, the tensor structure on T defines a Hopf
algebra structure on L(w), so G = Spec(L(w)) is an affine group scheme flat over R with
the required properties. O

The functor defined by a homomorphism of group schemes

Let L be a coalgebra over a noetherian ring R. A right L-comodule is an R-module V'
together with an R-linear map p: V — V @® L satisfying the conditions in 1.13. We
write coMod(L) for the category of such comodules, coModf(L) for the full subcategory
of those such that V is finitely generated as an R-module, and coModf°(L) for the full
subcategory of those such that V is a finite flat R-module.

A submodule M of an L-module N is said to be special if N/M is flat over R. A
special subquotient M of N is a special submodule of a quotient of N, or, equivalently,
a quotient of a special submodule.

Let f : L’ - L be ahomomorphhism of coalgebras over R. From an L-module (V, p)
we get an L’-module by composing p: V - V ® L' withid, ®f: VL - VQ®L. In
this way, we get a functor

@° : coModf°’(L) — coModf°(L).

PROPOSITION 10.15 Let f : L' — L bea homomorphism of flat coalgebras over a Dedekind
domain R. The homomorphism f is surjective if and only if every object of coModf (L") is
a special subquotient of an object in the image of w°.

PROOF See Duong and Hai 2018, 3.2.5. o
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Let G be an affine group scheme over a noetherian ring R. We write Repf°(G)
for the category of representations G on finite flat R-modules. Let f: G — H be a
homomorphism of affine group schemes over R. Using f, we can regard an H-module
as a G-module. In this way, we get a R-linear exact @-functor

@° : Repf’(H) — Repf’(G)
compatible with the forgetful functors.

THEOREM 10.16 (DUONG AND HAI 2018, 4.1.2) Let f : G — H be a homomorphism of
affine group schemes flat over a Dedekind domain R. The homomorphism f is a closed
immersion if and only if every object of Repf°(G) is a special subquotient of an object in the
image of w/.

PROOF Restatement of 10.15. o

PROPOSITION 10.17 Let f : L' — L be a homomorphism of flat coalgebras over a noethe-
rian ring R. The following are equivalent:

o the homomorphism f is injective and L/L’ is a flat R-module;

o w® is fully faithful and its essential image is closed under subobjects.

PROOF See Duong and Hai 2018, 3.2.1, when R is a Dedekind domain, Hai et al. 2025,
7.3, in the general case. O

THEOREM 10.18 Let f : G — H be a homomorphism of affine group schemes flat over a
noetherian ring R. The homomorphism f is faithfully flat if and only if the functor w® is
fully faithful and its essential image is closed under subobjects.

PROOF Combine 10.7 and 10.17. o

Theorem 10.18 is Duong and Hai 2018, 4.1.2(i), when R is a Dedekind domain, Hai
et al. 2025, 7.2, in the general case.

Classification of the fibre functors

THEOREM 10.19 Let T be a neutral tannakian category over a Dedekind domain R, let w
be an R-valued fibre functor, and let G = Aut®(w).

(a) For any fibre functor n on T over an R-algebra R', 7om®(wg/, ) is representable by
an affine scheme faithfully flat over Spec R’; it is therefore a torsor under Gy over R’.

(b) The functor n ~ Fom®(wgs,n) determines an equivalence between the category of
fibre functors on T with values in R' and the category of torsors under Gy, over R'.

PROOF After Theorem 10.14, it suffices to prove this in the case T = Repf(G) with G a
flat affine group. For this, see Broshi 2013. See also ?, 11, 3.2.3. o
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Tannakian lattices over Dedekind domains

There are situations where one would like to use Saavedra’s theorem 10.14 to construct
an affine group schemes but the tensor category does not have all the properties of
Saavedra’s definition. One therefore wants to reconstruct an affine group scheme from a
smaller part of its representation category. There are at least three approaches to this
problem, one in Wedhorn 2004, one in Bruguiéres 2004 following an idea of M. Nori,
which is used in dos Santos 2009, and one in Duong and Hai 2018. Here we follow the
last approach. First, a little category theory.

10.20 A category is regular if
(a) itis finitely complete (i.e., has finite products and equalizers),

(b) every kernel pair admits a coequalizer,

(c) regular epimorphisms are stable under pullbacks.
A morphism is a regular epimorphism if it is the coequalizer of some parallel pair
of morphisms. In an additive category, regular epimorphisms are just cokernels. See
Borceux 1994b, 2.1.1.

10.21 Inaregular category, every morphism factors into a regular epimorphism followed
by a monomorphism, and this factorization is unique up to a unique isomorphism.
In more detail, every morphism f: A — B in a regular category factors into a
composite
q m
A—I—B (62)

with g a regular epimorphism and m a monomorphism. If f = m’oq’ with m’ a
monomorphism, then there exists a unique morphism j such that joqg = ¢’ and m =
moj,

o
S
q’\‘ Il /WL:
When ¢’ is a regular epimorphism, j is an isomorphism. See Borceux 1994b, 2.1.3.

10.22 In an additive regular category, every cokernel p : X — Y has a kernel, namely,
its pullback along 0 — Y.

Let f: X — Y be morphism in an additive regular category, and let f = mop be
its cokernel-monomorphism factorization. Then Ker p = Ker f, so f admits a kernel.
Moreover, p = Coker(Ker f) so all kernels have cokernels. See Henrard et al. 2023, 4.4.

10.23 Every additive regular category C admits an full embedding into an abelian
category A, characterized by the following properties

(a) Cisclosed under subobjects in A,
(b) every object of A is a quotient of an object of C.
See Henrard et al. 2023, 1.3.

EXAMPLE 10.24 Let G be an affine group scheme flat over a noetherian ring R. Then
Repf(G) is an abelian R-linear category. If R is a Dedekind domain, then the subcategory
Repf°(G) of Repf(G) is closed under subobjects, and hence regular.

Let R be a Dedekind domain with field of fractions K.
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DEFINITION 10.25 A tensor lattice over R is an R-linear regular rigid ®-category T
such that R ~ End(1) and T is abelian. An R’-valued fibre functor on T is a faithful
R-linear ®-functor w : T — Mod(R’) preserving kernels and cokernel-monomorphism
factorizations and such that R’ ~ End(w(1)).

DEFINITION 10.26 A neutral tannakian lattice over R is a tensor lattice over R that
admits an R-valued fibre functor.

THEOREM 10.27 Let T be neutral tannakian lattice over R and w an R-valued fibre functor.

(a) The functor Aut®(w) is represented by an affine group scheme flat over R, and w
induces an equivalence T — Repf°(G).

(b) For any fibre functorn on T with values in an R-algebra R, Isom®(wgs, 1) is a torsor
under G over R'.

PROOF See Duong and Hai 2018, 2.3.2, 2.4.8. O



Chapter III

Tannakian categories and Galois
groupoids

In this chapter, we describe tannakian categories over k with a k-valued fibre functor in
terms of Galois groupoids (following Langlands and Rapoport 1987).

Throughout, k is a field and k is a fixed separable algebraic closure of k. We let
I' = Gal(k/k). Finite extensions of k are required to be subfields of k. All algebraic
groups over k are affine and smooth, and all affine group schemes are pro-smooth. Recall
that if k has characteristic zero, this last condition is automatic (and k is then an algebraic
closure of k).

1 Galois groupoids

We assume that the reader is familiar with Galois descent, as described in §5 below.

DEFINITION 1.1 Let G be an algebraic group over k. A k/k-Galois groupoid with
kernel G is an exact sequence of groups

1 - G(k) - G- Gal(k/k) — 1, (63)

together with a section o +— s, : Gal(k/K) — G for a suitable finite extension K of k,
such that the automorphisms

Vo1 GK) = G(K), 7, = (g s,-g-5;Y). o€ Gal(k/K),

define a K-structure on G. It is to be understood that K can be replaced by a larger finite
extension, so that s is actually a germ of a section for the Krull topology on Gal(k /k).

In more detail, consider an extension G of Gal(k/k) by G(k). Let K C k be a finite
extension of k and s a homomorphism such that

Gal(k/K)
.
G < Gal(k/k)

commutes. To say that the automorphisms y, : G(k) — G(k), o € Gal(k/K), define a K-
structure on G means that there exists an algebraic group G, over K and an isomorphism

129
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@ : Gop — G such that

p(08) = 7,(p(g)), allo € Gal(k/K), g € Gy(k).

A necessary and sufficient condition for this is that the homomorphisms y, be o-linear
and that the action of Gal(k/K) on G(k) they define be continuous (Appendix, 6.4).

Two sections s : Gal(k/K) = Gand s’ : Gal(k/K’') — G are said to be equivalent
if they agree on Gal(k/K"") for some field K" containing K and K’ and finite over k. A
germ of sections is an equivalence class. Now a k/k-Galois groupoid with kernel G
can be defined to be an extension of Gal(k/k) by G(k) together with a germ of sections
satisfying the above conditions.

1.2 A homomorphism of Galois groupoids § — J( is a commutative diagram

S —_—

- ~

1 — 5 G G < Gal(k /k) ——— 1
l ¢lhomom0rphism H
1 — H(k) H Gal(k/k) —— 1
~ -

S~ -~

S/

such that ¢ preserves the germs of sections and such that the restriction of ¢ to G(k) is
regular (i.e., defined by a homomorphism of algebraic groups).

From a different point-of-view, a homomorphism of Galois groupoids is a homo-
morphism of algebraic groups ¢ : G — H together with an extension of ¢(k) to a
homomorphism G — J compatible with the germs of sections and inducing the identity
map on the Galois groups.!

For example, conjugation by an element g of G(k) defines an automorphism ad(g)
of G,

—-——

1 — Gk g < \Gal(lE/k) S |
ladg ladg “
1 —— G(k) g - Gal(k/k) ——— 1.
ad(g)os

1.3 Let Gand K be Galois groupoids with kernels G and H, and let ¢ and ¢’ be homomor-
phisms G — (. A morphism ¢ — ¢' is an element g of H(k) such that ad(g)o¢ = ¢/,
i.e., such that

g-p(x)-gt=¢'(x), alxegq.
With this structure, the Galois groupoids form a 2-category.

EXAMPLE 1.4 Let G be an algebraic group over k. The extension

1 - G(k) - G(k) X Gal(k/k) — Gal(k/k) — 1,

1Recall that if V is a geometrically reduced scheme of finite type over a separably closed field k, then V (k)
is schematically dense in V. As G is smooth over k, it is geometrically reduced, and so the homomorphism
@ : G — H is determined by ¢(k)
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together with the section o +— (1, o) defines Galois gerbe G with kernel G. A k /k-Galois

section s to the homomorphism 7 : G — Gal(k/k), compatible with the germ of sections,
such that the automorphisms

Vo G(E) - G(E): ycr(g) =58 Sc;l’ g€ Gal(E/k),
define a k-structure on G.

1.5 Let
— T -
1 - G(k) » G— Gal(k/k) > 1

be a k /k-Galois groupoid with kernel G. The choice of a section s in the germ determines
a model (G, ¢) of G over some finite extension K of k and a commutative diagram

1 —— Gy(k) —— Gy(k) X Gal(k/K) —— Gal(k/K) —> 1

s [ [

1 —— G(k) [¢i z Gal(k/k) —— 1.

We call such a diagram a splitting of G over K.

1.6 Let E be an extension of Gal(k/k) by G(k). When k' is a subfield of k containing k,
we can form an extension of Gal(k/k’) by G(k) by pullback. It is uniquely determined,
up to a unique isomorphism, by the diagram

1 — G(k) — E' —— Gal(k/k') —— 1

| [

1 — G(k) E Gal(k/k) —— 1.

When E is a k/k-Galois groupoid, E’ becomes a k /k’-Galois groupoid with the obvious
germ of sections.

1.7 Let E be an extension of Gal(k/k) by G(k). When G — H is a homomorphism of
algebraic groups over k, we can form an extension E’ of Gal(k /k) by H(k) by pushout.
It is uniquely determined, up to a unique isomorphism, by the diagram

1 G(k) E Gal(k/k) — 1

[ |)

1 —— H(k) — E' —— Gal(k/k) — 1.

When E is a k /k-Galois groupoid with kernel G, E’ becomes a k /k-Galois groupoid with
kernel H and the obvious germ of sections.

1.8 Let
— T —
1- G(k) - G— Gal(k/k) —> 1
be a k/k-Galois groupoid with G is algebraic, and let s : Gal(k/k) — G be a set-theoretic

section to 7 such that the restriction of s to Gal(k/K) lies in the given germ for some
K C k finite over k.? Then G is determined by the following data:

2For example, choose a group-theoretic section Gal(k/K) — G in the given germ, and extend it to a
set-theoretic section on Gal(k/k).
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(a) the family (y,), of automorphisms of G (as an algebraic group over k) given by
vo(® =s5-8-5;', o€Galk/k), geGk);
(b) the family (a, ;). ; of elements of G(k) given by
SoSt = g 1807, 0,7 € Gal(k/k).
Indeed, every element of G can be written uniquely
g-s5 ge€Gk), oeGalk/k),

and
(g : Sa)(h . Sr) = (g YU(h) aa,r) *Sgz-

PROPOSITION 1.9 A homomorphism ¢ : G — G of k/k-Galois groupoids is an isomor-
phism if and only if it is an isomorphism on the kernels.

PROOF If ¢ has an inverse ¢’, then ¢’ |G’ is an inverse for ¢|G. For the converse, suppose
that ¢|G is an isomorphism, and choose a section s as in 1.8. Then ¢ + s/, déf ¢os, is
a section for §’ with similar properties, and clearly g - s, = ¢(g - s;) = ¢(g) - sL isa
bijection. Alternatively, this follows from a diagram chase. o

The band of a Galois groupoid

1.10 Let Gbe a Galois groupoid with kernel an algebraic group G. Let s be a set-theoretic
section to 7, as in 1.8. The automorphisms

Yo: G(k) » G(k), y,(8)=5,-g-5;', oe€Gallk/k),

form a descent datum modulo inner automorphisms on G, and so define the structure of
a band on G (Appendix C, §5). This structure is independent of the choice of the section
s. The band B(9) of G is well-defined up to a unique isomorphism.

When the kernel is commutative, the family of automorphisms (y,), is a descent
datum on G, and so G acquires a model over k, well-defined up to a unique isomorphism.

The cohomology class of a Galois groupoid

1.11 We fix a band B over k, and consider k/k-Galois groupoids equipped with an
isomorphism B ~ B(G). The cohomology set H2(k, B) is the set of isomorphism classes
of such systems. This agrees with the definition in Appendix C, §6.

1.12 When B is commutative, we can identify it with a commutative algebraic group G
over k. When G is of algebraic over k, H2(k, G) becomes the familiar Galois cohomology
group H*(Gal(k/k), G(k)).

Galois groupoids admitting a special section

In this subsection, we study an important class of Galois groupoids, which includes all
those with commutative kernels.

Let G be a k/k-Galois groupoid with algebraic kernel G, and let s be a set-theoretic
section to 7, as in 1.8. We say that (s, ), is special if the family (y, ), satisfies the cocycle
condition (6.3),

Yor = Voo(0Y:), 0,7 € Gal(k/k).
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Then (y,), is a continuous cocycle and so defines a model G, of G over k. Moreover,

def -1
Qo7 = Vo OV Vor

is a continuous 2-cocycle on Gal(k /k) with values in Z;(k), where Z;; is the centre of G.

Consider the category whose objects are the pairs (G, a), where G is an algebraic
group over k and a = (a, ;). rer is @ continuous 2-cocycle on I with values in Zg (k). A
morphism (G’,a’) — (G, a) is a pair (¢, f), where ¢ : G’ - G is a homomorphism of
algebraic groups over k and f = (f,)er is a continuous 1-cochain with values in G(k)
such that, for all o, 7 € Gal(k/k),

Aoz * faa(fr)fa_rl = go(aé,r)
ad(f;)oa*(p) = ¢.
Composition of morphisms is given by
(@, [)o(e", f') = (pod’, [,

where ! = ¢(f})f5,0 €T.
For an object (G, a), we let G be the extension

1 - G(k) - G — Gal(k/k) - 1
defined by the 2-cocycle a: the elements of G are the pairs (g, o) € G(k) x Gal(k /k), and

(8,0)(h,7) = (g oh - as,,07).
For example, if a, ; = 1 for all o, 7, then G is the split Galois groupoid G(k) X Gal(k/k).

PROPOSITION 1.13 The functor (G, a) ~ G from pairs (G, a) to k /k-Galois groupoids is
fully faithful; its essential image consists of the Galois groupoids admitting a special section.

PROOF Routine verification using descent theory. o

REMARK 1.14 Let P be a commutative k /k-groupoid with kernel P. Let ¢ : P — G be a
homomorphism of algebraic groups over k, and let Z,, be the centralizer of ¢(P) in G.
Assume that ¢ extends to a homomorphism ¢ : P — G, and let I, = Aut(¢). Then I, is
an inner form of Zy whose cohomology class can be described as follows. Choose special
section s, and let (d, ;) be the corresponding 2-cocycle. When we write ¢(s(0)) = (¢, 0),
we obtain a 1-cochain (¢, ) splitting the cocycle (¢(d,, ;)):

Co PCr = @(dp,r) * Cor-
For p € P(k) we have
pp(p) = p(pp) = ¢(s(p) - p - 5(0)™) = (o, p) - (D) - (cpr )™ = ¢, - () - ;7

andsoc, € Z(P(IE). The formula displayed above shows that the image of (c,) in Z,, /p(P)
is a cocycle. Its class in H(k, Z,/9(P)) depends only on the isomorphism class of ¢,
and it is the cohomology class of I,.
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The category of Galois groupoids

ToDo 17 Need to fix this subsection. However they are defined, the proposition should hold.

1.15 When G is an affine group scheme over k, we define a k/k-Galois groupoid with
kernel G to be an extension of groups

1 - G(k) - G — Gal(k/k) - 1
such that, for all algebraic quotients G — G, of G, the pushout
1 - G,(k) = G, — Gal(k/k) - 1

is a k /k-Galois groupoid with kernel G,. In particular, this means that we are given a
compatible system of germs of sections on the G,,.

PROPOSITION 1.16 Let D be the category of k / k-Galois groupoids and C the full subcategory
of k /k-Galois groupoids with algebraic kernel.
(a) The objects of C are artinian.
(b) The functor
“1lim”G, w limG, : ProC — D
— —

is an equivalence of categories, with quasi-inverse the functor sending an affine group
scheme G to the projective system of its algebraic quotients.

PROOF Let G be a k/k-Galois groupoid with kernel G. The subobjects of G are in one-to-
one correspondence with the subgroup schemes of G (see 1.9), and so G is artinian if G
is algebraic. The rest of the proof is opposite to that of Appendix B, B.10. O

In other words, the category of k /k-Galois groupoids is the category of pro-objects
in the category of k /k-Galois groupoids with algebraic kernel.

Galois groupoids and groupoid schemes

1.17 Let S, = Speck and S = Speck. Let (G, (t,s), o) be a k-groupoid scheme acting
transitively on S (see IV, 2.8). Then (S(k), G(k), (t, s), o) is a transitive groupoid (in sets).
In particular, (¢,s) : G(k) — S(k) x S(k) is surjective, so

Gky= || Gkya= || Hom(a,b),

(b,a)eS(k)xS(k) (b,a)eS(k)xS(k)

where G(k)p , is the fibre of G(k) over (b, a). Note that Gal(k/k) acts simply transitively
on S(k) = Hom(k, k). Let a denote the identity element in S, and let

E={feGlifNH=a= || Guu= || Hom(oa a).

oeGal(k/k) oeGal(k/k)

Write 7z for the map E — Gal(k/k) sending f € G, to 0. Define the product of
fi1:01a—aand f,: g,a > aby

f1-f2= fio01f2.

Then f; - f, € Gy 5,6,4- a0d 80

7(f1 - f2) = 0105 = w(f)7(f2)
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Moreover,
(f1-f2) - f3=freoifr00105f3=f1-(f2- f3)
fridg=f=id,-f
frotf Tt =idg =071 f,

so E is a group. We have constructed an exact sequence

1-G,q—E N Gal(k/k) — 1

of abstract groups and group homomorphisms. This is a k/k-Galois groupoid. This
explains our choice of name. See IV, 2.23, for more details.

2 Representations of Galois groupoids

2.1 Let V be a vector space over k and let o € Gal(k/k). An additive mapa: V -V
is said to be o-linear if a(c - v) = oc - a(v) for all ¢ € k and v € V. Note that if a; is
o;-linear and «, is o,-linear, then a,oq; is 0,0;-linear,

(z0a;)(c - v) = ay(01¢ - a1 (V) = 0,01€ - @00 (V).

2.2 Let V be a finite-dimensional vector space over k. Let G, be the collection of all
additive isomorphisms g : V — V that are o-linear for some o € Gal(k/k). Then G,
becomes a group under composition, and there is an exact sequence

1->GL(V)— Gy N Gal(k/k) — 1

in which 7 sends a o-linear map to o. The choice of a basis (v;); for V over k determines
asections: Gal(k/k) —» Gy tom,

s(@) (¢ -v) = ) oc - v;.

A different basis determines an equivalent section and so, in this way, we get a Galois
groupoid G, with kernel GL;,. Note that the choice of a k-basis for V determines a
Q-structure on V and a splitting of Gy, over k.

2.3 Let G be a Galois groupoid with kernel G. A representation of G on a finite dimen-
sional k-vector space V is a homomorphism of k /k-Galois groupoids p: G — Gy. In
other words, a representation of G on V is a representation p,: G — GLy of G on V
together with an extension p of py(k) to a commutative diagram

1 G(k) (€] Gal(k/k) — 1
oo | ||
1 —— GL(V) Sy Gal(k/k) — 1

compatible with the germs of sections.
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2.4 A morphism of representations (V, py,) and (W, py,) of Gis a k-linearmap ¢ : V —
W such that

v 2w

lpv(g) lpw(g)

v 2w

commutes for all g € G (equality of o-linear maps).
2.5 Let G be a k/k-Galois groupoid. The category Repf(S) of representations of G is on

finite-dimensional k-vector spaces is abelian and k-linear. It has a natural structure of a
symmetric monoidal category. For example, the trivial representation

1 G(k) g —— Gal(k/k) — 1
l ] lptrivial ”_
1 —— GL(k) Gk Gal(k/k) — 1.

in which pyvia(g) = 7(g) = o (viewed as a o-linear isomorphism k — k) is a unit
object. Duals exist, and obviously End(1) = k, so Repf(G) is a tensor category over k.
The functor sending a representation to its underlying vector space is a k-valued fibre
functor, so Repf(G) is tannakian category over k.

2.6 Let G be an algebraic group scheme over k, and let G be a k/k Galois groupoid
with kernel G;. We suppose given a section s to G — Gal(k/k) in the germ such that Q-
structure on G defined by s is G (see 1.4). For example, G could be G4 < G(k)xGal(k/k)
with its canonical section.

A representation p : G — GLy, of G on a finite-dimensional k-vector space defines a
representation p = p(k): G(k) - GL(V(k)) of G(k) on V (k) with the property that

p(og) =op(g), geGk), oeGal(k/k).

Every element of G can be written uniquely g - s(¢) with g € G(k) and o € Gal(k/k),
and we extend § to a representation g of G on V (k) by setting

p(g - s(0)) = p(g)o.

Thus, a representation of G defines a representation of G. Conversely, a representation
G — Gy restricts to a representation G(k) — V, which commutes with the action of
Gal(k/k) (for a suitable Q-structure on V), and so arises from a representation of G on
V. In this way, we get an equivalence of tensor categories over k,

Repf(G) — Repf(9).
In the next three paragraphs, we generalize this statement.

2.7 Let G be a k/k-Galois groupoid with kernel G. The choice of a section s,

Gal(k/K)
o

5 < Gal(k/k),
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in the germ of G determines a model of G over K, which we again denote G, and a
homomorphism

1 — G(k) —— G(k) x Gal(k/K) — Gal(k/K) —— 1

I- [ [

1 —— G(k) S T Gal(k/k) — 1,

The group-theoretic section s can be extended to a set-theoretic section s of G — Gal(k/k)
with the property that

s(o7) = s(o)s(t), allo € Gal(k/K), 1 € Gal(k/k).
See Lattermann 1989, 4.2.6.
2.8 In the situation of 2.7, we define a functor
Repf(G) — Repf(9) k).

A representation p : G — GLy, of G on a finite-dimensional K-vector space V defines a
. _ def - - ~ def = .
representation p = p(k) of G(k) on V = V @ k with the property that

plog) =a(p(g), geG(k) oe Galk/K).

Because G is smooth, p can be recovered from p and the action of Gal(k/K). Write gv
for p(g)v, and let

IndV ={f: Gal(k/k) - V| f(or) = 0 f(7), all 0 € Gal(k/K)}.
Then Ind V is a k-vector space by
Af)D) = @), 1€k, feIndV, e Galk/k),
and a Gal(k /k)-module by
@)@ = f(ro), feIndV, ot e Gal(k/k).

Every element x of G can be written uniquely x = g - s(c) withg € G(k) and o €
Gal(k/k), and we define an action of G on V by setting

(xf)(@) = (5(r) - g - s(0)s(za) ™) f(z0).

Then g - s(¢) acts o-linearly on Ind V, and this way we get a representation of G on Ind V.
There is an action of K on Ind V,

Af)@) =Af(r), A€K, feIndV, teGalk/k),
and so we have defined an object of Repf(§)(x). See Lattermann 1989, 4.2.7.

2.9 In the situation of 2.7, we define a functor
Repf(9)k) — Repf(G).

Let V be a finite-dimensional k-vector space on which G and K act compatibly, and let
V, be the subspace of VV on which the two actions of K coincide. Then V; is a finite-
dimensional k-vector space on which G(k) acts compatibly with the actions of Gal(k /K),
and so this action arises from a representation of G on a finite-dimensional K-vector
space. See Lattermann 1989, 4.2.8.
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2.10 The functors

Repf . (G) — Repf(9)«)
Repf(9) k) — Repf(G)

defined in 2.8 and 2.9 are quasi-inverse. See Lattermann 1989, 4.2.9.

3 Tannakian categories and Galois groupoids

Preliminaries

PROPOSITION 3.1 Let T be a tannakian category over k, and let k' be a finite separable
extension of k. If T has a k’-valued fibre functor, then T ;) is neutral.

PROOF Let w be a k’-valued fibre functor on T. For any (X, u) in T, @(X) has a natural
k! ®) k'-structure, and (X, u) » w(X) is a k’ ®; k’-valued fibre functor (see the proof
of I, 8.16). The multiplication map k’ X k' — k' defines a homomorphism of k-algebras
k' @ k' = k'. Now (X, u) » o(X) Queg,k k' is a k’-valued fibre functor on T (I,
8.6). °

COROLLARY 3.2 Let o' be the fibre functor (X, u) w @(X) ®ug, i k' on Tx. Then o’
defines an equivalence
Ty — Repf(Aut®(w’)),

of tensor categories over k'.
PROOF Combine the proposition with II, 3.1. O

PROPOSITION 3.3 Let T be a tannakian category over k. If T has a k-valued fibre functor
w, then T g is neutral.

PROOF As in the above proof, for any subfield k’ of k finite over k, the functor
X, ) » o(X) Qug,k k @ k

is a k ®j, k-valued functor on T(ky- Using the descripion of T(g in I, 8.19, we deduce that
there exists a k ®y k-valued fibre functor & on Ty, agreeing with this fibre functor on each
subcategory T . Now choose a homomorphism k ®; k — k, and set @ = @ ®g, & k.o

PROPOSITION 3.4 Let T be a tannakian category over k. Any two k-valued fibre functors
on T are isomorphic over k.

PROOF We saw in the last proof that every k-valued fibre functor w on T, extends to
a k ®y k-valued fibre functor & on T(g). If @’ is a second k-valued fibre functor, then,
because T g is neutral, @ and @’ are isomorphic, and this implies that w and «’ are
isomorphic. O

PROPOSITION 3.5 Let T be a tannakian category over k, and let w be a k-valued fibre functor
on T. For any algebraic tannakian subcategory T, of T, there exists a finite extension K C k
of k such that w restricts to a K-valued fibre functor on T,

PROOF Let Ty = (X)®, and let V = w(X). There exists a family ¢ of tensors for V such
that Aut®(w) = Aut(V,t). Now the pair (V, t) has a model over a finite extension K C k
of k and w|(X)® is K-valued. O
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Let T be a tannakian category over k, and let w be a k-valued fibre functor on T
(assumed to exist). For o € Gal(k/k), define w to be the fibre functor X w w(X) Rk k.
Then

92(%1) ~ 9291,
Define
9() = | | Isom®Cw,w),
oel

and let 7 : G(w) — Gal(k/k) be the map sending the elements of Isom®(Cw, w) to
o. From an isomorphism f: “w — w and an element p of Gal(k/k), we obtain an
isomorphism P f : #w — Pw by applying the functor — ®; , k. We define the product of
the elements f; : “'"w - wand f,: 2w, — w of G by the rule

fr/2
L f — o 0102 T, O1 %
f1-fa=f10%s, o o, ' @
Then
n(f1- f2) = 010, = n(f)7(f>),
and

(f1:S2) - f3=[ 1020 f3 = f1-(f2- f3)
f'idwzfzidw'f
frO T =id, =" S,

and so G has a group structure for which 7 is a homomorphism. We have an exact
sequence
1 — Aut®(w) —» G — Gal(k/k) — 1.

of abstract groups. The homomorphism 7 is surjective because any two fibre functors
on T with values in k are isomorphic. Every algebraic tannakian subcategory admits a
fibre functor with values in a finite extension K of k in k, which can be used to define a
section of 7w over Gal(k/K). From C and w we have constructed a k /k-Galois groupoid
9= Aut®(e) with kernel Aut®(w).
THEOREM 3.6 Let T be an essentially small tannakian category over k and w a k-valued
fibre functor on T.

(a) The extension G(w) is a k/k-Galois groupoid with kernel Aut?(w).

(b) The functor T — Repf(G(w)) defined by w is an equivalence of tensor categories over

k.

Conversely, if G is a k /k-Galois groupoid, then Repf(S) is a tannakian category over k, the
forgetful functor is a fibre functor, and G ~ Autf’(wforget).

PROOF Statement (a) is proved above. In proving (b), we may suppose that T is algebraic.
Then T has a fibre functor w over a finite exension k’, and

T N Repf(9)

is an equivalence because it becomes an equivalence after we have extended scalars to
K,
T(k’) i) Repf(/lut®(co’)) ﬁ Repf(g)(k/).

The final statement is proved in 2.5. o
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Notes

3.7 In 1.3 we defined a 2-category €€ n-d of k /k-Galois groupoids. Similarly (IV, 7.2)
we can define a 2-category 7 ann" of essentially small tannakian categories over k
equipped with a k-valued fibre functor w. There are 2-functors

Tann'" > €Crnd, (T,w)w~» /lutf’(co)
CCrnd — Tann, Gw Repf(9).

These define biequivalence.

We have classified tannakian categories over k equipped with a k-valued fibre functor.
Later (IV, 10.1) we shall see that all essentially small tannakian categories over k with
smooth band admit a k-valued fibre functor.

3.8 Let k’ be a finite extension of k. Essentially small tannakian categories over k
equipped with a fibre functor over k’ correspond to k /k-Galois groupoids equipped with
a splitting over k’.

3.9 To give a tannakian category T over k together with a k-valued fibre functor w is
essentially the same as giving a tannakian category T over k together with a k-valued fibre
functor @ and a descent datum. If p : Aut?(a)) — GLy is the representation attached
to (T, @), then giving the descent datum amounts to extending p to a representation
Aut?(a)) — Gy of the Galois gerbe attached to (T, w).

4 Examples

Galois groupoids for C/R

4.1 Let
Ve
1-G(C)— §— Gal(C/R) -1

be a C/R-Galois groupoid with kernel G. Choose an s € G such that 7(s) = ¢ (complex
conjugation). Let o : G(C) — G(C) be conjugation by s, and let ¢ = s2. Then o is t-linear,
c e G(C),and

o? =ad(c), o(c)=c. (*)

Every triple (G, o, c) satisfying these conditions arises in this way from a C/R-Galois
groupoid. When we replace the section s with sm, m € G(C), the pair (o, c) is replaced
by (oo ad(m), c(m)cm).

4.2 Let(G,o,c)beatriple satisfying the conditions in 4.1, and let G be the corresponding

C/R-Galois groupoid. Then Repf(G) is a tannakian category over R with a C-valued
(forgetful) fibre functor w such that G = Aut®(w). Together with Theorem 3.6, this
gives a description of tannakian categories over R that we exploit in Chapter V, §1.

5 Tannakian categories with band of multiplicative type

Let T be a tannakian category over a field k. If Aut®(w) is commutative for one fibre
functor w, then there exists an affine group scheme G over k such that Gy ~ Aut®(wg)
for any fibre functor wy over a k-algebra R. We then say that T has commutative band G.
In this section we study tannakian categories with band a group scheme of multiplicative
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type. They form an important class - for example, the category of motives over a finite
field is conjecturally of this type.

Throughout, k is a separable algebraic closure of a field k, and I' = Gal(k/k). We
implicitly assume that tannakian categories are essentially small.

Review of the Brauer group

5.1 Two central simple algebras A and B over k are similar if M,,(A) ~ M,(B) for some
m, n. This is an equivalence relation, and we let [A] denote the similarity class of A. The
Brauer group Br(k) of k is the set of similarity classes of central simple algebras over k
with the multiplication defined by

[A]-[B] =[A® B].
It is a commutative group with identity element [k]. Let V denote A regarded as a
vector space over k. Then A ®; A°PP acts on V by (a ® b)(v) = avb, and A ®; A°PP ~
Endy_jinear(V). Therefore [A]~! = [A%PP].
5.2 For a subfield L of k, let Br(L/k) denote the kernel of
[A] » [A® L]: Br(k) — Br(L).
Then Br(k) = | J Br(L/k), where L runs over the subfields of k finite over k.

5.3 LetL C k be a finite Galois extension of k. Every class in Br(L/k) is represented by a
central simple algebra A over k containing L as a maximal subfield (so [A : k] = [L: k]?).
Let E be the group of invertible elements « € A such that «La™! = L. Then each« € E
defines an element x — axa ™! of Gal(L/k), and the Noether-Skolem theorem implies

that every element of Gal(L/k) arises from an a € E. Because L is a maximal subfield of
A, the centralizer of L in A is L itself, and so the sequence

1 > L¥ — E - Gal(L/k) — 1

is exact. Let s : Gal(L/k) — E be a section to 7, and write
s(o)s(t) = a, ;5(o7).
Then a, , is a 2-cocycle, whose class in H*(L/k, LX) we denote by y(A).
THEOREM 5.4 The map A — y(A) induces an isomorphism
Br(L/k) - H*(L/k,G,,).
On passing to the limit over the finite Galois extensions of k in k, we obtain an isomorphism
Br(k) ~ H?(k,G,,) (Galois cohomology group).

PROOF See Serre 2001. o
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Numeric study of abelian categories

In this section, we define some numeric invariants of abelian and tannakian categories.
Later we determine these invariants for tannakian categories with band of multiplicative

type.

5.5 Let k be a field and A a locally finite k-linear abelian category. Recall that an object
of an abelian category is simple if it is nonzero and contains no proper nonzero subobject.
An object is isotypic if it is isomorphic to a direct sum of copies of a single simple object,
whose isomorphism class is then called the type of the isotypic object. Two isotypic
objects M and N have the same type if and only if M®™ is isomorphic to N®" for some
m,n > 0.

5.6 For a finite extension k’ of k, we let Ay denote the category whose objects are the
pairs consisting of an object of A together with an action of k’. There is an exact functor

ik’/k Ao A(k’)’ X w k' ®kX’

and Homp (k,)(k’ R X, k' ®Y) ~ k' ® Homp(X,Y). The forgetful functor
rk’/k: A(k/)—>A, (X,,Ll)-'\')X,

is also exact, and is right adjoint to i}/ /.. See I, 7.11.

5.7 If M is a simple object of A, then the smallest abelian subcategory (M) of A contain-
ing M is equivalent to the category of finite-dimensional vector spaces over the division
algebra D = End(M). The object M remains semisimple under an extension k’ /k if and
only if D ®; k’ is semisimple, i.e., a product of matrix algebras over division algebras.
This is true for all k’ if it is true for one perfect field containing k, or, equivalently, if the
centre of D is separable over k. One then says that M is absolutely semisimple.

5.8 The Grothendieck group K(A) of A is the free abelian group generated by the set
2(A) of isomorphism classes of simple objects of A. If k is an extension of k and M is a
simple object of A such that kK’ ® M is semisimple, then the decomposition of K’ ® M
can be read off from the structure of kK’ ®, D = D': if

, o
D' = H15i5r M, (D;), D;adivision algebra, n; >1,

then k' ® M decomposes into r isotypic components each of the form Sl.@"" with S; simple.
If k’ is Galois over k with Galois group TII, then the [S;], 1 < i < r, are conjugate under
the action of I1, and so there is a canonical bijection

5.9 Now assume that A is semisimple. Recall that this means that every object is a sum
of its simple subobjects, and hence a finite direct sum of simple objects (I, 7.14). If e is
simple, then every nonzero endomorphism of e is an isomorphism. Therefore, End(e)
is a division algebra. It contains k in its centre, and is finite-dimensional over k. Let
re denote the direct sum of r copies of e. Then End(re) ~ M,(End(e)). If ¢’ is a second
simple object, then either e ~ ¢’ or Hom(e, e’) = 0. Therefore, if x = ) r;e; (r; > 0) and
y = 2, s;e; (s; > 0) are two objects of A expressed as sums of copies of simple objects e;
such that e¢; % e; ifi # j, then

Hom(x,y) ~ H M, . (End(e;)).

Thus, the category A is determined up to equivalence by
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(a) the set Z(A) of isomorphism classes of simple objects in A;

(b) for each o € Z, the isomorphism class [D,] of the endomorphism algebra of a
representative of o.
We call Z(A) and ([D;])ses(a) the numeric characters of A.
Let k, denote the centre of D,. The isomorphism class of D, as a k-algebra is

determined by the isomorphism class of k, as an extension of k and the class ¢, of D, in
Br(k,).

5.10 Suppose in addition that A has a k-linear tensor structure. We call the numeric
characters of A the following data:

(a) the set Z(A) of isomorphism classes of simple objects of A;

(b) the multiplication in K(A) = Z® defined by the tensor product; this amounts to

giving, for all o, 7 € Z, the natural numbers cggf such that

oo,
oT = Zp CoP5

(c) the map
o (ks $s), $o € Br(ky),

considered in (5.9);

(d) the function
dim: A—->Z

when A is assumed to be tannakian.

5.11 Note that to give (a) and (b) is equivalent to giving the commutative ring K(A)
together with its “effective subset”

K(A)* = submonoid of K(A) generated by [M], M € obA,
=N®,

Indeed, T can be recovered from K(A)f c K(A) as the set of minimal nonzero elements
of K(A)*!. The datum (c) then allows us to recover, as described above, the functorial
variance of the ring K(A) with respect to k’. Finally, the datum in (d) allows us to
recover in principle the characteristic polynomial (in particular, the trace and determi-
nant) of a semisimple object M of A in terms of the reduced characteristic polynomial
(resp. reduced trace, reduced norm) in the central simple algebra End(M;) correspond-
ing to the isotypic components M; of M. Let M be isotypic of rank n, and suppose that
D = End(M) has centre Z of rank r over k; then n = n’r where n’ is the rank of M over
Z,and D is of rank d? over Z with d|n’. Moreover,

dety f = Nmy,(fNmp, f)"'/4
n/
Try f = TrZ/k(rTrD/Zf)E
Poly(f, 1) = Nmy (rPolp /- (f, )"/, n'/d = n/dr.

5.12 The knowledge of the numeric characters of a tannakian category A does not
allow us to reconstruct it up to equivalence, even if k is an algebraically closed field of
characteristic zero (in which case the datum (c) is vacuous) and A is semisimple, even
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in the particular case where A is the category of representations of a finite group.®> As an
exception to this remark, we shall show that a tannakian category with diagonalizable
band is determined by its numeric characters.

Neutral tannakian categories with diagonalizable band

Let G be an affine group scheme over k.

5.13 A k-character of G is a homomorphism y : G — G, (over k). The k-characters
of G form an abelian group X(G).

Let (O(G), A) be the Hopf algebra of G. A group-like element of G is an element
m € O(G)* such that A(m) = m @ m.

A k-character y of G corresponds to a homomorphism of k-algebras k[T, T~1] —
O(G) compatible with the comultiplications. Such a homomorphism sends T to a group-
like element a(y) of O(G) and is determined by it. Therefore y < a(y) is a one-to-one
correspondence between the characters of G and the group-like elements of O(G).

5.14 Letr: G — GLy be a representation of G on a finite-dimensional k-vector space
Vandp: V - V @ O(G) the corresponding co-action. For a k-character y of G, we let

V,={veV]|p)=v®a(x)}

and call it the eigenspace for G with character y.
The following conditions on G are equivalent:

(a) O(G)is spanned (as a k-vector space) by its group-like elements;

(b) for every finite-dimensional representation (V, r) of G,

v= P v,

XEX(G)

An affine group scheme satisfying these equivalent conditions is said to be diagonaliz-
able. See Milne 2017, 12.12.

5.15 Let M be an abelian group written multiplicatively, and let k[M ] be the k-vector
space with basis M. When equipped with the multiplication extending that of M and
the comultiplication determined by

Alm)=mQ@m, meM,

k[M] becomes a Hopf algebra. We let D(M) denote the corresponding affine group
scheme over k. Then D(M) is diagonalizable because the elements of M are group-like.
Conversely, if G is diagonalizable, then G ~ D(M) with M the group of group-like
elements in O(G). The functor D is an equivalence from the category of abelian groups
to the category of affine group schemes of multiplicative type.

For example, D(Z) = G, and D(Z/pZ) = ,, which is an infinitesimal group
scheme if char(k) = p and a finite étale group scheme otherwise.

3The first order for which there are two nonisomorphic noncommutative groups is 8, and their character
groups do not distinguish them. But see II, 8.11.
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5.16 Let G be diagonalizable, and let M = X(G), so G ~ D(M). Then Rep(G) is the
category of finite-dimensional k-vector spaces V equipped with an M-gradation,

V= @meM Vm
(cf. 11, 9.2).

THEOREM 5.17 A neutral tannakian category has diagonalizable band if and only if
(a) it is semisimple,

(b) the tensor product of any two simple objects is simple.

PROOF Let C be a neutral tannakian category, let w be k-valued fibre functor, and let
G = Aut®(w).

If G is diagonalizable, say, G = D(M), then w defines an equivalence of C with the
category Repf(D(M)), which has the properties (a) and (b).

For the converse, suppose that C has the properties (a) and (b). If S is a simple object
of C, thenevg: SY ® S — 1 is a nonzero morphism between simple objects, hence
an isomorphism. Therefore w(S)¥ ® w(S) ~ k, and so w(S) has dimension 1. Every
finite-dimensional representation of G is a sum of one-dimensional representations,
which implies that G satisfies condition 5.14(b) to be diagonalizable. O

Tannakian categories with diagonalizable band

Let G = D(M) be a diagonalizable algebraic group over k. The simple objects of Repf(G)
are the one-dimensional k-vector spaces on which G acts through a character. The
abelian group M can be recovered from Repf(G) as the set of isomorphism classes of
simple objects with the addition defined by tensor product. Alternatively, it is the group
of types of the isotypic objects.

PROPOSITION 5.18 Let T be a tannakian category over k admitting a fibre functor over k.
Then T has diagonalizable band if and only if

(a) it is semisimple, and
(b) the tensor product of any two isotypic objects is isotypic.

In this case, the set of types of isotypic objects M forms a group under tensor product, and
the band of T is D(M).

PROOF If T has diagonalizable band, then T is equivalent to Repf(D(M)) with M set
of types of isotypic classes in Tgy. Therefore T g, satisfies (a) and (b) (5.17), and it follows
that T satisfies these conditions (see I, 7.16 and 5.7)

Conversely, suppose that (a) and (b) hold, and let M be the set of types of isotypic
objects. As the tensor product of two isotypic objects is again isotypic, M has the structure
of an abelian group, and the isotypic objects are the homogeneous objects for an M-
gradation on T. The gradation defines a homomorphism

D(M) — Aut®(idt) = Z(band of T)

(I1, 9.2) and it remains to prove that this induces an isomorphism of D(M) onto the band
of T. It suffices to do this after an extension of the base field, and so we may suppose that
there is a k-valued fibre functor w on T. Once we have shown that the simple objects
of T have (categorical) dimension 1, the functor w will define an equivalence from T to
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the tannakian category of M-graded finite-dimensional k-vector spaces, and hence to
Repf(D(M)), as required. If S is a simple object of dimension r, then dim (S ® SV) = r?
by, 5.4. As S ® SV is isotypic, the coevaluation morphism shows that it is trivial, and
so Hom(1,S ® SV) has dimension r2. Recall that End(S) = Hom(1,S ® SY); see (13),
p- 15. As w induces an isomorphism

End(S) —» End(w(S)) ~ M, (k)
and End(S) is a division algebra, we see that r = 1. O

EXAMPLE 5.19 Let A be a central simple algebra over k. After possibly replacing A
with a similar algebra, we may assume that A contains a maximal field L Galois over k.
Consider the extension

1->L*—>E->Gal(L/k)—1 ™)
defined in 5.3. For each o € Gal(L/k), let s(o) be an element of E mapping to o. Then
5(0) - 05(1) = a5 5(07),

where (a, ;). is a 2-cocycle representing the cohomology class of A in Br(k).
Let V denote A regarded a k-vector space, and let L act on it by left multiplication.
The action of A on V defines an action r of E on V, and

End(V, r) ~ A°PP

(see1,9.6).
Let °V equal V as a k-vector space, but with ¢ € L acting as oc. Then left multiplica-
tion by s(o) is an L-linear map °V — V, which we again denote by s(c). Now

s(o)oos(t) = s(o1)

as L-linear maps otV — V.

Let T be the tannakian category of representations of E on finite-dimensional k-
vector spaces, and let w be the forgetful fibre functor. Note that E acts on V through the
action of A, and we have w(V) = V and “w(V) = °V. It follows that the cohomology
class of T is the image of the class of the extension (*) under the canonical map

H?*(L/k,LX) — H*(k/k,k*) = H%*(k, G,,).

EXERCISE 5.20 Show that a semisimple tannakian category has diagonalizable band if
and only if, for all isotypic objects X,

dimy(End(X)) = dim(X)?.

Let T be a tannakian category whose band is the diagonalizable group D(M). An
element m of M determines a homomorphism Z — M and hence a homomorphism

®m - H*(k,D(M)) — H*(k, D(Z)) =~ Br(k).

PROPOSITION 5.21 For any isotypic object X of type m, the homomorphism ¢,, sends the
class of T in H%(k, D(M)) to the class of End(X)°PP in Br(k).
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PROOF We prove this using Galois groupoids, which requires us to assume M has no
p-torsion if k has characteristic p # 0. For simplicity, we also assume that M is finitely
generated. For a proof using gerbes, see Saavedra 1972, VI, 3.5.3.

On choosing a fibre functor over k, we get a Galois groupoid

1 - DM)(k) - G — Gal(k/k) — 1

whose cohomology class in H%(k, D(M)) is the cohomology class of T.

Let X be an isotypic object of type m, and let A = End(X). After possibly replacing
X with a different isotypic object of type m, we may suppose that A contains a maximal
subfield L C k Galois over k. Let

1-L*—>E-Gal(L/k)—>1

the extension attached to A4 as in 5.3. The category (X)® is equivalent to the category
of the representations of this extension. Therefore the cohomology class of A°PP in
H?%(k,G,,) is equal to the cohomology class of (X)® (5.19). Since ¢,, sends the class of T
in H*(k, D(M)) to the class of (X)® in H?(k, G,,), this completes the proof. -

From ¢,,, we get a pairing
H?*(k,D(M)) X M — Br(k), x,m +— @,,(x).
PROPOSITION 5.22 Assume that M is finitely generated. The homomorphism
H?(k,D(M)) — Hom(M, Br(k)) (64)
defined by the above pairing is an isomorphism.

PROOF When M = Z, the homomorphism ¢, : H*(k,G,,) — Br(k) is the canonical

isomorphism H?(k, G,,) ~ Br(k). It follows that the proposition holds for Z, hence for

7D where I is any finite set, because both sides of (64) transform sums into products.
As M is finitely generated M, there is an exact sequence

0-20 579 s M -0
with I and J finite, and hence an exact sequence
0 - D(M) - G, - GL, - 0.

As for H?, we have H'(k,G.)) ~ H'(k,G,,)!, which is zero, and so we have an exact
sequence
0 » H*(k,D(M)) - H*(k,G,,) - H*(k,G,)".

On comparing this with the exact sequence
0 - Hom(M, Br(k)) -» Hom(ZY, Br(k)) - Hom(Z®, Br(k)),
we obtain the statement for M. O

The statement is true also when M is not finitely generated provided one interprets
H?(k,D(M)) as an fpgc cohomology group (the fppf groups need not commute with
infinite products).
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COROLLARY 5.23 If Br(k) = 0, for example, if k is separably closed or finite, then every
tannakian category over k with diagonalizable band is neutral.

SUMMARY 5.24 Let T be tannakian category over k with band D(M). Then T is deter-
mined up to tensor equivalence by a homomorphism

u: M — Br(k).

The category T is graded of type M. The homogeneous objects are the isotypic objects. For

each m € M, there is exactly one simple object (up to isomorphism) S,, homogeneous of

degree m, and End(S,,) is a division algebra with centre k and invariant u(m) in Br(k).
Let d(m) be the order of u(m) in Br(k). When k is a local or global field,

d(m) = 4/ dim(End(S,,)),

but not in general for other fields (period-index problem).
The Grothendieck ring of T is the subring K(T) C Z[M] determined by

Z n,|S,l € K(T) < n,, =0mod d(m) for allm € M.

A canonical basis of K(T) is formed by the elements d(m)[S,,].

5.25 When M = 7D, ie., G = Gl,, to give u amounts to giving an element ¢; € Br(k)
for each i € I. Choose, for each i, a nonzero isotypic object E; of degree i, and let
A; = End(E;) be a central simple k-algebra with invariant &;. It is possible to reconstruct
T (up to tensor equivalence) from the A;.

Consider first the additive subcategory having as objects the elements y € NO,
(¥ = (71);es being interpreted as ®El?/i), with

n QA% ify =9/

Hom(y,y") = 0 l ify #y'.

Composition of morphisms is obvious. Define in the obvious way the functor ® (addition
on N® on the objects, tensor product on the homomorphisms) and the constraints so
that one obtains a tensor subcategory. Its karoubian envelope is an abelian symmetric
monoidal category, which can be identified with the full subcategory of T formed of
objects whose nonzero homogeneous components have degree in N, There is a fibre

functor over k?'. On the other hand, for all i, if A; has of rank dl.2 (therefore E; is of rank

d;),let L; = detE; « /\di E; (where E; denotes the object of the category corresponding

to the ith element of the canonical basis of Z(!), say I; ...); it is a pre-invertible object
(X » L; ® X is fully faithful), and on inverting the L;, one obtains (up a tensor equiva-
lence) the category T. When M is not free, one finds an analogous construction in terms
of suitable systems of generators (y;);cs, but “putting equal to 1” certain elements. These
constructions are well adapted for describing the @-functors of T into a Tannakian cate-
gory, and to describing base change. For this last reason notably, it would be maladroit
in the general case to take the E; to be simple.
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Algebraic groups of multiplicative type and their representations

An algebraic group scheme G over k is of multiplicative type if it becomes diagonalizable
over some extension of k, in which case it becomes diagonalizable over a finite separable
extension of k. We let

X*(G) = X(Gg) € Hom(Gp, (Gyn)y)-

The functor G ~» X*(G) is a contravariant equivalence from the category of algebraic
groups of multiplicative type over k to the category of finitely generated Z-modules
equipped with a continuous action of r& Gal(k /k).

PROPOSITION 5.26 Let G be an algebraic group of multiplicative type over k. Then Repf(G)
is a k-linear semisimple abelian category whose isomorphism classes are classified by the
orbits of T acting on X*(G). Let (V,r) be the simple representation corresponding to an
orbit B, and let y € E; then End(V,r) =~ k(y), where k() is the subfield of k fixed by the
subgroup of T fixing y.

PROOF The group G is split by a finite Galois extension K of k - let ' = Gal(K /k). Then
I acts on O(Gg) ~ K ® O(G) through its action on K. Let (V, r) be a representation of
G, and let p be the corresponding co-action. By a semilinear action of T on (V, r), we
mean a semilinear action of T on V fixing p. It follows from descent theory (see §6) that
the functor V' w Vi from Rep, (G) to the category of objects of Rep, (G ) equipped with
a semilinear action of T is an equivalence of categories. Let V be a representation of G
over k. Then K ® V is a representation of G equipped with a semilinear action of I'. As
a representation of G, it decomposes into a direct sum

KQV = @XEX(GK) V.

An element y of T acts on K ® V by mapping V,, isomorphically onto V,,. Thus, we
see that the set of y occurring in the sum is stable under the action of I'. Conversely, if
E is an orbit of T' in X(Gg), then 69)( <= V', has a natural semilinear action of Gk, and
so arises from a (simple) representation of G over k. From this the statement follows
easily. o

Tannakian categories with band of multiplicative type

Let T be an essentially small tannakian category overa field k of characteristic zero, and
let w be a fibre functor on T over k. Assume that G & Aut®(a)) is an algebraic group of
multiplicative type. Then

1-Gk) - G-T—>1

with
G= /lut® |_| Isom®(Cw, w)
oel
is a k/k-Galois groupoid and the functor
T — Repf(9)

is an equivalence of tensor categories (3.6).
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Let y € X*(G), let I'(y) be the subgroup of T fixing y, and let k(y) = k'), Then
x is defined over k(Y), and from y : Gy,) = G,, (homomorphism of commutative
algebraic groups over k(y)), we get a homomorphism

H2(k(2), Giy)) = H*(k(x), G-

On combining this with the restriction map H?(k, G) - H?(k(x), Gy,)) and the isomor-
phism H?(k(x), G,,) =~ Br(k(y)), we get a homomorphism

H?(k,G) — Br(k())). *)

PROPOSITION 5.27 LetV(y) = @x’ ery V... ThenV(y)issimple, End(V()) is a division

algebra with centre k( ), and the homomorphism (*) sends the class of T in H*(k, G) to the
class of End(V(y)) in Br(k(x)).

PROOF This is a straightforward consequence of the above definitions (see the case of a
torus). 0

THEOREM 5.28 The category T is a locally finite semisimple k-linear abelian category, and
the fibre functor w defines a bijection

2(T) ~ I\ X*(G),

where G = Aut?(w). IfV(x) is the simple representation corresponding to the orbit Ty,
then End(V (y)) is a division algebra with centre k(y), and its class in Br(k(y)) is the image
of the class of T under the homomorphism .

PROOF This summarizes previous results. o

When do the numeric characters determine a tannakian category up to a
numerical equivalence?

The question of deciding whether the numeric characters determine the Tannakian
category up to equivalence comes down, for a fixed G, to determining whether an element
£ € H%(k,G) is known when u () is known forallu : G — (Gm)z, i as before. This is
true when G is diagonalizable. We look at some other examples.

5.29 Let G be a one-dimensional torus, hence either G, or G,, twisted by a quadratic
extension Z of k. In the second case, we have an exact sequence

u NmZ/k
0— G — Guzx — G — 0

and we conclude from the exact cohomology sequence and Hilbert’s Theorem 90, that
Ker(u: H*(k,G) — H*(k,(G,,), /k) is zero. In this case, the numeric characters deter-
mine T up to equivalence.

5.30 Let P be the group of multiplicative type conjecturally attached to the category of
motives over F. An element of H*(Q, P) is zero if its image in H*(Q, (G,))q[)/q) is zero
for all characters y of P. See the statement (*) and its proof following Lemma 3.15 in
Milne 1994.

NOTES This section is partly based on Saavedra 1972, VI, 3.5, and an unpublished manuscript
of Grothendieck.
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6 Appendix: Galois descent

Let V be an algebraic scheme over a field k; and let o : k; — k, be a homomorphism
of fields. We let oV denote the algebraic scheme over k, obtained by applying o to the
coefficients of the equations defining V, and for P € V(k,), we let P denote the point
on oV obtained by applying o to the coordinates of P.

6.1 LetV be an affine algebraic variety over k. Let A = T'(V, Oy,), and let ¢ € T'. We say
that a bijection 1 : V(k) — V(k) is o-linear if there exists a o-linear automorphism 1’
of the k-algebra A such that

A f)YAP) = o(f(P)), all f €A, PeV(k)(=Homg(A,k)). (65)

To give such a A is the same as giving an isomorphism A : gV — V of algebraic varieties
over k. Indeed, such an isomorphism defines an automorphism A of V(k),

__ can, _ Ak _
V(k) — (oV)(k) — V(k),
and a k-algebra automorphism A’ of 4,

can, rv,A)™!
v, 0y) — I'(cV, O,,) —— T(V, Oy),
which are related by (65). Moreover, A is uniquely determined by 4, and a 4 arises from
a A if and only if there exists a A’ satisfying (65).
An action * : TxV(k) = V(k) of T on V (k) is said to be regular if, for all o € T, the
map
0P oxP: (oV)(k) = V(k)

is regular, i.e., defined by a morphism oV — V of algebraic varieties over k. An action %
of I" on V (k) is regular if and only if the map

P+ oxP: V(k) - V(k)

is o-linear for all o € T'. There is a one-to-one correspondence between regular actions
% of I on V(k) and actions (o, f) = 9f : T X A — A of T on A by semilinear k-algebra
homomorphisms, given by

Cf)o*P) = a(f(P)), allP e V(k).

For example, if W = Spec B is a variety over k, then the natural action of ' on W(k) is
regular, and corresponds to the action of I on B ®; k through its action on k.

6.2 LetV be an algebraic variety over k. An action * of ' on V' (k) is said to be continuous
if there exists a subfield K of k finite over k and a model (W, ¢ : V = W;) of V over K
such that the action of Gal(k/K) is that defined by W. This means that the bijection

p(k): V(k) » W(k)

is I'-equivariant, that is,

e(k)(0 * P) = o (p(k)(P))
Two such models, over K and K’ say, become isomorphic over some finite extension of
K-K'.

Suppose that V is affine, and let A = T'(V, Oy,). Call an action of T" on A trivial if there
exists a model A, of A over k such that the action is induced through the isomorphism
Ay ® k ~ A from the action of " on k. The action of T on V is continuous if and only if
it becomes trivial on an open subgroup of T'.
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It is easy to write down actions that are not continuous, but, in practice, those
“occurring in nature” are continuous.

6.3 Let V be an algebraic scheme over k. A k/k-descent system on V is a family of
isomorphisms ¢, : oV — V, o € Gal(k/k), satisfying the cocycle condition

Por = po0(0p,) forallo,7 € Gal(k/k).

A model (V,, ¢) of V over a subfield K of k splits the descent system if ¢, = ¢~ oo for
all o fixing K. A descent system is continuous if it is split by some subfield K finite over
k. A descent datum is a continuous descent system. A descent datum is effective if it
is split by a model over k. When V is quasi-projective, every descent datum is effective
(see, for example, Milne 2024, 7.3).

THEOREM 6.4 The functor V - (V, %) sending an affine algebraic variety V over k to an
affine algebraic variety over V over k equipped with an action of T on V (k) is fully faithful
with essential image the pairs (V, x) such that * is continuous and regular.

PROOF For the fully faithfulness, see, for example, Milne 2024, 4.5. For the description of
the essential image, let V be an affine algebraic variety over k equipped with a continuous
regular action of I'. For each o € T, there is an isomorphism of algebraic varieties
@, : oV — V sending oP to o % P. The family (¢p,), obviously satisfies the cocycle
condition, and it is continuous because the action is continuous. Therefore, it is a
descent datum on V. As V is affine, this descent datum is effective. O

In particular, algebraic groups over k correspond to algebraic groups over k equipped
with a continuous regular action of T on their k-points. This gives a description of
algebraic groups over k that is close to the classical (pre-scheme) description. In a step
that some may consider retrograde, we extended this to a description of k-groupoids
acting transitively on Spec k.

NoTEs Langlands and Rapoport (1987) introduced Galois groupoids (which they called Galois-
gerbes) as a down-to-earth tool for studying tannakian categories over a field of characteristic
zero equipped with a fibre functor over the algebraic closure of the field. This chapter is based
on their article and on the exposition in Lattermann 1989.



Chapter IV

Tannakian categories and
groupoids

In this chapter, we describe tannakian categories in terms of affine groupoid schemes
(following Deligne 1990).

Throughout, k is the base commutative ring (usually a field). Unadorned tensor
products are over k, and unadorned products are over Spec k.

In §1, we state Deligne’s theorem relating tannakian categories with a fibre functor
over a scheme to groupoids acting transitively on the scheme

(T,w) « (S,G).

In §2, we define groupoid schemes; in §3, we describe their representations; in §4,
we interpret the representations as comodules over a coalgebroid; in §5, we prove the
comonadicity theorem; in §6, we construct the coalgebroid of endomorphisms of a fibre
functor and prove Deligne’s theorem; in §7, we restate the results in terms of 2-categories.

1 Statement of the main theorem

In this section, k is a field.

A groupoid of sets is a small category in which all morphisms are isomorphisms.
Thus giving a groupoid amounts to giving a set S (of objects), a set G (of arrows), maps
t,s: G =3 S (sending an arrow to its target and source respectively), and a partial law of
composition satisfying certain conditions. When S has only a single element, G is just a
group, and so we can think of a groupoid as being a “group with many objects”.

A groupoid scheme is a groupoid in the category Aff, of affine schemes over k. Thus,
it consists of an affine k-scheme S, an affine k-scheme G, morphisms ¢,s: G = S, and
a partial law of composition o such that (S(T), G(T), t, s, o) is a groupoid of sets for all
affine k-schemes T. We usually refer to G as a k-groupoid acting on S. The morphism
(t,8): G — SxSallows us toregard G as an S x S-scheme. We say that G acts transitively
on S if there exists a faithfully flat morphism S’ — S x S such that Homg,s(S’, G) # 0.
Later we shall see that this is equivalent to G itself being faithfully flat over S x S.

We present a detailed description of groupoids in §2. In §3, we define the category
Repf(S:G) of representations of G on locally free sheaves of finite rank on S. Thisis a
k-linear symmetric monoidal category.

153
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When (T, ®) is a tannakian category over k and w is a fibre functor on T over a
nonempty k-scheme S, we let Autl‘?(a)) denote the functor sending an S X S-scheme
(b,a): T — S x S to the set of isomorphisms of @-functors a*w — b*w.

THEOREM 1.1 (DELIGNE 1990, 1.12) Let T be an essentially small tannakian category
over k and w a fibre functor on T over a nonempty affine k-scheme S.

(a) The functor /lut?(cu) of S X S-schemes is represented by a k-groupoid G acting
transitively on S.

(b) The functor T — Repf(S:G) defined by w is a ®-equivalence.
Conversely, if G is a k-groupoid acting transitively on a nonempty k-scheme S, then
Repf(S:G) is a tannakian category over k and G ~ Autf’(cuforget).

Thus the theorem provides a dictionary between tannakian categories over k equipped
with a fibre functor over S and k-groupoids acting transitively on S.

EXAMPLE 1.2 When S = Spec k, Theorem 1.1 becomes Theorem 3.1 of Chapter II.

NOTATION 1.3 Let T be a tannakian category over k. When w; and w, are fibre functors
over S, we let ﬂsom?(cul, w,) denote the functor of S-schemes

(T - S) Isom®(u*a)1,u*w2).
When w; and w, are fibre functors over S; and S, respectively, we let

Jsomf’(cuz, wy) = Jsom?lxsz(pr; Wy, pry @),

so, as a functor of S; X S,-schemes, Jsomf’(wz, wy) is

(b,a) R % #
(T — S; X S,) w» Isom® (a*w,, b*w,).
For a fibre functor w over S, we put

Aut?(w) = f]som?(co, w)

def * %
Aut,;@(co) = Jsoml?(w, w) = Jsom?xs(prz w, pry ).
Thus, Aut?(cu) is the functor of S-schemes

(T -5 ) » Aut®(u*w)

and Autf’(a)) is the functor of S X S-schemes

(b.a) R x *
(T — S xS)» Isom~(a*w, b*w).
As a functor of k-schemes, Autf’(w) sends a k-scheme T to
{(b,a,p) | b,a: T—S, ¢:a*w-—">b*w}

According to Theorem 1.1, Autl‘?(w) isrepresented by an SxS-scheme (¢,5) : G — SXS

and the partial law of composition on Autf’(w) makes (S, G, t, s, o) into a k-groupoid
actingon S.
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Before sketching the proof of the theorem, we prove an important corollary.

COROLLARY 1.4 Let T be as in the theorem. Any two fibre functors on T over an affine
k-scheme S become isomorphic over some faithfully flat covering of S.

PROOF Let w; and w, be fibre functors on T over k-schemes S; and S, respectively. The
functor sending a fibre functor over S o S; U S, to its restrictions to S; and S, is an
equivalence of categories. Thus, w; and w, arise from a fibre functor w over S, unique
up to a unique isomorphism. On applying the theorem to (T, w), we find that Aut?(w)
is represented by a k-groupoid G acting transitively on S. The transitivity implies that
there exists a faithfully flat morphism S’ — S x S such that Homg,s(S’,G) # @, i.e.,
such that Aut;cg’(co)(S’ ) # @. Note that

SXS=(SlXSl)U(SlXSZ)U(Szxsl)U(SZXSZ).

We now take S; = S, = S, so w; and w, are fibre functors over S,. The restriction of
flut,;@(cu) to the diagonal S, in S, X S is ﬂsom?; (w1, w,), and so ﬂsom?; (cwy,w,)(S") # @,
where S” = Sy Xgus S’. As S” is faithfully flat over S, this completes the proof. o

We prove Theorem 1.1 in §6, after presenting various preliminaries in §2-§5. Before
outlining the proof, we review the proof in the neutral case.

Let T be a tannakian category over k and w a k-valued fibre functor on T. We want
to realize (T, w) as (Repf(G), wrorger) for some affine group scheme G. Initially, we forget
the tensor structure on T and simply regard it as an abelian category. A result of Gabber
(11, 3.13) allows us to write T as a union of categories of the form Mod 4 with A a finite-
dimensional k-algebra. An elementary argument then allows us to replace Mod 4 with
coModc, where C is the dual coalgebra, and realize the whole of (the abelian category)
T as the category of comodules over a k-coalgebra C. Now the tensor structure on T
provides C with an algebra structure, and the existence of duals implies the existence of
an antipode.

The proof in the general case is similar except that, at each stage, we must replace
an object by its more complicated “-oid” generalization, and to realize T (as an abelian
category) as a category of comodules, we appeal to the comonadic theorem in category
theory.

In §2 we develop the basic theory of affine groupoid schemes, and in §3 we show
that the category of representations Repf(S: G) is tannakian. In §4 we explain how to
interpret representations of affine k-groupoids as comodules over coalgebroids in the
same way that representations of affine k-groups can be interpreted as comodules over
coalgebras.

In §5, we prove the comonadic theorem of Barr and Beck. This is a result in category
theory that provides a solution to the following problem: given a faithful functor F : C —
B, use F to define a structure on B with the property that C can be recovered from B and
the structure.

After these preparations, in §6 we prove Theorem 1.1. Let T be a tannakian category
over k and w a fibre functor on T over an affine k-scheme S. We first use the results on
abelian categories proved in Chapter II and the comonadicity theorem to show that the
abelian category T is equivalent to the category of comodules over the coalgebroid L(w)
of “endomorphisms of w”. Now the tensor structure on T allows us to provide L(w) with
an algebra structure, and the rigidity of T implies that Spec L(w) is a k-groupoid G acting
on S (rather than a k-monoidoid).
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It remains to show that G is faithfully flat over S X S. For this, we use the statement (I,
10.8) that for a ring (A, m, e) in a tensor category, the morphisme: 1 — A is faithfully
flat. In §10 of Chapter II, we constructed a tensor category T [X] T with the property that
a fibre functor w on T over S = Spec B defines a fibre functor w X w on TX] T over S X S.
The B ® B-algebra L(w) is faithfully flat because it is the image by w X w of an Ind-object
containing Tof T T.

The remaining sections §7-§10 add various complements.

REMARK 1.5 When one defines a groupoid scheme to be a groupoid in the category
of all (not necessarily affine) schemes over k and allows fibre functors over nonaffine
schemes, one arrives at the following statement.

Let T be an essentially small tannakian category over k and w a fibre functor
on T over a nonempty k-scheme S.

(a) The functor Autf’(a)) of S X S-schemes is represented by a k-groupoid
G acting transitively on S.

(b) The functor T — Repf(S:G) defined by w is an equivalence of tensor
categories.

Conversely, if G is a k-groupoid acting transitively on a nonempty affine k-
scheme S, then Repf(S: G)is a tannakian category over k and G ~ Autf’ (Wforget)-

This is Deligne’s original statement (Deligne 1990, 1.12). As he remarks (ibid., 1.13), it
suffices to prove the statement with S affine. Moreover, /lutl?(co) is represented by a
groupoid G affine over S X S (see IV, ?? below). Thus, requiring everything to be affine
changes little. The reader can consult the original works of Deligne for the more general
statements.

2 Groupoid schemes

Throughout this section, k is a field.

Groupoids (in Set)

A groupoid (in Set) is a small category in which every morphism is an isomorphism.
Thus giving a groupoid amounts to giving a set S (of objects), a set G (of arrows), two
maps! £,s: G = S (sending an arrow to its target and source respectively), and a partial
law of composition,

(g,h) — goh: Gs§tG - G, WhereGS>§[G={(g,h)eG><G|s(g)=t(h)},

satisfying the following conditions: composition of arrows is associative; each object has
an identity arrow; each arrow has an inverse. We often refer to (S, G) as a groupoid or to
G as a groupoid acting on S. The map (¢,5): G — S X S allows us to regard G as a set
over S X S.

EXAMPLE 2.1 A group G defines a groupoid as follows: take S to be any singleton, ¢t and
s to be the unique maps to S, and o to be multiplication on G. Conversely, if (S, G) isa
groupoid with S a singleton, then (G, o) is a group.

'In French, t and s become b and s (but and source), and in German z and g (Ziel and Quelle).



2. Groupoid schemes 157

A groupoid (S, G) is said to be tramsitive if the map
(t,s): G > SxS,

is surjective, i.e., if for every pair of objects (b, a) of S there exists an arrow a — b.
Let G be a transitive groupoid. Write G, , for the fibre of G over (b, a); thus

Gra={8€G|s(g)=a, t(g) =b}=1{g | g: a - b} = Hom(a, b).
There is a law of composition

Gc,b X Gb,a - Gc,a
Hom(b, ¢) x Hom(a, b) - Hom(a, c).

This law makes G, = G,,q into a group, called the vertex or isotropy group, and Gy, ,
into a right principal homogeneous space under G,. The choice of an elementu;, , € Gy,
defines an isomorphism ad u;, , : G, — G, which is independent of uy, , up to an inner
automorphism. The kernel G* of G is the family (G,),ecs. It can be viewed as a relative
group over S.

If G is transitive and G, is commutative for one (hence all) a € S, then G is said to
be commutative. In this case the isomorphism adu;, , : G, — Gy, is independent of
the choice of u, 4, and so there is a canonical isomorphism G, X S — G for any o € S.
Therefore, G2 is a constant group over S.

EXAMPLE 2.2 Let S be a topological space. The fundamental groupoid 11 of S is the
groupoid acting on S for which IT, , is the set of paths from a to b taken up to homo-
topy. The law of composition is the usual composition of paths. The group I, is the
fundamental group 7, (S, a). The fundamental groupoid IT acts transitively on S if S is
path-connected.

This is the archetype that should be kept in mind when thinking of groupoids.

EXAMPLE 2.3 Let S be asetand k a field. Let V = (V,;),es be a family of k-vector spaces
indexed by S. For a,b € S, let

Gpq = Isom(V,, V).

Then G(V) & LI, pes Ob,a Decomes a groupoid acting on S with (Gp ) = a, t(Gp4) = b,

and G, X Gp, — G., the composition of isomorphisms. If the V, all have the same
finite dimension, then G(V') acts transitively on S.

A morphism of groupoids acting on S is amap f: G — H that, together with
the identity map S — S, forms a functor. A morphism a: f — f’ of morphisms
f>f": G = H of groupoids acting on S is simply a natural transformation. Thus it is a
family of arrows «, : a — a in H, indexed by the elements of S, such that the diagrams

O‘a
—_—

f(gb,a)

S «— Q

a
| 7@
b

Ap
—_—

commute for all g, , € Gp,. In this way, the groupoids acting on a fixed S form a
2-category.
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DEFINITION 2.4 Let G be a groupoid acting on S, and let V = (V;),es be a family of
k-vector spaces of the same finite dimension. A representation of G on V is a morphism
p: G — G(V). Thus, for each g € G, we have an isomorphism p(g) : V) = Vi),
such that

(a) for the identity element e, of G,, p(e,) : V, = V, is the identity map,

(b) p(goh) = p(g)op(h) if s(g) = t(h).
REMARK 2.5 Let (S,G) be a transitive groupoid. For any a € S, the group G, is a
skeleton of the category (S, G). This example should discourage readers from considering
equivalent categories, even with a given equivalence, as being “the same”.

Groupoids internal to a category

A groupoid internal to a category is a diagram

————— - —_
G X 1 = S
s,S,t ___pl;l_ / N—t)

inv

in the category such that the following equalities hold,

som = sopr,, fom ={fopr,,

soe = idg = toe,

mo(idg Xgm) = mo(m Xg idg),

mo(idg Xse)o(idg, s) = idg = mo(e Xy idg)o(s, idg),

soinv =t, toinv = s,
mo(inv,idg) = eos,
mo(idg,inv) = eot

The first collection of equalities expresses that the diagram is an internal category (s
and ¢ send an arrow to its source and target respectively, e sends an object to its identity
morphism, and m sends a pair of composable arrows to their composite), and the second
collection expresses that inv sends an arrow to its inverse (its existence means that
inverses exist).

EXAMPLE 2.6 The fundamental groupoid of a topological space S has a natural structure
of a groupoid in the category of topological spaces if S is locally path connected and
semilocally simply connected. It is Hausdorff if and only if S is Hausdorff.

EXAMPLE 2.7 A Lie groupoid is a groupoid t,s: G =3 S internal to the category of
smooth manifolds, except that we require the maps ¢ and s to be submersions so that

G >S< G is a submanifold of G X G.
s,5,t

Groupoid schemes

A groupoid scheme over k is a groupoid internal to the category Aff, of affine schemes
over k.

DEFINITION 2.8 A groupoid scheme over k consists of
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o affine k-schemes S and G,
¢ apair of morphisms ¢,5: G =3 S of k-schemes (making G into an S X S-scheme),

o amorphismo: G >S< G — G of S X S-schemes
S,9,t

such that, for all affine k-schemes T, the system

S(T), G(T), t,s:G(T)=z3S(T), o:G() SSZ<T)[G(T) - G(T)

is a groupoid (in Set). We usually call (S,G) a k-groupoid acting on S or an S/k-
groupoid.

2.9 The condition in the definition can be expressed in terms of diagrams.
(a) The associativity of composition says that the two morphisms

oxid
GXGxXxG ——3GxG—¢G
5,56 8,8t id xo 5,8,t

are equal.

(b) The existence of identity maps says that there exists a morphisme: S - G
of S X S-schemes (regarding S as an S X S-scheme by A: S — S X S) such that both
morphisms

GngS%GxG—°»G

5,,id s5,S,t
xid
G~S X G5 G xG6G—G
id,S,t s,S,t

equal idg.
(c) The existence of inverses says that there exists a morphism inv: G — G of
k-schemes such that

soinv =t
toinv =g
and the diagrams
G (inv,id) G x G G (id,inv) G x G
l s,S,t s,S,t
S | l 5
s —2 G S ——> G

commute.
The morphisms e and inv, when they exist, are uniquely determined by (S, G, t, 5, o).

REMARK 2.10 Without the condition (c), we get the notion of a monoidoid scheme
over k, i.e., a small category internal to the category Aff,.

DEFINITION 2.11 Let S be an affine k-scheme, and let G and H be k-groupoids acting
on S. Amorphism f : G — H of S X S-schemes is a morphism of k-groupoids acting
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on S if f(T): G(T) — H(T) is a morphism of groupoids acting on S(T') for every affine
k-scheme T'. This condition can also be expressed by saying that the diagrams

Ixf f

G XG——HXH G————> H
s,S,t s,S,t
\ / (66)
N A
¢c—7' .m S

commute.

DEFINITION 2.12 We say that an S/k-groupoid G is transitive, or that G acts transi-
tively on S, if the morphism (¢,5) : G — S X S is covering for the fpqc topology, i.e.,
there exists a commutative diagram

T
l thuuy flat
G

9 s

Obviously, G is transitive if (t,s) : G — S X S itself is faithfully flat. Below (2.18), we
show that the converse is true.

EXAMPLE 2.13 When S = Speck, a k-groupoid acting on S is nothing but an affine
group scheme over k. It is automatically transitive.

Let G be a k-groupoid acting on S. For a scheme (b,a): T — S X S over S X S, we
write Gy, 4 for (b, a)*G. Note that b and a are objects of the category S(T), and G, , can
be thought of as the scheme of arrows a — b,

Gpq = “Hom(a, b)”.
The law of composition provides morphisms (of schemes over T)

Gc,b Xr Gb,a d Gc,a-

This law makes G, = Gaa déf (a,a)*G into an affine group scheme over T, which is flat

if G is transitive.

EXAMPLE 2.14 Let S be an affine k-scheme and V a locally free Og-module of constant?
finite rank. There exists a k-groupoid G(V), acting transitively on S such that, for any
scheme (b,a): T - SXSoverS xS,

G(V)(T) = Isomgy, (a*V,b*V).

Fora=b =5 € S, we have
G(V)s = GLVS’

where V is the fibre of V over s (a finite-dimensional x(s)-vector space).

2If the rank is not constant, G(V) may fail to act transitively.
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Groupoids regarded as fibred categories

2.15 Let (G, S, (t,s),0) be a k-groupoid acting on S. By definition, for any affine k-
scheme T, the quadruple

(S(1), G(T),(t,5),0)

is a groupoid (in sets). For varying T, these categories form a fibred category over Aff,,
which we denote by G°(S: G), or just G°.
Thus, for an affine k-scheme T,

def

obG). = S(T) = Homy(T, S),

and, for a,b € obG). = S(T),
HomGg(a, b) ={h € G(T) | soh = a, toh = b}.

For a morphism f : T/ — T of affine k-schemes, the inverse image functor f* sends an
object a € S(T) to aof € S(T”) and a morphism h € G(T) to hof.

A morphism f : G — H of groupoids is a cartesian functor G°(S : f): G°(S:G) -
G°(S: H), i.e., a family of functors compatible with base change.

2.16 Let T be an affine k-scheme, and let a and b be objects of the fibre of G° over T, so
a,b € S(T). Define Jsom(a, b) to be the functor

(T’ —f> T) w Isomgo (f*a, f*b): Affr — Grp.
T/

Note that

def

Isomgo (f*a, f*b) = {h: T —» G | soh = aof, toh = bof}
T

= Isomg,s(T’, G)

~ Isomq(T’, G Xgys T),

GXSXST — G

2
e l lam)

e b,
y (A R R R NS

so IJsomr(a, b) is represented by the T-scheme G Xg,g T. In particular, Isomr(a, b) is a
sheaf on T for the fpqc topology.

For example, let Q be the tautological object of G° over S, namely, Q = idg. Then
prj Q and pr; Q are objects of the fibre of G over S x S, and the sheaf

Isomgys(pr; Q, pry Q)

on S X S is represented by the S X S-scheme (¢,5): G - S X S.
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Transitive groupoids

PROPOSITION 2.17 Let G be a k-groupoid acting on S. The following are equivalent:
(a) G is transitive;

(b) the objects pr;,pr,: SXS — Sof ngs are locally isomorphic;

(c) any two objects a,b: T — S of G°, where T is an affine k-scheme, are locally
isomorphic.

PROOF To say that the objects pr; and pr, in ngs are locally isomorphic means that

there exists a faithfully flatmap f: T - SxSandan h: T — G such that
soh =pr,of, toh=pr,of,

i.e., such that h € Homgys(T,G). Thus the condition for pr, and pr, to be locally
isomorphic is the definition of “transitive” (2.12).

Assume that pr, and pr, are locally isomorphic. We show that any two a, b € ob G% =
S(T) are locally isomorphic. From

b

m S { pr, o(a,b) = a

T —> SXS ———

pry
N~

we see that b = (a,b)* pr, and a = (a, b)* pr;. If pr; and pr, become isomorphic on a
faithfully flat covering U — S X S of S X S, then a and b become isomorphic on the
faithfully flat covering T Xgyg U — T. O

pr,o(a,b)=b

PROPOSITION 2.18 A k-groupoid G acting on S is transitive ifand only if (t,s) : G — SXS
is faithfully flat.

PROOF The necessity if obvious. For the sufficiency, let x be a point of S X S, and let
T — S X S be a morphism with image x. On pulling back the diagram in 2.11 to T, we
see that x is in the image of (t, s), and hence (¢, s) is surjective. It remains to prove that
it is flat.

LetQ = idg € S(S) = ob G(S’. We saw in 2.16 that that G, regarded as an S X S-scheme,
represents the sheaf Jsomg,(pr;, Q, pry Q) on S X S. On pulling back by the diagonal
A: S — SxS,wededuce that G Xgys a S represents the sheaf Autg(Q) on S. As a first
step, we show that Autg(Q) (by which we mean the scheme representing it) is flat over
S.

Leta: P — S be a morphism of affine k-schemes with P the spectrum of a field, and
consider the diagram

prp
S XSpec(k) P——>P

l/ l

S —— Spec(k).

As G is transitive, the two objects prg Q and prj(a*Q) of ngp become isomorphic on
some affine U faithfully flat over S X P. Therefore Autg(Q) and Autp(a*Q) become
isomorphic when restricted to U. As Autp(a*Q) is obviously flat over P, this implies
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that the restriction of Auts(Q) to U is flat over U, which implies that Autg(Q) is flat
over S because U is faithfully flat over S.

Recall that, as a scheme over S X S, G represents Jsomg,s(pr; Q, pr; Q). As G is
transitive, there is a faithfully flat morphism f : U — S X S such that pr} Q and pry Q
become isomorphic over U. On choosing an isomorphism, we get an isomorphism of
sheaves over U,

Isomy(f* pr; Q, f* pr] Q) ~ Auty(f* pry Q).
As the scheme representing the right-hand sheaf is flat over U, so is the scheme repre-
senting the left-hand sheaf. This is G Xgys U, and so G is flat over S X S. o

Pullbacks of groupoid schemes

Let G be a k-groupoid actingon S, and letu : T — S be a morphism of affine k-schemes.
The pullback of Gbyu Xu: T XT — S X S is a k-groupoid acting on T, which we
denote by Gy.

For example, let G be an affine group scheme over k, viewed as a k-groupoid acting
on Spec k. For any affine k-scheme S, we get a k-groupoid scheme

Gs € Gx(SxS)

acting on S, which is called the neutral groupoid scheme defined by G. In the special
case that G is the trivial group, Gg = S X S and is called the trivial S /k-groupoid.
ASIDE 2.19 There is a more abstract version of the above theory. Let E be a Grothendieck topos,

i.e., the category of sheaves of sets on some small site, and let 1 be a terminal object of E. A
groupoid (S, G, (s, t), o) in E is a bouquet if

(a) the unique morphism S — 1 is an epimorphism ((S, G) is said to be nonempty), and
(b) the morphism (¢,s) : G — S X S is an epimorphism, ((S, G) is said to be connected),

(Duskin 1982, 2013). A k-groupoid scheme acting transitively on an affine k-scheme S defines a
bouquet in the topos of sheaves of sets on Aff; for the fpqc topology.

Groupoids and Galois groupoids

2.20 Let S, = Speck and S = Speck. The left action of I' & Gal(k/k) on k defines a
right action of " on S, and the map

SXT = SXg S, (s,0)(s,5-0) (67)
is an isomorphism of schemes. Here I' is to be interpreted as a pro-finite scheme over k.

2.21 Let G be a k-groupoid scheme acting transitively on S, and assume that the kernel
G* is of finite type over k. When we view (67) as a morphism of S-schemes (through
projection on the first factor), it identifies (S xg, S)(S) with I' = Gal(k/k), and the
morphism (£,5) : G — S Xg, S defines a map

71 G(K) = G(S) — (S x5, S)(S) ~ Gal(k/k) £ T.
More precisely, G(k) is the set of sections to the morphism ¢ in the diagram

G L §x5 8§ <= ST

T
t lp '

S = Spec(k).
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The map G(k) — T is surjective because (¢, s) is faithfully flat and k is algebraically
closed.

2.22 Now (G(k),S(k), (s, t), o) is a transitive groupoid (in Set) with a canonical point
a € S(k), namely, the identity map. Therefore (see 1.17) there is a well-defined group
structure on G(k) for which the sequence

1 — G2(k) - G(k) — Gal(k/k) - 1
is exact.

2.23 In this way, a k-groupoid G acting transitively on S with kernel G* defines a
k /k-Galois groupoid,
1 - G* = G(k) = Gal(k/k) = 1,

3 Representations of groupoid schemes
In this section, k is a field.

DEFINITION 3.1 Let G be a k-groupoid acting on an affine k-scheme S, and let V be
a locally free sheaf of Og-modules of finite rank. A representation of G on V is a
morphism of S/k-groupoids G — G(V).

Explicitly, this means that for every affine k-scheme T and g € G(T), we have

a morphism p(g): Vo — Vo between the inverse images of V' with respect to

gos,got : T 3 S; these satisfy the following conditions (cf. 2.4),
(a) for the element e of G(S), p(e) is the identity map of V' = V., = V;ee;

(b) p(goh) = p(g)e(h) if s(g) = t(h);

(c) the formation of p(g) commutes with base change T’ — T.

REMARK 3.2 We can use the explicit description to define a representation of G on any
quasi-coherent sheaf V on S. If G is transitive and for some s € S, the fibre Vof Visa
vector space of dimension n over the residue field at s, then V is locally free of rank n
(see ?72,77).

3.3 LetG = SpecL,letS = Spec B, and let V be a finitely generated projective B-module

(=locally free sheaf of finite rank on S). For g € G(R), let s(g) denote the image of g
under s(R) : G(R) - S(R) = Hom(B, R), and similarly for t(g). To give a representation
of G on V is the same as giving, for every k-algebra R and g € G(R) = Hom(L,R), a
homomorphism of R-modules

P(g) Vv ®B,s(g) R—->V ®B,t(g) R,

satisfying the following conditions,
(@) p(e) =idy,
(b) p(goh) = p(g)op(h) whenever goh is defined,
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(c) p is compatible with base change, i.e., for any homomorphism of k-algebras
u: R — R/, the following diagram commutes

p(g)
V ®psig) R ——— V ®pyg) R

lV@u lV®u

p(g")
V®pse) R —— V ®pue) R

where g’ = G(u)(g) € G(R').3
As G is a groupoid, all p(g) are isomorphisms.

A morphism of representations (V, py,) and (W, py,) of G is a homomorphism of
B-modules ¢ : V — W such that

pv(g)
V ®gsg) R —=V ®sp.i(g) R

l@@R l¢®R

ew ()
W ®p s R — W ®pyg) R

commutes for all k-algebras R and g € G(R).
Let Repf(S:G) denote the category of representations of G on finitely generated
projective B-modules. We define the tensor product of two such representations by

Vo) @ W,pw) =V Qg W, prg,w)
where py gy /(g) is determined by the commutative diagram

v (&)®rpow (g)
(V ®p.se) R) ®r (W Qp ) R) ———= (V ®p1() R) Or (W ®py(g) R)

! !

I (®)
(V ® W) ®p ) R 2 (V ®s W) ®p(g) R.

There are obvious associativity and commutativity constraints, and B, equipped with the
trivial action, is an identity object. We define the dual of a representation (V/, p) to be
(VV, pY), where VV is the B-linear dual of V and pV is determined by the commutative
diagram

(v (@Y
e

(V ®B,s(g) R)v (V ®B,t(g) R)V-

In this way, Repf(S:G) becomes a k-linear rigid symmetric monoidal category.

5When we use the same symbol for a map of affine schemes and the corresponding map of rings, we
have

s(g)défgos: B—-L—->R
g’défuog: B—>R->FR

s(@) & g'os = uos(g): B—R'.
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PROPOSITION 3.4 Let G be a k-groupoid acting transitivelyon S, and letu: T — S be
a morphism of affine k-schemes with T # (. The pullback Gy of G to T is a k-groupoid
acting transitively on T, and u induces an equivalence of categories

Repf(S:G) = Repf(T:Gy).

PROOF This is most conveniently proved in terms of gerbes. A groupoid G acting
transitively on a scheme S defines a gerbe G(S : G), and there is a canonical equivalence
of categories,

Repf(G(S: G)) =5 Repf(S: G).

As the morphism of gerbes G(S: G) - G(T: Gr) defined by (S: G) —» (T: Gr) is
an equivalence, the statement follows. For the details, see the first section of the next
chapter (especially ??), which is independent of the rest of this chapter - it could have
been inserted here. 0

For example, if there exists an s € S(k), then
Repf(S:G) =5 Repf(G,),

where G is the affine group scheme over k fixing s (the fibre of G over (s, 5)).

For example, let G be an affine group scheme over k, and let G be the neutral k-
groupoid scheme G x Spec(k ® k) acting on Spec(k). Then the restriction functor
Repf(G) = Repf(G) is an equivalence of categories.

PROPOSITION 3.5 Let G be a k-groupoid acting transitively on S. Then Repf(S:G) is a
tannakian category over k with the forgetful functor as a fibre functor over S.

PROOF After 3.4, we may suppose that S = Spec B, where B is a field. We know that
Repf(S:G) is a k-linear rigid symmetric monoidal category.
We next show that it is abelian. Obviously, it is additive. Let

f
(V’ pV) — (Wa :OW)
be a morphism in Repf(S:G). There is an exact sequence
0—>Kerf—>V —>W — Cokerf -0

of B-vector spaces, and, for each g € G(R), a commutative diagram with exact rows

0 — Ker(f) ®B,s(g) R—->YV ®B,s(g) R—->W ®B,S(g) R — Coker(f) ®B,s(g) R —0
I 1
. zlpv(g) zlpw(g) i

0 — Ker(f) ®B,t(g)R — V®B,t(g)R —> W®B,t(g)R — Coker(f) ®B,t(g)R — 0

(here we use that B is a field). The dashed arrows define an action of G on Ker f and
Coker f making them the kernel and cokernel of f in Repf(S:G). Obviously, the canon-
ical morphism Coker(Ker(f)) — Ker(Coker(f)) is an isomorphism, and so Repf(S:G)
is abelian. Moreover, the forgetful functor w : Repf(S:G) — Vecfp is an exact faithful
®-functor, and so it remains to show that End(1) = k.
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Let G = Spec L, and denote the maps B = L defined by s, : G — S by the same
letter. An endomorphism of 1 = B is given by an element a of B, and End(1) is the
equalizer of the pair of arrows s,t : B = L. The diagram

B:s;L

o !
iy St

B®; B

commutes with i;(a) = a ® 1 and i,(a) = 1 ® a. As k — B is faithfully flat, it is the
equalizer of the parallel pair (i, i,). The map s ® ¢ is faithfully flat, hence injective, and
it follows that End(1) = k. O

REMARK 3.6 Let G be an affine k-groupoid acting transitively on an affine k-scheme S.
Let C be the category Repf(S : G) of representations of G on locally free sheaves of finite
rank on S, and D the category of representations of G on quasi-coherent sheaves on S.
Then C and D satisfy the conditions (a), (b), and (c) of Proposition B.10. When S is the
spectrum of a field, condition (c) follows from 6.6. The general case then follows from
3.4. Therefore, the functor

“lim”X, w» limX,: IndC - D
— —

is an equivalence of categories, with inverse the functor sending an object X of D to the
inductive system of its subobjects in C.

If there is an s € S(k), then the functor “fibre at s” is an equivalence of Repf(S:G)
with Repf(G; ) (6.6), and we are back in the situation of Example B.13.

REMARK 3.7 Let G be an affine groupoid acting transitively on an affine scheme S over
k,let (S’ :G’) be the pair over k’ deduced from (S : G) by extension of scalars, and let D
and D’ be as in a 3.6. Then the system

Repf(S:G) ——— Repf(S':G’)

| [

extension ,
D D

restriction

satisfies the conditions of B.18. Therefore the functor restriction of scalars induces an
equivalence Repf(S’:G’) — Repf(S:G) ). See ?? for a related result.

4 Representations of groupoids as comodules

In this section, k is a commutative ring. From 4.6, it is a field.

Just as representations of affine group schemes can be realized as comodules over
coalgebras (II, §1), representations of groupoid schemes can be realized as comodules
over coalgebroids.

TERMINOLOGY 4.1 Let R and S be rings (not necessarily commutative). An (R, S)-
bimodule is an abelian group M together with a left action of R and a commuting
right action of S:

(r-m)-s=r-(m-5s), reR,meM,seS.
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Such a module is sometimes denoted gkMg. If R, T, S are rings and My and Mg are
bimodules, then

rRMrp ‘? Mg

is a well-defined (R, S)-bimodule. An (R, R)-bimodule is also called an R-bimodule.
When the rings are k-algebras (k a commutative ring), we require that the various
actions of k coincide.

DEFINITION 4.2 Let B be a ring, not necessarily commutative.* A B-coalgebroid (or
coalgebroid acting on B) is a B-bimodule L equipped with two B-bimodule homomor-
phisms (comultiplication and coidentity)

C. L—)L®L, i.e.,BLB—)BLB®BLB
B B
€. L—->B

such that the two composed maps

c®L
L 5 Ll —Z L®zLR;L
L®c

are equal and the two maps

L - L@sL 25 BRyL~L

L —5 L®;L = L@zB~L

equal the id;.
A morphism of B-coalgebroids (L,c,¢) — (L', c’,¢") isahomomorphism f : L — L'
of B-bimodules such that the following diagrams commute,

L@l 2L e, r—1

1 d N

f

L —— 1

When B is an algebra over a commutative ring k, a B/k-coalgebroid (or k-coalgebroid
acting on B) is a B-coalgebroid L such that the two k-module structures on L coincide.

DEFINITION 4.3 Let L be a B-coalgebroid. A representation of L is a right B-module
M equipped with a coaction of L, i.e., a homomorphism p: M — M ®p L of right
B-modules such that the two composed maps

pOL

ML ML —= M®zL®;L (68)
M@®c
are equal and the map
ML MezL X% M®;BxM (69)

“We shall only need commutative B, but allowing noncommutative rings forces us to distinguish left
from right correctly.
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equals idy,;. We call (M, p) an L-comodule.
A morphism of L-comodules (M, p,;) — (N, py) is a homomorphism of B-modules
f: M — N such that the following diagram commutes

MesL L8 N@sL

TPM TPN
M —;-) N.

When L is a B-coalgebroid, we let coModf(L) denote the category of L-comodules
that are finitely generated and projective as right B-modules.

EXAMPLE 4.4 If B is commutative and the two B-module structures on L agree, then
L is a B-coalgebra (see II, §1), which helps explains the terminology. The notions of a
B-comodule agree in the two cases.

EXAMPLE 4.5 Let L be a B-coalgebroid. If L is flat as a left B-module, then the category
of L-comodules is abelian and the forgetful functor is exact. The proof of this is the same
as the proof of the similar result for Repf(S:G) (see 3.5).

Now let k be a field.

EXAMPLE 4.6 Let G be a k-groupoid acting on S, and let G = Spec L and S = Spec B.
From the morphism (¢,s) : G — S X S, we get the structure of a B ®; B-module on L,
i.e., a B-bimodule structure such that the two k-module structures coincide. We write
the B-module structure defined by ¢ (resp. s) on the left (resp. right). The composition
law

G XG-G
s,S,t

corresponds to a map of B-bimodules

c:L->LQL
B

and the identity e : S — G corresponds to a map of B-bimodules
€: L—B.

A comparison of the diagrams in 2.9 and 4.2 shows that these structures make L into a
B/k-coalgebroid, which helps explains the terminology.

PROPOSITION 4.7 Let G = Spec L be a k-groupoid acting transitively on S = Spec B (so
L is a B/k-coalgebroid), and let M be a right B-module. There is a canonical one-to-one
correspondence between the representations of G on M and the representations of L on M.

PROOF A representation p of G on M is determined by its action on the “universal”
element

u ¥ id; € Hom(G,G) = G(L)

because, according to 3.3(c), the diagram

p(w)
MQ®pgsL —— M®p, L
lM@g lM@g

p(g)
M ®psg) R —— M ®p,(g) R



170 Chapter IV. Tannakian categories and groupoids

commutes for all g € G(R) = Hom(L, R). In turn, the L-linear map
p(u): M ®psL > M®g,L,
is determined by its restriction to a B-linear map
py:M—> Mg, L.

In the other direction, given a coaction p,; of L on a B-module M anda g € G(R) =
Hom(L, R), we define p(g) by the following diagram

PM®R
M ®B,s(g) R = M ®B’[ L s B®;(g) K
p(g)l |Moser 70
M ®B,t(g) R M®mult. M ®s 1e) K s(g)%s(g)R.

If p)s is obtained from a p as in the first paragraph, then the action of id; given by
(70) returns p,,. Conversely, let p be a representation of G on M. We get a coaction py,
as in the first paragraph, and from p,, a representation p of G. Now p = p because they
agree on u = idg.

It remains to show that, under the correspondence p < py,, p satisfies the axioms
for a representation if and only if p,, satisfies the axioms for a comodule.

If g, h € G(R) with t(g) = s(h), then p(hog) is given by the diagram

PM®R M®c®R
M®B,s(g)R M")M®B,1L ® R—'>C M®B,tL®L ® R
5,B,s(g) s,Bt  5,B,5(g)
p(hog) 1M®h®g®R

M®R@mult.
M ®g (n) R —M ®smyR ® R & R

s(h),B,t(g)  s(h),B.s(g)

and p(h)op(g) is given by

®R MQ®g®R
M®pyp R 222 M®p, L ® R—5 M®g, R ® R
5,B,5(g) s(g).B.s(g)
lM@mult.
p(h)op(g) M ®B 1(g) R
lPM@R
M® R+——MQ R ® R MQ®z; L ® R.
B,i(h) M@mult. B,i(h) s(h),B,s(h) M®h®R Bt s,B,s(h)

When we write py,(m) = >, m; ® ¢;, then these homomorphisms agree if and only if

(1@heg)(Lmect))=10heg) (Y rpm) et

for all k-algebra homomorphisms h,g: L — R with t(g) = s(h). This is obviously
equivalent to the maps in (68) agreeing.
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Let p be a representation of G on M, and let pj, be the associated coaction. Then the
action of p(e) is given by the top row of the following commutative diagram

M®;B — M®;p L®sB —> M®;B® B —— M®;B

l: lz id ®e¢

M—2 M®g,L

It follows that the map in (69) is the identity if and only if € acts trivially on M. O

PROPOSITION 4.8 Let G = Spec L be a groupoid acting transitively on S = Spec B. The
functor
(M, p) ~» (M, ppr) - Repf(S:G) —» coModf(L)

is an equivalence of categories

PROOF After Proposition 4.7, it remains to show that a B-module homomorphism
f: M — N is G-equivariant if and only if it is a morphism of L-comodules, but this is
straighforward from the definitions. O

REMARK 4.9 If we define the tensor product of L-comodules M, p,,) and (N, py) to be
the L-comodule (M ® N, pygn), Where py gy is given by

M@z N 222, (M ®g, L) 8 (N @y L)

= 1:

(M ®pN)Q®g,; L Qom (M®N)Q®p, (L & L),
id @m BRB

then the equivalence
Repf(S:G) = coModf(L)

respects tensor products.

NOTES The exposition of the proof of 4.7 follows that in Lattermann 1989, 1.4.7.

5 The comonadic theorem and applications

A faithful functor F : C — B creates a “shadow” of C on B, and it is sometimes possible
to recover C from B and the shadow. For example, in (II, Theorem 3.20), we were able to
recover C from its shadow (a coalgebra) in Vecf,. In the case we are interested in here,
the shadow is a “comonad” on B, and a standard result in category theory (Theorem
5.12) describes C as the category of “G-modules” in B.

Comonads
DEFINITION 5.1 A comonad on a category B consists of
o afunctorG: B — B,
o anatural transformation ¢ : G — GoG (the comultiplication),

o anatural transformation € : G — idg (the counit)
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such that the two natural transformations

cG
G —— GoG /3 GoGoG
Gce

are equal and the two natural transformations

eG
G > G
Ge

G —= Go

equal idg. The counit, if it exists, is uniquely determined by (G, c).
EXAMPLE 5.2 Fixaset E, and let G : Set — Set be the functor X « X X E. Then
(x,e) > (x,e,e): XXE >XXEXE
is a natural transformation ¢ : G — GoG, and
(x,e)»e: XXE—->X
is a natural transformation G — id. The triple (G, c, €) is a comonad.

REMARK 5.3 Let C be a category. There is a monoidal category whose objects are the
functors C — C, whose morphisms are the natural transformations, and whose tensor
product is o. A comonad is a comonoid in this category (monoid in the opposite category),
which explains the similarity of the above diagrams to earlier diagrams.

Comonads from adjunctions

We refer the reader to A.2 for our notation concerning adjoint pairs.

PROPOSITION 5.4 Let C i B be an adjoint pair with unit: idc — UoF and
counite : FoU — idg. Then %OU is a comonad on B with comultiplication

FnU : FoU — FoUoFoU
and counit €.

PROOF The two composites in

FyU FnUFU
FU ——— FUoFU —_———— FUoFUoFU
FUFnU

agree because they both equal the horizontal natural transformation in

SN PN

The two natural transformations

B.

B—C

FnU eFU
FoU —— FoUoFoU /3 FoU
FUe

equal idpy; by the triangle identities for the adjunction. o
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EXAMPLE 5.5 For the standard adjoint pair

Set _F Ab F = forget the group structure
v U = form the free abelian group

the endofunctor FoU sends an abelian group A to the free abelian group on the underly-
ing set of A.

Statement of the comonadicity theorem

DEFINITION 5.6 Let (G, c,€) be a comonad. A coaction of G on an object X of B is a
morphism pyx : X — GX such that (coassociativity) the two morphisms

Px Cpx
X —— GX /3 GoGX

Cx
are equal and (counit) the morphism

Px

X Gy —X> X
is the identity. We call such a pair (X, px) a G-comodule.

A morphism of G-comodules (B, pg) — (B, pp) is a morphism f : B — B’ such
that the following diagram commutes,

6B -1, gp’
TPB TPB’
f

B —— B

The category B¢ of G-modules in B is called the Eilenberg-Moore category of the
comonad (G, ¢, €).

F
DEFINITION 5.7 Let C Z——— B beanadjoint pair and (G, c, €) the associated comonad.
U

The (Eilenberg—-Moore) comparison functor

®: C—BC
is defined to be
®C = (FC,Fnc)
of =Ff.

It follows from the triangle identities and the naturality of n that ®C is a G-comodule
and @ f is a morphism of G-comodules.

F
DEFINITION 5.8 An adjoint pair C —— B is comonadic if the comparison functor
U

® : C — BC is an equivalence of categories.
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F
Let C Z—__ B be an adjoint pair and define functors
U

G
BG P B
—
UG

FCf=f UCf =Gf.

FS(B,pp) = B z U®B = (GB, Fyys)

Then the following diagrams commute,

C F B C v B
N N
BG BC.

FG
LEMMA 5.9 The functors B —— B are an adjoint pair.

UG
PROOF Consider the morphisms 7 : idgs — U®0FC, ¢: FCoU® = G — idg, and
pp: (B,pg) = (GB,Fnyg). The triangle identities for (3, €) must be proven, which
means that the compositions

Fnyg Gep
(GB,Fnyp) — (GGB, Fnygg) — (GB,Fnyp)

and
€
B 6B B

are the identity for all B € obB, resp. (B, o) € ob(B®). In the first case, this follows
from the triangle identities (86), p. 198, and in the second from the co-identity axiom.g

DEFINITION 5.10 A split equalizer diagram consists of morphisms

f
A—h s B—/—C (71)

~_ — -

N t
such that foh = goh, soh =idy, tog = idg, tof = hos.
Note that split equalizer diagrams are preserved by functors.

LEMMA 5.11 In the diagram (71), h is the equalizer of f and g (hence the universal equal-
izer).

PROOF The first condition says that h equalizes f and g. Suppose that w: X — B
also equalizes f and g, so fow = gow. Let j = sow. Then hoj = hosow = tofow =
togow = w, and so w factors through A — B. The uniqueness of the factorization
follows from the condition soh = id 4. o

THEOREM 5.12 (BECK’S COMONADICITY THEOREM) An adjoint pair

F
cC—8
U

is comonadic if and only if the following conditions hold:
(a) F reflects isomorphisms, i.e., f is an isomorphism whenever F f is.
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(b) if the image under F of a parallel pair f,g of morphisms in C embeds in a split
equalizer diagram in B, then the pair f, g has an equalizer in C that is preserved by
F.

In the terminology introduced below, (b) says that F-split equalizer pairs have equal-
izers in C, preserved by F.

We present the proof in the next subsection. For the proof of the opposite (dual)
statement, see Borceux 1994b, Theorem 4.4.4, Mac Lane 1998, pp. 147-150, or Riehl
2016, 5.5.1.

COROLLARY 5.13 Let F: C — B be an exact faithful functor of abelian categories. If F
admits a right adjoint functor, then the comparison functor

®: C—-BY &)= (FC,Fnc)
is an equivalence of categories.

PROOF Exact faithful functors of abelian categories reflect isomorphisms,> and every par-
allel pair in C has an equalizer in C, which is preserved by F. Therefore, F is comonadic.g

Proof of the comonadicity theorem
Before beginning the proof, we need some definitions.

DEFINITION 5.14 A morphism is a regular monomorphism if it is the equalizer of
some parallel pair of morphisms.

As the name suggests, regular monomorphisms are monomorphisms.

DEFINITION 5.15 LetF ;. C — Bbeafunctor. An F-split equalizer pair is a parallel pair
f,g: A 3 Bin C together with an extension of F f,Fg: FA =3 FB to a split equalizer
diagram in B. If, in addition, there existsa t : B — A such that tof = tog =id,, then
the pair f,g: A — B issaid to be reflexive.

F
Let C —— B be an adjoint pair and ® : C — B the comparison functor.
U

LEMMA 5.16 Forall C,C’ in C, ® induces a bijection
Hom(C,UFC") ~ Homge(®C, PUFC’).
PROOF We have
Hom¢(C,UFC") ~ Homg(FC,FC')
~ Homg(FY(FC,Fnc), FC")
~ Homgs((FC, Fnc), USFC')
~ Hoch((FC, Fnc), (GFC,, F’?UFC'))
~ Homge (®C, PUFC’).

SLet f: A - B be a morphism in C, and consider the exact sequence

0—>K—>A—j>B—>C—>O.

This sequence remains exact when we apply F. If F f is an isomorphism, then FK =0 =FC,soK =0=C,
and f is an isomorphism.
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LEMMA 5.17 For all (B, pg) in B,

C
(GB,cz) —— (GGB,cp)
Gps

is a reflexive FC-split equalizer pair.

PROOF The naturality of ¢ implies that Gpg and cg are morphisms of comodules. Their
common left inverse is Geg (wWhich is a comodule morphism for the same reason). We
have

Gegocg = FUegoFnyp = F(Uegonyp) = id

because of the triangle identities (p. 198), and Gegocp = id because of the co-identity
axiom. It remains to show that

C
BLBG—B; c (72)
‘\EB/ \\ESBB/

isasplitequalizer diagram in B. However, this follows directly from the triangle equalities
and the comodule axioms. O

LEMMA 5.18 In the situation of Lemma 5.17,

C
(B, pg) —22 (GB,cx) —*T (GGB, cgp)
PB

is an equalizer in B.

PROOF Let f: (B, pp) — (GB,cp) be a morphism of modules with cgof = Gpgof.
After 5.17 and 5.11, there exists a unique map g : B’ — B such that pgog = f, and it
remains to show that g is a morphism of comodules. For this, we consider

6B 2%, 6B -, GGB
PB’T PBT CBT
B —% B, GB

The outer rectangle commutes by assumption and the right-hand rectangle commutes
because of coassociativity. It follows that

GppoGgopp = Gppoppog.
Since Gpp has left inverse Geg, the assertion follows. o

LEMMA 5.19 ForallCinC,

Nurc
UFC — UFUFC
UFnc

is a reflexive F-split equalizer pair.

PROOF The triangle identities show that the two arrows have U, as a common left
inverse. The assertion now follows from Lemma 5.17, applied to the comodule (FC,7¢).o
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LEMMA 5.20 Ifnc: C — UFC is a regular monomorphism for all C in C, then

Ne UFUC
c X5 UFC — UFUFC

Nurc

is an equalizer for all C.

dO
PROOF By assumption, 7 is the equalizer of a pair A ——3 B . We have to show that,

dl
for every morphism w : X — UFC,
UFncow = nypcow < d%w = dlow.
First of all nypcow = UFncow, and it follows

UFncoUFw = UFUFycoUFw.

We claim that

UFnc UFnyrc
UFC ——— UFUFC —_—— UFUFUFC
\_/
Uerc Ueryrc

is a split kernel pair in C. This follows from (72) applied to (FC, Fnc) and (5.11). From
the claim it follows that UFw factors through UFC. Let h : X — UFC be a morphism
with UFw = UF7ncoh. It follows that

UFd°oUFw = UFd°oUFncoh
= UFd'oUFncoh
= UFd'oUFuw.

Because of the naturality of ), the following diagram commutes

dO
X —— UFC ——3 '
dl
lﬁx l’?UFc lnc’
UFw UFd°® ,
UFX —— UFUFC — UFC('.
UFd!

It follows that 7o 0od®ow = ncrodow, and from this the assertion follows because 7
is a monomorphism. Now the converse applies, d’ow = d'ow. Then w = 7,o0g for a
g: X — C. From this follows

NurcoW = NyrcoNcog = UFnconcog = UFncow. O

LEMMA 5.21 Ifnc is a regular monomorphism for all C € ob C, then ® is fully faithful.
PrROOF After Lemma 5.20,

N UFnc
C —— UFC —/— UFUFC

Nurc



178 Chapter IV. Tannakian categories and groupoids

is an equalizer for all C € ob C, and after Lemma 5.18,

o DUFc
®C —— Q®UFC /3 ®UFUFC

Pnurc

is an equalizer in BC. So, for all A € ob C, the rows in the commutative diagram

Hom(A,C) ——— Hom(A,UFC) —— Hom(A,UFUFC)

lo |! J»

Hom(®A, C) —— Hom(®A, PUFC) —— Hom(®A, DUFUFC)

are equalizers. According to Lemma 5.16, the middle and right vertical arrows are
bijective, and so the left is also. O

PROOF (OF THEOREM 5.12) Let C € ob C. We first show that 7 is a regular homomor-
phism. According to Lemma 5.19,

Nufrc
UFC —— UFUFC
UFnc

is a reflexive F-split kernel pair in C. According to hypothesis (b) of the theorem, there

d
exists an equalizer K — UFC. Because of the naturalness of 7, the morphism 7
equalizes nypc and UFnc, and so it factors through K,

d Nurc
K —— UFC — UFUFC

1 / o

C

According to (72) with B = FC, when we apply F to the bottom row we get an equalizer,
and after hypothesis (b), when we apply F to the top row, we get an equalizer in B.
Therefore is F f an isomorphism, which implies that f is an isomorphism. Thus 7.
is a regular monomorphism. According to Lemma 5.21, ® is fully faithful. Now let
(B, pp) € 0bBY. According to Lemma 5.17

Fnup
(FUB, Fnyg) = (FUFUB, Fnyrusg)

PB

is a reflexive FU-split kernel pair in B®. On the other hand, this pair is the image of

Nus
UB —— UFUB
Upp

under ®. Therefore this is a reflexive F-split kernel pair in C, and the common left inverse
of both arrows is Ueg. After hypothesis (b), there exists an equalizer d : K — UB and

Fd Fnup
FK —— FUB > B
FUpg
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is an equalizer in B. After (72), pp : B — FUB is the equalizer of the same pair, and
so there exists a unique isomorphism g : B — FK such that Fdog = pg. It remains to
show that g is a morphism of comodules. Consider

ruB 228, rpurk YR FUFUB

PBT FUKT FWUBT
g

B FK —f4 , FUB.

The right-hand square commutes because of the naturalness of 7, and the outer one
because of the coassociativity. The map pp is left invertible, and so Fd is also left
invertible. It follows that the left square commutes. Thus ®K =~ (B, pg), and we have
shown that @ is essentially surjective. O

NOTES As noted, this section is standard category theory, although usually expressed for monads
rather than comonads. Our proof of the comonadicity theorem follows that in Lattermann 1989,
2.3.

ToDo 18 Need to check and revise this proof. aax agrees.

Application to modules and comodules

5.22 In this subsection, A and B are rings (not necessarily commutative), and M = 4 Mp
isan (A, B)-bimodule, finitely generated and projective as a right B-module, and faithfully
flat as an A-module. The B-dual of M,

M’ = yM/; € Homp(M, B),

is a (B, A)-bimodule with the actions

! — I
(b ,m )m) brfl (m) a€eAbeBmeM,m eM.
(m' - a)(m) = m'(am)
LEMMA 5.23 For any right B-module Y, the homomorphism

y@m') - (mw-ym'(m)) : Yg %BM;1 — Homg(M,Y),

is an isomorphism.

PROOF After replacing B with By for f in a suitable finite set of elements of B, we may
suppose that M is free as a B-module. For a fixed Y, both sides commute with finite
direct sums, and so it suffices to check this for M = B, where it is obvious. o

When Y = M, the lemma says that

AMp ® gpM'y ~ Endg(M), mm' « (x - m-m'x)). (73)
B

5.24 We have functors

FX=XQ.M

UY =Y ®3 M'. (74

F
MOdA — MOdB
U



180 Chapter IV. Tannakian categories and groupoids

For X € ob(Mod,), Y € ob(Modg), there are canonical isomorphisms
Homp(X ® 4 M,Y) ~ Hom,(X,Homg(M,Y)) ~ Hom4(X,Y ®z M'),
natural in X and Y. The first is defined by the pairing
(f,x)»p (me f(x®m)) : Homg(X ®4 M,Y) XX - Homg(M,Y),

and the second is induced by the isomorphism in Lemma 5.23. Hence (74) is an adjunc-
tion. The corresponding unit and counit are

N: X->XQ MM, nx)=xQ35
EYRgM M-Y, c(y@m' @ m)=ym'(m),

where § € M ® M’ corresponds to the identity map under the isomorphism (73).

5.25 We can now apply Proposition 5.4. Let L denote the B-bimodule
M4 ® AMp,
A
The functor G o FoU sends a right B-module Y to Y ®p L, and GoG sends Y to

Y ®g gLz ®p pLg. We have B-bimodule homomorphisms

c:L->LQ®gL, mM@meHm @5Qm

€:L—->B, m@mem(m),
which make L a B-coalgebroid (with k = Z). The corresponding natural transformations
c: G- GoG
e:G—id

make G into a comonad. The functor F is faithful and exact because 4Mjp is faithfully
flat over A.

In the next theorem, we construct a commutative diagram

()

Mod 4 coMod;,

R ;Arget

MOdB.

THEOREM 5.26 (DELIGNE 1990, 4.4) Let M = 4Mpg be an (A, B)-bimodule, finitely gener-
ated and projective as a B-module, and faithfully flat as an A-module; let M" be its B-dual
and L the coalgebroid MY ® 4 M defined above. The functor

w . MOdA —> COMOdL, XA > (XA ® AMB’;OX)7
A

where
Ppx(x@mM)=xQQdMEXQuM)Q (MY @4 M),

is an equivalence of categories. Under the equivalence, A-modules of finite type (vesp. of
finite presentation) correspond to comodules of finite type (resp. of finite presentation) as
B-modules.
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PROOF The first statement follows from Corollary 5.13 applied to the above discussion.
It remains to prove the second statement.

If X is finitely generated over A, then there exists a surjection A" — X. On tensoring
this with M, we get a surjection M" — X ® 4, M. As M is finitely generated over B, so
also are M" and X ® 4 M.

If X ®4 M is finitely generated as a B-module, then it has a finite set of generators

xi®mi, xiEX, miEM, iel.

The A-submodule X’ of X generated by the x; has the property that X’ @ ; M ~ X ® 4 M.
As M is faithfully flat over A, this implies that X’ = X.

Let X be finitely generated over A. Then X = A"/R for some n > 0, and X is
finitely presented if and only if R is finitely generated, and w(X) ~ 4M%/w(R) is finitely
presented if and only if w(R) is finitely generated. Now use that R is finitely generated if

and only if w(R) is. O

REMARK 5.27 When A and B are k-algebras (k a commutative ring) and the two k-
module structures on 4Mp coincide, the coalgebroid L « M} ® 4Mj is a k-coalgebroid.
A

EXAMPLE 5.28 Inthecase A = kisafieldand Ba k-algebra, we obtain from a finitely
generated projective B-module M, a k-coalgebroid L € MV ®, M whose coidentity is
the evaluation map. This coalgebroid coacts on M (the image of k by — ®, M) by

‘OO:M—>M®BL, m'—)5®m€M®BM/®BMl“M®BL

ASIDE 5.29 From the comonadicity theorem, it is possible to deduce a faithfully flat descent
theorem for noncommutative rings, and from there the faithfully flat descent theorem for com-
mutative rings. However, we do not need the first theorem and this approach to the second
theorem is not easier than the direct approach (Waterhouse 1979, 17.2), even for those familiar
with the comonadicty theorem. See Lattermann 1989, 2.4.10, 2.4.11.

6 Proof of the main theorem

After these preliminaries, we are ready to prove Theorem 1.1

The coalgebroid of endomorphisms of a fibre functor

In this subsection, we attach a coalgebroid L(w) to a fibre functor w on a tannakian
category. Recall that when k is a commutative ring and B; and B, are k-algebras, we
always require the two actions of k on a (B;, B,)-module to be equal.

6.1 We begin with a general definition. Let C be a small category and F : C°’? X C —
D a functor. A cowedge e: F — w is an object w of D and a family of morphisms
e, : F(c,c) - w, indexed by the objects c of C, such that, for all morphisms f : ¢’ - ¢,
the following diagram commutes,

F(f,c
F(c,c") e F(d,c")

lF (e.f) lec/

F(c,c) % L.
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Givenacowedgee : F — wandamorphismh : w — v, we obtain a cowedge hoe : F —
v by composition. A cowedge e: F — w is a coend if it is universal, i.e., any other
cowedge ¢’ : F — w’ factors uniquely through a morphism 4 : w — w’. When C has
direct sums, a wedge can be viewed as a morphism

e: EB F(c,c) - w,

ceobC

and such a morphism is a coend if and only if it is the coequalizer of the pair of morphisms

esoF(f,c')
@ F(c,c) ; @ F(c,c).
(f: ¢/>c)earC e.oF(c,f)  ceobC

6.2 Let By, B, be k-algebras (k a commutative ring) and w;, @, functors from a small
category C to the categories of finitely generated projective right modules over B;, B,,

w: C— ProjB1
w,: C— Prosz.

Let w;(Y)Y denote the B;-dual of w,(Y) - it is a left B;-module (5.22). We define
Ly (w1, w,) to be the coend of the functor

(Y,X) w 0;(Y)Y ®, w,(X): C°PP x C — {(B;, B,)-bimodules}.
Thus Ly (w;,w,) is a (B;, B,)-bimodule equipped with a morphism of (B, B,)-bimodules
01(X)Y ®r @2(X) = Ly(wy, ;) (75)

for each X € ob C such that certain diagrams commute and L (w,, w,) is universal. More
concretely, it is the coequalizer of the parallel pair of morphisms

P @) ®w) = @ wiX) & wX).
(f: X>Y)earC XeobC

When it causes no confusion, we drop the k from Ly (w;, @,).
To give the morphisms (75) is equivalent to giving morphisms of B,-modules

/‘{(X) . C02(X) e CUl(X) ®Bl L(CUI,C()z), X eobC. (76)

The commutativity of the diagrams means that A(X) is functorial in X, and the universal
property of L(w,, w,) says that, for all (B;, B,)-bimodules U, the map

f e (idg, o) ®foA(X))x

sending a (B;,B;)-bimodule homomorphism f: L(w;,w,) — U into the system of
morphisms u(X), natural in X,

uX)

w,(X) 0 w1(X) ®p, L(w,, w,) W w1(X) ®p, U

is a bijection, so

Homg, p)(L(w;, ®,), U) = Nat(w,(—), w1(—) ®p, U).
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6.3 For three functors w;, w,, ws, iterating (76), we obtain a morphism
w3(X) = (X)) ®p, L(w,, w3) = w1(X) ®p, L(wy, ®;) ®p, L(w,, w3),
natural in X, and hence a morphism
L(wy, w3) = L(wy, ;) ®p, L(w,, ws3). (77)

The coproduct (77) is coassociative: for four functors w,, w,, w3, w,, the diagram

L(wy, w4) L(wy, w;) ®p, L(w;, @4)

l l

L(w;, @3) ®p, L(ws, ws) ——> L(w;, @;) ®p, L(w,, w3) ®p, L(ws, w,)

is commutative. The evaluation maps w;(X YR B,%j (X) — Bjdefineacounite : L(wj,w;) —
B;: the two maps
1®e
L(wy, wy) = L(w,, ;) 3, L(w,, w3) — L(wy, w5)
e®1
L(w;, wy) = L(w, ) ®p, L(wy, wy) — L(wy, ;)
equal the identity map.

6.4 The important case for us is B; = B, and w; = w,. Let B = B; = B,. Then the map
(77) for w; = w, = w3 = w makes

Li(@) € Li(w,w)

into a k-coalgebroid acting on B. Note that L (w) is the coequalizer of

P )V eux) = P o) & wX).

(f: X>Y)earC XeobC

The map (76)
AX): wX) - oX) Qs L(w)

is a coaction of L(w) on w(X), functorial in X. The universal property of L(w) says that,
for any k-coalgebroid L’ acting on B, to give an action of L’ on w(X), natural in X, is
the same as giving a morphism of coalgebroids L(w) — L’. We call L(w) = L (w) the
coalgebroid of k-endomorphisms of w.

EXAMPLE 6.5 When C consists of a single object and its identity morphism, to give w is
the same as giving a finitely generated projective right B-module M. The coalgebroid
L(w) is MY ®; M and its coaction on M is that in 5.28. The universal property of L(w)
says that, for any k-coalgebroid L’ acting on B, the canonical isomorphism

HOIIIB(M,M ®k L’) [t HOl’Il(B’B)(MV ®k M, L,)
makes coactions of L’ on M correspond to morphisms of coalgebroids MY ®, M — L’.

PROPOSITION 6.6 Let L be a coalgebroid acting on a division algebra B.
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(a) EveryrepresentationV of L is a filtered union of subrepresentations of finite dimension
over B.

(b) The coalgebroid L is a filtered union of subcoalgebras of finite type as B @ B-modules.
PROOF (a) Letp: V — V ®p L be a coaction. Each a € V ®z L is contained in a
subspace V; ®g L with V; finite-dimensional, and the smallest V; is the set of elements
A(a), where A runs over the morphisms L — B of left B-vector spaces. For a = p(v), this

V, contains v (take A to be the coidentity) and is stable: if p(v) = D] v; ® ¢; with the ¢;
linearly independent, then V is generated by the v;; the axiom for coactions gives

ZP(W)@fz =Zvi®c(5i)€V1 ®LKL,

and so p(v;) € V; ® L for all i.

(b) The comultiplication ¢ : L — L ®g L is a coaction of L on L (the regular represen-
tation). After (a), L is a filtered union of the subrepresentations V; of finite dimension
over B. The coaction of L on V; corresponds, after 6.5, to a morphism of coalgebroids
fi: Vl.V ®V; — L. The coidentity e of L induces a linear form on V;, and f;(e|V;®x) = x.
The image of f; therefore contains V;. Because B is a division algebra, the image of f;
is a subcoalgebroid of L. The coalgebroid L is a filtered union of the images of the f;,
which completes the proof. O

FUNCTORIALITIES

6.7 (a) Consider homomorphisms f : B; — B;. and the corresponding extensions of

scalars w; cu;.. We have

L(wy, ;) ®p, @5, (B] ® By) — L(w], ). (78)
(b) Consider a functor T : D — C. The morphisms
wy(T(D)) = 1(T(D)) ® L(w;,w;), D €obD,
define a morphism of coalgebroids
L(w,0T,w,0T) — L(w;, ®,). (79)

(c) IfCisafiltered inductive limit of categories C; and T} is the natural functor C; — C,
then the morphisms (79) induce an isomorphism

li_n)lL(CU1°Ti,CO2°Ti) - L(wy, w,). (80)

(d) Assume that By, B, are commutative. Let (C;);; be a finite family of categories,
and let

iel

g wy : C — Projy
ol

:C— Prosz

)

be functors. Define

l.cug : C— Projy, (Q®); cofl)(C) =, wi(c)
1 C— Proj, , (®,@)) (C) = Q), wi(C).
Then ) . o
L(®w), ®w)) — ® L@}, a)).

B1®B;
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Asin 5.22 et seq., let ;Mg be an (A, B)-module, finitely generated and projective as
a right B-module, let gpM; be its B-dual, and let L be the B coalgebroid ;M ® 4 4Mj.
We suppose that, for some commutative ring k, A and B are k-algebras and that the two
k-module structures on 4Mp coincide. For example, we could have k = Z, in which
case the hypothesis is automatic.

LEMMA 6.8 Let C be a full subcategory of the category of right A-modules, containing Ay,
and such, if E € obC, then E ® 4 4Mp is finitely generated and projective over B. Let w be
the functor E ~» E @ 4 4Mp. By 5.26, L coacts on the w(E), E € ob C, and hence we have a
morphism

L(w) — L. (81)

This morphism is an isomorphism.

PROOF When C consists only of the A-module A, this is the definition of the tensor
product over A. We now give the general proof.

Let D be the full subcategory of C having A4 as its only object. The functoriality
6.7(b) gives a map L(w|D) — L(w). As we just noted, we have L(w|D) — L, and the
triangle

L(w|D) 6.7(0)

L

commutes. The morphism (79) therefore admits a retraction, and it suffices to show that
L(w|D) maps onto L(w), i.e., that for all C in C, the image in L(w) of w(C)" ®; w(C) is
contained in w(A)" ®; w(A). Every element of w(C)" ® w(C) is a finite sum ) a; ® x;
and each x; € C ® 4 4Mj is a finite sum )} a;; ® m;, and therefore a sum of elements
of the form f(y) with f: A —» C and y € w(A). It therefore suffices to show that an
element of w(C)¥ ®; w(C) of the form o ® f(y), f: A —» C,y € w(A), has image in
L(w) contained in that of w(A)" ®; w(A). By definition of L(w), the diagram

L(w)

0(C) @ w(A) =5 w(A) @ w(A)

185 |

w(C)Y Q@ w(C) ——— > L

commutes. Applying thisto o ® y € w(C)" ® w(A), we find that the image of a ® f(¥)
in L is also the image of the element f'(a) ® y of w(A)" ®; w(A). O

Let B be a division k-algebra and L a k-coalgebroid acting on B. Let coModf(L)
denote the category of L-comodules of finite dimension as B-vector spaces, and let w
be the forgetful functor. Since L coacts on each w(X), the universal property of L(w)
furnishes a morphism u from L(w) to L.

PROPOSITION 6.9 The morphism u : L(w) — L is an isomorphism.

PROOF By construction, a coaction of L on a finite-dimensional V' has a natural lift
to L(w). Applying 6.6 and passing to the inductive limit, we see that the restriction
“finite-dimensional” is unnecessary. Taking V' = L and the coactionc: L — L ®p L, we
obtainc¢; : L - L ®p L(w). Let a = (counit®1)oc; : L — L(w). As (1 ® u)oc; = ¢, we
have ua = id.
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Let V be equipped with a coaction p, which lifts to a coaction p of L(w). Since
p:V -V ® L is amorphism of vector spaces with coaction, the diagram

Vv —f L veL

} B

V® Lo PR1 V®L® Lw 1®counit®1 V Q Lo

commutes, and so p = (1 ® a)p. The morphism deduced fromp: V¥V ® V — Lw admits

a
the factorization VV ® V — L — Lw. The definition of Lw shows that a is surjective,
and therefore u is an isomorphism. O

ToDo 19 Should rework and try to simplify the above proof. See the exposition in L 3.1.1-3.1.10.

Realizing (T, w) as a category of comodules

The next theorem generalizes (II, 3.20).

THEOREM 6.10 (DELIGNE 1990, 6.2) Let B be an algebra over a field k. Let A be an essen-
tially small, locally finite, k-linear abelian category and w : A — Proj(B) an exact faithful
k-linear functor. Let L(w) be the k-coalgebroid of k-endomorphisms of w (6.4). Then
defines an equivalence of categories A = coModf(L(w)) carrying w into the forgetful
functor.

PROOF Recall (II, 3) that, for an object X of an abelian category, (X) denotes the strictly
full subcategory whose objects are subquotients of a finite direct sum of copies of X. It is
an abelian subcategory containing X.

For X in A, the category (X') admits a projective generator P (II, 3.13). Let A = End(P).
Then the functor Y + Hom(P,Y) is an equivalence of (X) with the category Modf 4
of right A-modules of finite type. Under this equivalence, P corresponds to A,. Put
AMp = w(P). By (the proof of) 3.8, the right exact functor w|(X) can be identified with
the functor E ~» E ® 4 4Mp: Modf, — Modg. Note that, as w is k-linear, the two
k-module structures on 4Mjp coincide.

After 6.8, L(w|X) is the k-coalgebroid BMX ®4 aMjp of 5.26. By hypothesis, w|(X) is
exact and faithful. The A-module 4 Mjp is therefore faithfully flat over A. After 5.26 and
5.27, w induces an equivalence of (X) with the category of right B-modules of finite type
equipped with a coaction of L(w|(X)).

The category Ind(X) of Ind-objects of (X) can be identified with that of all right
A-modules Mod4 (see B.11). The extension of L(w|(X)) to Ind-objects, co(“li_n}”Xl-) =
li_r)n w(X;)isagain E -» E @4 4Mp. By 5.26, this extension is an equivalence of Ind(X)
with the category of right B-modules equipped with a coaction of L(w|(X)). This, and
the assumed properties of w, show that any right B-module of finite type, equipped with
a coaction of L(w|(X)), is finitely generated projective, and that any right B-module with
a coaction is a inductive limit of finitely generated projective right B-modules, and, in
particular, is flat.

The exactness of w ensures that 4, My is A-flat. Moreover, for any right A-module N,
the right B-module N ® 4 4Mp is flat. The formula

L(@|(X)) = pM) ® 4 aMjp

then shows that L(w|(X)) is flat for the two B-module structures.
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IfY isin (X),i.e.,(Y) C (X), and a is the 2-sided ideal of A such that (Y) corresponds
to the A-modules killed by a (see 3.6), we have
L@|(Y)) = (A/a®4 aMp)" ®a/q (A/a ®4 aMp)
=(A/a®4 aMp)Y ®4/a M5,
and (A/a ®4 4Mp)" is the kernel of the epimorphism z;M; — (a ®4 4Mp)", and so
there is an exact sequence
0 — L(w[(Y)) = L(w(X)) = (a ®4 aMp)" ®4 aMp — 0.

The morphism 6.7(b) of L(w|(Y’)) into L(w|(X)) is therefore injective, with kernel flat as
a left and as a right B-module.
A B-module of finite type with a coaction of L(w|(X)) corresponds to an object of
(Y') if the coaction
N - N ® L(w|{X})

factors through N ® L(w|(Y)).
The category A is the filtered union of the subcategories (X) and L(w) is the inductive
limit of the L(w|(X)) (6.7(c)). Passing to the limit, we obtain the theorem. O

EXAMPLE 6.11 Let A be a small locally finite k-linear abelian category, B an extension
field of k, and w : C — Vecfp an exact faithful k-linear functor. Then w factors into

i forget
C — coModf,) — Vecfp.

The functor i is an equivalence of categories.

Proof of the main theorem, except for the faithful flatness

6.12 Let B be a commutative ring. We shall use the construction of L(w;, w,) in 6.2 for
B; = B, = k = B. Later, we shall need to consider two commutative k-algebras B;, B,
and we shall take B to be the commutative algebra B; ®; B,.

Suppose that we have three categories A;, A,, A; and, for each category, two functors
ol : A; > Proj(B)
cu; : A, — Proj(B).

Suppose also that we have a functor ® : A; X A, - A; and isomorphisms of functors

{ 01 (X1) ®p 07 (X;) = @}(X; ®X,)
@,(X1) ®p CUJZ'(Xz) - CL’j3'(X1 ® X5).
In 6.2, we defined B-modules LB(cui, coiz), and 6.7b and 6.7d furnish a B-bilinear product
Lp(w},w)) ®p Ly(w?, w3) — Lp(w;, w3). (82)
For any X; and X, in A; and A,, the morphism (76)
@3(X; ® X3) = wj(X1 ® X) ®p Ly(w;, w3)

can be deduced from the analogous morphisms for co{(X ;) and wé(X ) by (82).

Let A be a symmetric monoidal category and w; and w, two ®-functors A — Proj(B)

(see Chapter I). When we take A; = A and cu; = w; (i = 1,2, 3), the product (82) becomes

a product
Lg(wq, ;) ®p Lg(wq,w;) = Lg(wy, w,). (83)
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PROPOSITION 6.13 The product (83) makes Lg(w;, w,) into a commutative B-algebra.
PROOF For j = 1,2, we have essentially commutative diagrams,

AxA EEX) oA ® A

Mod(B) =—— Mod(B) ——— Mod(B)
The left-hand square is rendered commutative by the isomorphism of functors
wi(X) ®p @;(Y) = w;j(Y) ®p w;(X),
and the right-hand square by the isomorphism
0 (X ®Y) = w,(X) ®p w,(Y).

By the definition of a ®-functor, the isomorphism of composed functors makes com-
mutative the boundary of the diagram, and also the left-hand square once we identify
w(Y ® X) with w(X ® Y) using the commutativity of ® in A. Applying L(:,-) to the
diagram, we obtain the commutativity in (83). The associativity is obtained the same way.
If {1} is the subcategory of A consisting only of the identity object and the identity arrow,
then we obtain, by definition of ®-functor, that w;(1) —= Band Lg(w; {1}, w,|{1}) = B.
The identity B —» Lg(w;, w,) of Lg(w;, w,) is defined by 6.7(b). O

6.14 Recall (1.3) that when A is a symmetric monoidal category and w; and w, are
®-functors from A to the quasi-coherent sheaves on an affine scheme S, we define
}Com?(col, w,) (resp. Jsom?(col, w,)) to be the functor on Affg sendingu: T — S to
the set of morphisms (resp. isomorphisms) of tensor functors u*w; — u*w,. If w; and
w, take values in the category of locally free modules of finite rank, for example, if A is
rigid (I, 8.5), then these functors are representable by an affine scheme over S and

}(omg@(a)l, wW,) =~ Jsom?(cul, ;).

6.15 Asin 1.3, when w; has values in the category of quasi-coherent sheaves on S;, we
put
%Om,?(wz, wy) = }Comgxss(Prz W, PIy 1),

and similarly for Jsom. For w; = w,, we let
End(w) = Hom(w,w)
Aut(w) = Tsom(w, w).

PROPOSITION 6.16 Let A be a symmetric monoidal category and w, and w, Q-functors
A — Proj(B). PutS = Spec B. Thescheme Lg(w,, w,) represents thefunctor?(om?(wz,col).

PROOF Letu: T — S, T = SpecC, be an affine scheme over S. By definition (6.2), a
morphism f : Lg(w;,w,) = C of B-modules can be identified with a functorial system
of B-modules

fx 1 wX) = w1(X) ®p C.

Giving the fy is equivalent to giving C-linear morphisms
[y 0(X) ®p C = 01(X) @5 C,

functorial in X, i.e., a morphism f” of functors u*w, to u*w,. It can be checked that f is
a morphism of algebras if and only if f” is a morphism of ®-functors. o



6. Proof of the main theorem 189

6.17 Let k be a commutative ring, and let B; and B, be two commutative k-algebras. Let
Abe a k-linear symmetric monoidal category and w; and w, ®-functors from A to Proj(B;)
and Proj(B,). By extension of scalars, w; and w, define @-functors A — Proj(B; ® B,),
which we denote w; ® 1 and 1 ® w, respectively. We have

Li(wy, ;) = Lp, g, 3,(01 ® 1,1 ® w,).
After 6.16, Spec Ly (w,, w,) represents the functor om?(wz, w1 ), which is equal to

f]somf’(col, w,) if A is rigid (see 6.14).
For three B; and w;, composition of morphisms

1}(0”’1,?(503, w,) Xs, }fom,?(cuz, wy) = %0”’1,?(@3, w1)
corresponds to a morphism of k-algebras
¢! Li(wy, w3) = Li(wy, @;) ®p, Li(w,, @3).

By definition, the morphism of Ly (w;, w,) ®p, Lk (w,, @3)-modules deduced by extension
of scalars (by c) from

w3(X) ®p, Ly (@, w3) = w1(X) ®p, Li(w;, @3)
is the composite of the morphisms deduced by extension of scalars from

w3(X) s, Li(w;, w3) = @,(X) ®3, Li(wy,w3) and
w,(X) ®py Li(wy, @3) = w1(X) ®p, Li(wy, @)

This comes down to the commutativity of

w3(X) w1(X) ®p, Li(wy, @)

l l

0 (X) ®p, Li(@3,w3) —— w1(X) ®p, Li(w1, ®;) ®p, Li(w,, w3)
and c is therefore (77).

6.18 Let k be a field. Let T be a tensor category over k and w a fibre functor on T over
S = Spec B, B a nonzero k-algebra. We prove that w induces an equivalence of T with
Repf(S:G), where G is the groupoid Autf’(a)).

In the above, we take A = T, B; = B, = B, w; = w, = w. According to (I, 8.11),
T is locally finite, and so we can apply 6.10. After 6.17, Autf(a)) is the spectrum of
L(w) = Ly(w;,®,). The action of Aut,‘?(w) on w(X) is defined by the morphisms

w(X) - w(X) ®p L(w,w)

which defined L (76). By 6.17 again, the law of composition of the groupoid Autf’(w) is
defined by the comultiplication of L(w), and 6.10 is equivalent to the required statement.
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Proof of the faithful flatness

PROPOSITION 6.19 Let C be a tannakian category over k and let w be a fibre functor with
values in a (commutative) nonzero k-algebra. Let Indw : Ind C — Mod(B) denote the
extension of w to Ind C. For all nonzero objects T in Ind C, Ind(w)(T) is faithfully flat over
B.

PROOF The category C is abelian and its objects are noetherian (I, 8.11). On applying
Proposition B.9, we see that T = li_r)nXl- with X; € obC, X; C T. Fixan X; # 0, and
consider the exact sequence

0-X;>T—>T/X; >0

in Ind C. Because w is right exact, Ind w commutes with arbitrary inductive limits (B.7),
and so (Indw) (T) = h_r)n w(X;). We deduce an exact sequence

0 - wX; —» (Indw)(T) - (Ind w)(T /X ;) — 0.

Now Ind(w)(T) is an inductive limit of finitely generated projective (hence flat) modules,
and so is a flat B-module. Similarly, Ind(w)(T/X;) is a flat B-module. Moreover, the
B-module w(X) is faithfully flat (8.5). If M is an arbitrary nonzero B-module, then the
sequence

is exact because (Ind w)(T /X ;) is flat.5 As w(X )®pM # 0,we have (Ind(w)(T)) Qs M #
0, and so Ind(w)(T) is a faithfully flat B-module. o

COROLLARY 6.20 Let C be a tannakian category over a perfect field k, and let w be a fibre
functor with values in a (commutative) k-algebra B. Then L, (w) (see 6.4) is a faithfully flat
B ®y B-algebra.

PROOF Define T to be the coequalizer of the parallel pair of morphisms
P vrex—= P xex
(f: X->Y)earC XeobC

in Ind(C[X C) (cf. 6.2). According to (12.18), we have a fibre functor w [X]w on C[X]C, and
clearly Ind(w X w)(T) = L(w). If B # 0, then L(w) # 0, and so T # 0. Now Proposition
6.19 shows that L(w) is faithfully flat. O

COROLLARY 6.21 Let C be a tannakian category over a perfect field k, and let w be a fibre
functor with values in a k-algebra B # 0. Then there exists a faithfully flat homomorphism
f: B— B suchthat f*w ~ f*w'.

PROOF See 1.4. o

®Let0 - M’ - M — M” — 0 be an exact sequence of right A-modules. If M” is flat, then
0-MJ4gN->-MIJ_qPN->MQN->0

is exact for all left A-modules N. This is most naturally proved using the Tor functor, but, for a proof without
the Tor functor, see 13.10.
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This completes the proof of Theorem 1.1 when k is perfect. For the case of a nonper-
fect base field, we refer the reader to Deligne 1990.

REMARK 6.22 We used the hypothesis that k is perfect to show that the functor AXB —
D defined by a functor A X B — D, exact in both variables, is exact (I, 12.11). This was
used in the proof (I, 12.17) that a tensor product of tensor categories over a perfect field is
tensor and hence in the proof of the similar statement (I, 12.18) for tannakian categories.
For an explanation of how to remove the perfectness hypothesis in I, 12.18, hence in the
proof of Theorem 1.1, see Deligne 1990, 5.18.

NoOTEs The exposition of the proof Theorem 1.1 and of its preliminaries largely follows the
original (Deligne 1990, §§1-6). See also Lattermann 1989.

7 Restatement for 2-categories

Let S be a nonempty affine scheme over k. Theorem 1.1 can be interpreted as saying that
the 2-category of k-groupoids acting transitively on S is biequivalent (not 2-equivalent)
to the category of tannakian categories equipped with a fibre functor over S.

DEFINITION 7.1 The 2-category €+ pnd ¢ has
o objects the affine k-groupoids acting transitively on S;

¢ a l-morphism from G to H is a morphism f : G — H of groupoids acting on S
(2.11).

¢ a2-morphism f — gis a natural transformation from f to g (viewing f and g as
functors of affine S X S-schemes).

DEFINITION 7.2 The 2-category 9 anng of S-pointed tannakian categories over Aff),
has

o objects the pairs (T, w), where T is an essentially small tannakian category over k
and w is a fibre functor on T over S;

¢ a l-morphism from (T, w) to (T’,w’) is an exact k-linear ®-functor from T to T’
carrying w into w';

¢ a2-morphism is a morphism of ®-functors.
The functors we defined in §1 extend in an obvious way to 2-functors

O 9ann;0pp - Grpdg, (T,0) w Aut®(w)

V: Grpdy — 9ann;Opp, G ~ Repf(S:G),
and we also defined functors 7 : id - Wo® and ¢ : ®o¥ — id.

THEOREM 7.3 The system

. D
9ann50pp —— Grpdg, 7. id—> VPod, ¢: PV —id,
7

is a biequivalence of gann?pp and Grpd.

PROOF This is little more than a restatement of Theorem 1.1. O
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COROLLARY 7.4 Let T, and T, be tannakian categories over k, and let w, and w, be fibre
functors on T and T, over S. Then

Hom((T1, 1), (T, @,)) = Hom(Aut®(w,), Aut®(w,))
is an equivalence of categories.

PROOF Immediate consequence of the theorem. o

ToDO 20 TBA: add detailed proof of 7.3.

8 Properties of a tannakian category reflected in its band

As in (I1, §5, §6), there is a dictionary relating the properties of tannakian categories and
their morphisms to those of their bands. Here are some examples.

8.1 Let C be a tannakian category over k with band L.
(a) L is finite (i.e., locally represented by a finite group scheme) if and only if C = (X))
for some object X.

(b) When k has characteristic 0, L is pro-reductive if and only if C is semisimple.

8.2 Letw: C' — Cbeamorphism of tannakian categories over k, bound by a morphism
ofbandsu: L — L.
(a) u is faithfully flat (i.e., an epimorphism of bands) if and only if w is fully faithful
and its essential image is closed under subobjects.

(b) u is injective (i.e., locally represented by a monomorphism of groups) if and only
if every object of C is a subquotient of an object in the image of w.

See Saavedra 1972, 111, 3.3.3, p. 205.

ToDo 21 Should add explanation. Saavedra 1972, II1, 3.3.3, p. 205, states this without explana-
tion.

9 Extension of scalars for tannakian categories

Let (T, ®) be a tannakian category over k, and let w be a fibre functor on T with values
in a field K. Consider a diagram of fields

Let X be an object of Ind(T) equipped with a homomorphism i : k’ — End(X) of k-
algebras. Recall (I, §13) that we say that Y C X generates (X, i) as a k'-module if it is
not contained in any proper k’-module, and we define T,/ to be the category whose
objects are the k’-modules in Ind(T) that are generated as k’-modules by subobjects in T.

PROPOSITION 9.1 The category T is a tannakian category over k', the K-valued fibre
functor w extends to a K’ -valued fibre functor o’ on Ty, and the K’ /k'-groupoid /lutf,’(cu’ )
is the pullback of the K /k-groupoid Autf’(a)).
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PROOF After Theorem 1.1, we may suppose that T = Repf(S:G), where S = SpecK,
and that w is the forgetful functor. Then the statement follows from 3.7. o

EXAMPLE 9.2 Take k' = K’ = K, so T is a tannakian category over k and w is a k’-valued
fibre functor. The proposition then shows that T is a neutral tannakian category over
k', and that w extends to a k’-valued fibre functor &’ on T(). The affine group scheme
attached to (T, ') is the kernel of the groupoid attached to (T, w),

Aut®(") ~ Aut®(@)>.

10 Existence of a fibre functor over k&

In this section, we show that essentially small tannakian categories over algebraically
closed fields are neutral.

THEOREM 10.1 (DELIGNE) Let T be an essentially small tannakian category over k and
k2 an algebraic closure of k. Then T has a fibre functor with values in k.

We deduce this from the following more precise statements.

THEOREM 10.2 Let T be an essentially small tannakian category over k. If T is algebraic,
then it has a fibre functor with values in some finite extension of k.

THEOREM 10.3 Let T be an essentially small tensor category over k. If every monogenic
tensor subcategory has a k¥-valued fibre functor, then T has an k¥-valued fibre functor. In
particular, T is tannakian.

Proof of Theorem 10.2.

We first state a result from commutative algebra.

LEMMA 10.4 Let Ay be a ring and let A = hm - A; be the limit of a filtered inductive

system of Ay- algebras Let By be an Ay-algebra of ﬁmte presentation, and set B; = By® 4, A
and B = By ®4, A

(a) IfspecB — specA is surjective, then there exists an i such that spec B; — spec A; is
surjective.

(b) If B is flat over A, then there exists an i such that B; is flat over A;.

PROOF (a) EGA 1V, 8.10.5.
(b) EGA 1V, 11.2.6.1. -

10.5 We now prove Theorem 10.2. By assumption, T has a fibre functor over a nonempty
k-scheme S, which we may suppose to be the spectrum of a field, and then we may
suppose that T = Repf(S:G), where G is a groupoid of finite presentation and faithfully
flat over S X S (Theorem 1.1). Let S = Spec B, and write B as a union B = | J, B, of
finite generated k-algebras B,. For some «a, G is the pullback of a groupoid of finite
presentation over S, X S,, where S, = Spec B,. As G is faithfully flat over S X S, G, is
faithfully flat over S, X S, for « sufficiently large (10.4). Now T = Repf(S, :G,) (see ??).
In particular, T has a fibre functor over S,. As S, has a K-point for some finite extension
K of k (Zariski’s lemma), it follows that T has a fibre functor with values in K.
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10.6 The above proof of Theorem 10.2, using groupoid schemes, is from Deligne 1990,
6.20. Here is another proof, using gerbes, from Saavedra 1972, I11, 3.3.1.1, p. 204. Let T
be a tannakian category over a field k. The fibre functors on T form a fibred category
over Affy, and even a stack for the fpqc topology. It is nonempty by definition, so to
show that it a gerbe it remains to show that any two fibre functors are locally isomorphic
for the fpqc topology. For a proof of this, independent of the results of this chapter, see
11, 8.8. We now use that a fibred category over k is a gerbe for the fppf topology on Aff
if it is a gerbe for the fpqc topology (C.22). Therefore T has a fibre functor with values in
a finitely generated k-algebra R, hence in R/m for m a maximal ideal of R, and R/m is
a finite extension of k (Zariski’s lemma).

Proof of Theorem 10.3

Let Ay denote the set of all subcategories T, of T of the form (X ¥® for some X € ob T,
partially ordered by inclusion, and let Fib(T,) denote the set of all k?-valued fibre
functors of T,. If T, C Tg, then the restriction map Fib(Tz) — Fib(T,) is surjective,
and we have to show that I(E Fib(T,) is nonempty. If A ¢ contains a countable cofinal
subset, then this follows from the axiom of dependent choice. For the general case,
we need the full axiom of choice (in the form of Zorn’s lemma). After I, 8.19, we may
suppose that k = k2!, To avoid set theoretical difficulties, we consider only fibre functors
taking values in a suitable small category of vector spaces over k, for example, in the
category of all vector spaces k", n € N. Also, we replace T with an equivalent small
category.

Let A be the set of all tensor subcategories of T over k. For o € A, we denote by T,
the corresponding subcategory (so T, = «r). The set A is partially ordered by inclusion.
We already know the existence and uniqueness up to isomorphism of fibre functors for
the T,,a € Af

If T, C Tg, it makes sense to say that a fibre functor wg on T extends a fibre functor
w, on T,. If an extension up to isomorphism exists, then an actual extension exists too.

We consider the set S of pairs (a,w,) with a € A and w, a fibre functor on T,
partially ordered by

(a,wq) < (B,wp) < T, C Tgand wg extends w,.

The partially ordered set 8 is inductive: if I is a totally ordered subset, then

def

TE UMl (@aeden

lies in A and has a fibre functor w characterized by w|T, = w,. The pair (T, w) is an
upper bound for I. By Zorn’s lemma 8 has a maximal element (T, @;). To show that
T, =T, it suffices to prove the following statement.

10.7 Let T' bein A and T" in A;. Then, every fibre functor w on T’ extends to (T',T")®,
the smallest tensor subcategory of T containing T' and T

We first prove a lemma.

LEMMA 10.8 IfT' isalsoin A 1> then restriction is an equivalence of categories

triples (o', ", 7) with o’ and "’ fibre func-
{fibre functorswon(T', T")®} — tors on T' and T and 7 an isomorphism of ¢ .
the restrictions of o' and 0" to T N T"
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Note that both (T, T”)® and T' n T” lie in Ay.

PROOF We use that the Noether isomomorphism theorems hold for affine group schemes
over a field (Milne 2017, Chapter 5). After I, 3.1, and 10.4, we may suppose that (T’, T")®
is the category of representations of an algebraic group G over k. There exist normal
algebraic subgroups A and B of G such that T’ (resp. T”) is the subcategory of representa-
tions on which A (resp. B) acts trivially. To say that T" and T” generate (T’, T”)® means
that A N B = {e}. The intersection T’ N T is the category of representations on which
AB acts trivially.

We claim that the triples (o', w”, 7) are all isomorphic. As all ' (resp. all '’) are
isomorphic, it suffices to show that («’, ", 7;) and (&', ", 7,) are isomorphic, but 7,
and 7, differ by an automorphism of @’|T" N T, and such an automorphism lifts to an
automorphism of w’: the homomorphism

(G/A)(k) - (G/AB)(k)

is surjective.

Thus, the categories in the lemma each have just one isomorphism class of objects,
and so it becomes a question of comparing their endomorphism rings (automorphism
groups in this case). But

G —— G/A

l l

G/B —— G/AB

is a pullback diagram because A N B = e, and so the same is true when we take k-valued
points. a]

We now prove the statement 10.7. Let B be the set of T, (@ € Ay) contained in T".
‘We have
=T, (T = (T T8,

BeB BeB

and equivalences

fibre functors wg on the Tg, plus a compatible system

{fibre functorson T’} 5 Jof isomorphisms wg|T, — w, for T, C Ty, plus a
compatibility condition for Ts C T, C Tg

(fibre functors on (T, T")®} & {ﬁbre .fl‘mctors on the (T, T Y® plus similar}
conditions.

There is a largest T N T": if T = Repf(G”), then each Tz N T” corresponds to a
normal algebraic subgroups Nz of G”, and among the Ng, there is a smallest one, namely,
N g Npg- If By is such that Tg N T is the largest T; N T”, then, for any 8§ > §,, extending
wg o w|Tg to (Tg, T”)® amounts to extending ws| Tz N T” to T” (Lemma 10.8), that s,
to extending wg, from Tg N T to T”. If we choose one such extension, then we get, up
to unique isomorphisms, a system of extensions of the wg to (Tg, T” »®, and by gluing
them an extension of w to (T/, T”)®.

This completes the proof of 10.7, which shows that T contains (X)® for all X in T.
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NOTES
10.9 Only the proof of 10.5 requires Theorem 1.1 — the rest of the proof depends only
on the first two chapters.

10.10 Without the essentially small hypotheses, the fibre functor may only exist after
the ambient universe has been enlarged.

NoOTEs Theorem 10.1 and its proof are from a letter of Deligne, dated November 30, 2011.
Apparently, they were known to Deligne earlier (see the sentence following 0.6 in Deligne 2002).



Appendix A

Categories and 2-Categories

We review some basic definitions and statements. Throughout, 2-category means strict
2-category and bicategory means weak 2-category.

Equivalence of categories

A.1 Let C and D be categories. An equivalence of C and D is a system
C : D, 7): ldC—)GF, G:FG—)idD, (84)
G

where F and G are functors and # and ¢ are invertible natural transformations. We call a
functor F : C — D an equivalence if it can be extended to such a system. A functor F
is an equivalence if and only if it is fully faithful and essentially surjective (i.e., every
object of D is isomorphic to an object in the image of F).

In practice, these conditions may be too strong. For example, we shall need to
consider functors F : C — D such that the objects of D are only “equivalent” to objects
in the image. To be able talk about such functors, we need morphisms of morphisms. In
other words, we need 2-categories.! But first, we review adjoint functors.

Review of adjoint functors
Let C and D be categories.

A.2 An adjunction is a triple (F, G, $) consisting of a pair of functors
C—D (85)
G
and a family of bijections
¢X,Y . HomD(FX, Y) — Homc(X, GY),

naturalin X € obCand Y € obD. We call (F,G) an adjoint pair, with F the left
adjoint of G and G the right adjoint of F . There are natural transformations

€: FG —idp, ¢y = ¢ '(idgy): FGY - Y,

1f a functor of 1-categories is an isomorphism of categories, then it is surjective on objects; if an
equivalence, then it is surjective on isomorphism classes of objects; if part of a biequivalence of 2-categories,
then it is surjective on equivalence classes of objects.

197
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called the unit and counit of the adjunction, satisfying the triangle identities,

Fn eF .
(F— FGF — F) =idp
(86)

nG Ge .
(G— GFG — G) =idg;.

See A.9 for the notation F7 and eF.

F
A.3 Let F and G be functors C 7 D ,andletn: idc - GF ande: FG — idp be
G

natural transformations satisfying the triangle identities. Then the map
¢xy: Homp(FX,Y) - Homc(X,GY), [ Gfony,
is natural in X and Y, and has inverse
¥xy : Home(X,GY) - Homp(FX,Y), f > exoFf.

In particular, ¢x y is a bijection, and so the triple (F, G, ¢) is an adjunction with unit 7
and counit €.

F
A4 Let F and G be functors C ——— D ,and lete: FG — idp be a natural trans-
G

formation. There exists a natural transformation 7 : idc — GF such that the triangle
identities hold if and only if the map

Yxy . Homc(X,GY) - Homp(FX,Y), [+ exoFf,

is bijective for all X in C and Y in D, in which case (F, G, ¥~1) is an adjunction with 7
and ¢ as its unit and counit. The natural transformation # is unique if it exists.

A.5 An equivalence (F,G,,¢) is an adjoint equivalence if it satisfies the triangle
identities (A.2). Any equivalence can be made into an adjoint equivalence by replacing
either one of ) or €. Indeed, the composite

nG Ge
G— GFG— G

is an isomorphism, but it need not be the identity. Modifying either € or 7 to absorb the
relevant inverse automorphism gives an adjoint equivalence (Riehl 2016, 4.4.5).

A.6 When the categories are abelian, every adjunction preserves the abelian group
structure on the Hom-sets. Let C and D be abelian categories with small inductive
limits, and assume that small filtered inductive limits in C are exact and that C admits
a generator. Then an additive functor F : C — D has a right adjoint if and only if it
preserves small inductive limits (special adjoint functor theorem). An additive functor
between abelian categories preserves small inductive limits if and only if is right exact
and preserves small direct sums.
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2-categories

A 2-category is a category enriched over the category of small categories equipped with its
cartesian monoidal structure (I, 1.9). When we forget the arrows in the Hom-categories,
we get a category in the usual sense. Thus, a 2-category can be viewed as a category in
the usual sense enriched with morphisms between morphisms.

DEFINITION A.7 A 2-category has objects, 1-morphisms, and 2-morphisms. The objects
and 1-morphisms form a category in the usual sense.

For each pair A, B of objects, there is a small category Hom(A, B) having the 1-
morphisms f : A — B as objects and the 2-morphisms?

« B (87)

as morphisms (from f to g). Composition of morphisms in the category Hom(A, B) is
called vertical composition,

f f
TR /ﬂ\
A—g— B » A Boa B.
i N

h h

For each triple A, B, C of objects, there is a horizontal composition

AT 2B T e~ oa Uﬁ*a C.
~ = \i;g/*

Finally, horizontal composition is functorial with respect to vertical composition.
This means that the horizontal composite of identity 2-morphisms is an identity 2-
morphism,

f h hof
AT BT fuc=a Jlldhof C,
ho

and the system satisfies the middle four interchange law: given a diagram,

f i
SN
A—g— B —j— C,
LN
h k

the 2-morphism io f = koh obtained by first composing vertically and then horizontally
equals that obtained by first composing horizontally and then vertically,

(Soy) * (Boa) = (8 * B)o(y * a).
See Riehl and Verity 2022, B.1.1.

2We sometimes use the symbol = to denote 2-morphisms.
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A.8 When A and B are objects of a 2-category 6, we sometimes write ‘6 (A, B) for the
1-category Hom(A, B). From horizontal composition we get

(a) abifunctor
Capc - 6(A,B)X€6(B,C) > 6(A,C),

which is associative in the sense that

G(A,B) X €(B,C) x6(C,D) 25 6(A,B)x€(B,D)

Jox |

B(A,C)xB(C,D) < G(A,D)

commutes for all objects A, B, C, D, and

(b) functors u, : 1 — C(A, A), where 1 is the category with one object and one
morphism, satisfying

caapo(uyg X 1) =1 =cyppo(1 X ug)

Conversely, to give a 2-category amounts to giving a class of objects, small categories
G(A, B) for each pair of objects A and B, identity functors u, for each object A, and
composition functors satisfying (a) and (b) for each triple of objects A, B, and C (Borceux
1994a, 7.1.1).

When €6 is a 2-category, we write €, for the collection of objects, €, for the collection
of 1-morphisms, and 6, for the collection of 2-morphisms. A 2-category € is small if
6, is a set.?

To distinguish them, we sometimes call categories in the usual sense 1-categories.

From a 2-category, we get a 1-category by forgetting the 2-morphisms. Conversely,
a 1-category can be turned into a 2-category by regarding each Hom-set as a discrete
category (i.e., the only morphisms are the identity morphisms).

EXAMPLE A.9 The 2-category € -«{ has as objects the small categories, as 1-morphisms
the functors between categories, and as 2-morphisms the natural transformations be-
tween functors.

Let F, G, and H be functors A — B. The vertical composite of natural transformations
a: F= Gandf: G = H is the natural transformation foa : F = H such that

(600()(1 = Bgoa, : F(a) - H(a)

for all objects a of A.

Let F, G be functors A — B and H, I functors B — C. The horizontal composite of
natural transformationsa: F= Gandf: H=1I,

A/ﬂ?‘BWC,
\E/' \I/

3Because we are requiring the Hom-categories to be small, this agrees with the usual definition, which
requires that the objects form a set and the Hom-categories be small.
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is the natural transformation 8 * o : HoF — [oG such that (8 * a), is the diagonal
map in the commutative square

(HoF)a) =", (IoF)(a)

[ [

(HoG)a) 22 (1oG)(a)

for all objects a of A. For example, from

H
A—L)B/Uﬂ\\(:,
~—_"_ "7

we get a natural transformation SF : HF — IF, namely, § * idp, and from

F

/—\
A Uoc BL)C
\E/'

we get a natural transformation Ha : HoF — HoG. With this notation,

B # a=(BG)o(Ha) = (Ia)o(BF).
See Riehl 2016, 1.7.
We can now make the following definition.

DEFINITION A.10 Let A and B be objects in a 2-category. An equivalence between A
and B is a system

f
A B, n:idg=>gof, €: fog= ids,
8
where f and g are 1-morphisms and 7 and € are 2-isomorphisms (invertible 2-morphisms).
We call a 1-morphism f : A — B an equivalence if it can be extended to such a system,
and we say that A and B are equivalent, denoted A & B, when there exists such an f.

A.11 An equivalence (f, g,7,¢€) is an internal or adjoint equivalence if it satisfies
the triangle identities (A.2). As in A.5, any equivalence can be made into an adjoint
equivalence by changing at most one of 7 or € (Johnson and Yau 2021, 6.2.4).

Al12 If A ® A’ and B = B/, then Hom(A4, B) & Hom(A’, B"). More precisely, from
equivalences between A and A’ and between B and B’, we get an equivalence between
Hom(A, B) and Hom(A4’, B').

ASIDE A.13 Asarough rule of thumb, in a 1-category, objects can be considered to be the “same”
if they are isomorphic, and parallel morphisms if they are equal. In a 2-category, objects can be
considered to be the “same” if they are equivalent, parallel 1-morphisms if they are isomorphic,
and parallel 2-morphisms if they are equal.

NOTES Because we require the Hom categories to be small, what we call a 2-category is called a
locally small 2-category in Johnson and Yau 2021, 2.3.9. There are also “nonstrict” 2-categories,
called bicategories (ibid., 2.1.3).
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Bicategories

The definition of a bicategory is the same as that of a 2-category except that the condi-
tions (a) and (b) (the associativity and unit axioms) hold only up to coherent invertible
2-morphisms. More precisely, the associativity and unit axioms hold up to natural iso-
morphisms, which are thus part of the data of a bicategory, and which themselves satisfy
certain coherence conditions. See Borceux 1994a, 7.7.

Every bicategory is biequivalent to a 2-category (Johnson and Yau 2021, 8.4.1), but
bicategories also arise naturally. In this work, we only use 2-categories, but we need to
consider biequivalences in addition to 2-equivalences.

EXAMPLE A.14 Every monoidal category (C, ®) can be thought of as bicategory with one
object %. The 1-morphisms are the objects of C and the 2-morphisms are the morphisms
of C. Horizontal composition is given by tensor product,

w Y YW
VTR P ETIR TR
% Jloc * “/3 * ow % Uﬁ@a % .

Note that X ® (Y ® Z) is not equal to (X ® Y) ® Z, but there is a natural isomorphism
axyz- X® (Y ®Z) - (X QYY) ® Z satisfying certain coherence conditions.

2-functors and 2-equivalence

A 2-functor between 2-categories assigns objects to objects, 1-morphisms to 1-morphisms,
and 2-morphisms to 2-morphisms, preserving the 2-category structure strictly.*

DEFINITION A.15 Let 6 and 9 be 2-categories. A 2-functor F : € — 9 consists of a
function F, : €y — 9, and a family of functors

FA,B . Homfg(A,B) - Hom@(FoA,FoB),

indexed by the pairs of objects A, B in 6, satisfying the following conditions,
(a) F isafunctor between the underlying 1-categories of € and &,
(b) F preserves horizontal compositions of 2-morphisms.
The conditions (a) and (b) require that the diagrams

G(A,B)XE(B,C) —— B(A,C) 11—, B(A,A)
lFA,BXFB,C lFA,C Upa lFA,A (88)
D(FA,FB) X B(FB,FC) —— P(FA,FC) D(FA,FA)

commute for all objects A, B, C in 6.
See Johnson and Yau 2021, 4.1.8

DEFINITION A.16 Let F,G : € =3 9 be a parallel pair of 2-functors of 2-categories. A
2-(natural transformation) « : F — G is a family of 1-morphisms

a,: FA— GA

indexed by the objects A of € such that

“What we call 2-functor, 2-(natural transformation), etc. are often called strict 2-functor, strict 2-(natural
transformation), etc.
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(a) for each 1-morphism f: A — B in €6 the diagram

FA 245 GA

lFf le

FB —%, GB

commutes in &, and
(b) for each 2-morphism 6 : f = g in Homg(A, B), the diagram

(Gf)oay == ago(Ff)
l(GG)*idaA lidaA*(Ge)
(Gg)oay = ago(Fg)

commutes in Homg,(FA, GB).
Ibid., 4.2.11.

DEFINITION A.17 A 2-(natural transformation) a : F — G is a 2-(natural isomor-
phism) if there exists a 2-(natural transformation) 8 : G — F such that fa = idr and
C{‘B = ldG .

DEFINITION A.18 Let6 and & be 2-categories. A 2-equivalence of € and P is a system
F
Cg<_@, UldqgﬁGF, €:FG->id95,
G
where F and G are 2-functors and 7 and € are 2-(natural isomorphisms). We call a

2-functor F : € — 9D a 2-equivalence if it can be extended to such a system.

A 2-equivalence between 2-categories is precisely the same as a strict 6«1 -enriched
equivalence. Ibid., 1.3.11, 6.2.12.

THEOREM A.19 (WHITEHEAD THEOREM FOR 2-EQUIVALENCES) Let 6 and 9 be 2-cat-
egories. A 2-functor F . ‘€ — D is a 2-equivalence if and only if
(a) the underlying functor on the 1-categories is an equivalence, and

(b) F is fully faithful on 2-morphisms.
PROOF See Johnson and Yau 2021, Theorem 7.5.8 and Definition 7.0.1. O
Condition (b) in the theorem means that, for all objects A, B in €, the functor
F,p: Homg(A, B) —» Homg(FyA, FyB)
is fully faithful.

A.20 The conditions in the theorem are equivalent to
(a) F, is surjective on isomorphism classes of objects, and

(b) for all objects A, B in 6, the functor
FA,B . Homcg(A,B) Ed Homgz)(FoA, FoB)
is an isomorphism of 1-categories.

As the condition (b) suggests, a 2-equivalence is the analogue for 2-categories of an
isomorphism of 1-categories. As we explain in the next subsection, the analogue of the
more useful notion of an equivalence of 1-categories is that of a biequivalence.
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Pseudofunctors and biequivalences

We need to relax some conditions in the last subsection. The notion of a pseudo widget
is obtained from that of a widget by allowing certain equalities to be isomorphisms.

DEFINITION A.21 Let€ and 9 be 2-categories. A pseudofunctor F : € — & consists
of a function Fy : €y - P, and a family of functors

F,p: Homg(A, B) = Homg(FyA, FyB)

indexed by the pairs of objects A, B in € such that the diagrams (88) commute up to
given invertible natural transformations. In detail, there are given invertible natural
transformations

Yapc - co(Fap X Fpc)= Fycoc
514 . Ura => FA,AouA

for all objects A, B, C of 6, satisfying the following conditions:
(a) (associativity) for every triple of 1-morphisms in ‘6

A-Lpt cp

the diagram
FhoFgoF f ™% FhoF(gof)
ly*ide ly*idpf

F(hog)oF f —— F(hogof)
commutes;
(b) (unity) for every 1-morphism f: A — Bin 6,
YidaroUdpy % 84) = idpy = ¥yq,0(64 * idpy).
See Borceux 1994a, 7.5.1; Johnson and Yau 2021, 4.1.2).

A.22 Pseudo-functors preserve internal (adjoint) equivalences: if (f, g, 7, €) is an inter-
nal equivalence and F is a pseudofunctor, then F f and Fg are adjoint members of an
internal equivalence (Johnson and Yau 2021, 6.2.3).

DEFINITION A.23 Let F,G : € =3 & be two pseudofunctors of 2-categories. A pseudo
natural transformation o : F = G is a family of 1-morphisms

a,. FA— GA
indexed by the objects A of € and a family of invertible 2-morphisms
ar: G(f)oay = agoF(f)

indexed by the 1-morphisms f of 6. The families are required to satisfy certain coherence
conditions, ibid., 4.2.1.

Pseudo natural transformations are sometimes called strong transformations.
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DEFINITION A.24 LetF,G : € — 9 be pseudofunctors of 2-categories, and leta, 5 : F =
G be pseudo natural transformations. A modificationI': o« ~ (8 is a family of 2-
morphisms

FA L Ax > ﬁA’
indexed by the objects of €, such that the diagram

Gf+I'y4

(Gflas — (Gf)Ba
l‘xf L@ £
Ig*F f
ap(Ff) — Bp(Ff)
commutes in 9 (ibid., 4.4.1, 4.4.3).
DEFINITION A.25 Let € and 9 be 2-categories with € small. There exists a 2-category
PsFun(6,D)with
¢ objects the pseudofunctors € — 9,
o 1-morphisms the pseudo natural transformations between such pseudofunctors,

¢ 2-morphisms the modifications between such pseudo natural transformations.
Ibid., 4.4.13, where the category is denoted Bicat™ (€, D).

DEFINITION A.26 Let6 and 9@ be 2-categories. A biequivalence of € and & is a system

F
6 — 9. idg - GF, FG — idg,
G
where F and G are pseudofunctors and idg — GF and FG — idg, are pseudo nat-
ural transformations that are equivalences as 1-morphisms in P3Fun(6€,6) and
P sFun(D,D) respectively (A.10). We call a pseudofunctor F : € — D a biequiva-
lence if it can be extended to such a system (ibid., 6.2.8).

A biequivalence is sometimes called an equivalence between 2-categories (it is the
correct analogue of an equivalence of 1-categories).

A.27 When 6 and 9 are small, the internal equivalences in P 3Fwn(6,€6) are in-
vertible pseudo natural transformations (ibid., 6.2.7). In this case, we can define a
biequivalence of € and 9 to be a system

F
G

with idg - GF and FG — idg invertible pseudo natural transformations. A pseudo
natural transformation F — G is invertible if and only if each component F(A) — G(A)
is an invertible 1-morphism in < (ibid., 6.2.16).

THEOREM A.28 (WHITEHEAD THEOREM FOR BIEQUIVALENCES) Let € and & be 2-cat-
egories. A pseudofunctor F : ‘€ — D is a biequivalence if and only if

(a) F, is surjective on equivalence classes of objects, and

(b) for all objects A, B of 6, the component functor
F,p: Homg(A, B) — Homg(FyA, FyB)

is an equivalence of 1-categories.
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PROOF See Johnson and Yau 2021, Theorem 7.4.1 and Definition 7.0.1. O

A.29 The conditions (a) and (b) in the theorem are equivalent to the following condi-
tions:

(a) F issurjective on equivalence classes of objects,
(b) F is surjective on isomorphism classes of 1-morphisms (between any two objects),

(c) F is bijective on 2-morphisms (between any two 1-morphisms).

REMARK A.30 (a) When the F in the theorem is a 2-functor, there need not exist a
2-functor G satisfying the conditions in A.26, only a pseudofunctor (ibid., 6.2.11).

(b) When F is a biequivalence, the underlying functor on 1-categories need not be
full, faithful, or essentially surjective.

(c) Let F : € — 9D be a 2-functor of 2-categories. If F is a 2-equivalence, then Fj is
surjective on isomorphism classes of objects; if it is a biequivalence, it only required to
be surjective on equivalence classes of objects.

NOTES The Whitehead theorems are folklore. They were named by Johnson and Yau 2021 in
analogy with the Whitehead theorem in homotopy. They are also proved in Gabber and Ramero
2018, 2.4.30.
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Ind categories

Basic definitions

B.1 A setwith a partial order < is directed if, for every pair of elements a, b, there exists

an element ¢ such that a,b < c. A category is filtered if, for every pair i, j of objects,
there exists an object k and morphisms i — k, j — k, and for every parallel pair of
morphisms u,v : i 3 j there exists a morphism w: j — k such that wou = wov. A
directed set can be viewed as a filtered category in an obvious way.

B.2 Let C be an essentially small category. Anind-objectin Cisa functora » X, : A -
C, where A a small filtered category. Given two ind-objects a w X, and § w Y, we set

Hom((X,), (Yp)) = I(Eh_r)n Hom(Xg, Yg). (89)
a B

In this way, we obtain the category Ind C of ind-objects of C. The same category is
obtained when A is required to be a directed set (Adamek and Rosicky 1994, 1.5). The
functor (- sending an object of C to a constant inductive system embeds C as a full
subcategory of Ind C. The category Ind C is essentialy small (Kashiwara and Schapira
2006, 6.1.2).

B.3 The functor
“h_r)n”Xa w> h_II)l hx,

is an equivalence of Ind C with the category of functors C°PP — Set that are small filtered
inductive limits of representable functors. This allows us to identify “li_n)l”X o With its
limit in Fun(C°PP, Set), and Ind C with the full subcategory of Fun(C°PP, Set) of limits of
small filtered inductive systems of representable functors.

When C has finite inductive limits, a functor C°PP — Set lies in Ind C if and only if it
is left exact and satisfies a certain smallness condition (Kashiwara and Schapira 2006,
6.1.7).

B.4 A functor F: C — D has a unique extension to a functor of ind-objects,
c—f b

lc )

IndC ndF, Ind D,

commuting with small filtered inductive limits. Moreover,

207
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(a) this construction respects composition,
Ind(GoF) = Ind(G)o Ind(F);

(b) if F is faithful (resp. fully faithful), then so also in Ind F.
See Kashiwara and Schapira 2006, 6.1.9, 6.1.10, 6.1.11.

B.5 When C has finite inductive limits, Ind C has small inductive limits and the functor
ic : C — Ind C is right exact, i.e., commutes with finite inductive limits. If, in addition,
C admits finite projective limits, then small filtered inductive limits are exact in Ind C.
See Kashiwara and Schapira 2006, 6.1.6, 6.1.18, 6.1.19.

An object X of a category C with filtered inductive limits is finitely presented if
Hom(X, —) commutes with filtered inductive limits, i.e.,

Hom(X, 11_11)1 Y,) ~ h_n)l Hom(X,Y,)

o4 a

for every functor a «» Y, : A —» C with A filtered.

PROPOSITION B.6 Let C be a category with finite inductive and finite projective limits. If C
is idempotent complete, then the essential image of (¢ consists of the finite presented objects
of Ind C. Hence, i defines an equivalence

C — (Ind C).

PROOF Almost by definition, the objects of C are finitely presented when regarded as
objects of Ind C. For the converse, let X be a finitely presented object of Ind C, and write
X = h_r)n X, with X, in C. Then

a

Hom(X,X) = Hom(X,li_rr)lXa) ~ li_r)nHom(X,Xa).

o4 a

In particular, idy factors through some X,

. f g ..
idy =(X—>X0{—>11_n)1X0( =X).

Lete = fog: X, — X,. Then e is an idempotent endomorphism of X, in Ind C, hence
in C because (c is fully faithful. As C is idempotent complete, e splits in C: there exist
morphisms p: X, — Yandi: Y — X, in C with poi = idy and iop = e. The
factorization of idy through X, identifies X, with Y, and so X lies in the essential image
of (c. o

Ind categories of abelian categories

B.7 Let C be an essentially small abelian category. Then Ind C is an abelian category
and the functor (- : C — Ind C is fully faithful and exact. In particular, C is an abelian
subcategory of Ind C (i.e., closed under taking kernels and cokernels). Small inductive
limits exist in Ind C, and small filtered inductive limits are exact. See Kashiwara and
Schapira 2006, 8.6.5.
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B.8 Let C be an essentially small abelian category. If S is any set of objects of C such
that every object of C is isomorphic to one in S, then S generates Ind C. To see this, note
that every object X of Ind C can be written X = h_r)n ; X; with the X; in S and, almost by

e

definition, lim  X; is a quotient of @, _, X;. In particular Ind C has a set of generators,
—>iel iel
and is therefore a Grothendieck category.

Recall that a subobject of an object X is an equivalence class of monomorphisms
with target X. A category is well-powered if the subobjects of any object form a set, in
which case they form a partially ordered set. An object of such a category is artinian
(resp. noetherian) if the set of its subobjects satisfies the descending chain condition
(resp. ascending chain condition).

PROPOSITION B.9 Let C be an essentially small abelian category whose objects are noethe-
rian.
(a) Everyobject X of Ind C is of the form “li_n)l”X « Where (X, ), is filtered inductive system
in C whose transition morphisms are monomorphisms.

(b) The category C is stable under subquotients in IndC, i.e, if X isin Cand Z is a
subquotient of X in Ind C, then Z is in C.

(c) LetX =‘h_r)nX « Where (X ), is an inductive system as in (a). Each X, is a subobject
of X, and the set of X, is cofinal in the collection of all subobjects of X.

(d) An object of Ind C is finitely presented if and only if it is noetherian.

PROOF (a). Let X =“lim”X,. We may suppose that the indexing category is a directed
set (B.2). For each a, the kernels of the morphisms X, — Xj, 8 > a, form an increasing
system of subobjects of X, which is stationary because X, is noetherian. Let K, =
Ker(X, — Xp) for all 8 sufficiently large. The canonical morphism

“li—r)n”XO{ — “li_l’)n”(Xa/Ka)

is an isomorphism, and the inductive system (X, /K,), satisfies (a).

(b) Because C is an abelian subcategory of Ind C, quotients in C agree with quotients
in Ind C. Therefore, C is stable under subquotients if it is stable under subobjects. Let
Y € obC, and let X be a subobject of Y in Ind C. Write X :“li_r)n”Xa, where (X,), is
an inductive system as in (a). For each «a, the inductive limit of the monomorphisms
Xy — Xg, B > a, is a monomorphism X, — X (exactness of inductive limits in Ind C;
see B.7). Thus the X, are subobjects of Y. As Y is noetherian, they form a stationary
system, and so X = X, € ob C for « sufficiently large.

(c) As in the proof of (b), the morphisms X, — X are monic, and so the X, are
subobjects of X. For any other subobject Z of X in C, we have

Hom(Z,X) = h_II)l Hom(Z,X,),

a

and so Z — X factors through X, for some «.

(d) Every finitely presented object of Ind C is in the essential image of i : C — IndC
(see B.6), hence is noetherian.

For the converse, let N be a noetherian object of Ind C and (X, ), a filtered inductive
sytem in Ind C. We have to show that the canonical map

. . *
li‘r)la Hom(N5XO() - Hom(N9 h_n;laXO() ( )
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is bijective. Let X = hm Xq-
For the surjectivity, let f be amorphism N — X, and consider the diagram

f

N——X

1
N xyx X, —2 X,.

Because filtered inductive limits are exact in IndC, f = 11_1’)1’1 f«- Clearly,
[e4

Im(f) C U Im(i of,) (filtered union of subobjects),
a

and so Im(f) C Im(i,of,) for some a (because N, hence Im(f), is noetherian). For such
an «a, f factors through X, and so arises from an element of h_r)n Hom(N, X,). Hence (*)
is surjective.

For the injectivity, let (f,), be an inductive system of morphisms N — X, such that
li_r)n fa = 0. Because h_r)n f« = 0, the filtered union Ua Ker(f,) = N, and because N is

a ¢4
noetherian, Ker(f,) = N for some a. This means that (f,), = 0. Hence (*) is injective.g

PROPOSITION B.10 Let D be an abelian category and C a full subcategory stable under finite
sums and subquotients in D. Assume that C is essentially small and that D is well-powered.
If

(a) all objects of C are noetherian,
(b) small filtered inductive limits exist in D and are exact, and

(c) every object of D is a small filtered inductive limit of objects of C,
then the functor
“li_n)l”Xa w li_r)nXa : IndC—-D
is an equivalence of categories, with inverse the functor sending an object X of D to the
inductive system of its subobjects in C.

Loosely, we can say that D is the category of ind-objects of C.

PROOF As in the proof of B.9(a),(c), we can deduce from (c) that each X in D is a
small filtered inductive limit of subobjects X,, in C. Moreover, the X, are cofinal in the
collection of all subobjects of X in C. To see this, let Z € ob C be a subobject of X; on
passing to the limit in

0-ZnX, > X, > X/Z,

we find that the Z N X, have inductive limit Z; as Z is noetherian, they form a stationary
system, and so this means that Z is contained in X, for all sufficiently large . We have
shown that X is the inductive limit of its subobjects in C, and so the composite

D—-IndC—-D

is naturally isomorphic to the identity functor. Conversely, every X in Ind C is a “hm”X
as in B.9(a) and the X, are cofinal in the set of subobjects in C of 11mX S therefore the
composite

IndC - D - IndC

is naturally isomorphic to the identity functor. o
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We list some examples where Proposition B.10 implies that D is equivalent to Ind C.
Throughout k is a field.

EXAMPLE B.11 Let R be a noetherian ring. Take C to be the category Modf(R) of finitely
generated R-modules and D to be the category Mod(R) of all R-modules. The conditions
of B.10 are obviously satisfied.

EXAMPLE B.12 Let L be a coalgebra over a noetherian ring R. If L is flat over R, then
the category coMod(L) of right L-comodules is abelian. Moreover, every L-comodule is
the filtered union of the L-subcomodules finitely generated over R (Serre 1968, Cor. 2).
Therefore, coMod(L) is locally noetherian, and its noetherian objects are those finitely
generatd over R.

EXAMPLE B.13 Let G be an affine group scheme over k. Take C to be the category
Repf(G) of representations of G on finite-dimensional k-vector spaces, and D to be the
category Rep(G) of representations of G on arbitrary k-vector spaces. Condition (c)
of B.10 says that every representation is the inductive limit of its finite-dimensional
subrepresentations (11, 1.17).

EXAMPLE B.14 Take C to be an abelian category whose objects are noetherian, and D to
be the category of additive left exact functors from C°PP to the category of abelian groups.

An abelian category is locally noetherian if it has small inductive limits, filtered
inductive limits are exact, and there exists a family of noetherian generators with small
index set.

THEOREM B.15 (GABRIEL 1962) Let C be an essentially small abelian category whose
objects are noetherian. There exists a locally noetherian abelian category D such that C is
equivalent to the category of noetherian objects in D. Moreover, the conditions determine D
up to an equivalence preserving C.

PROOF Indeed, Ind C has these properties. O

Extension of scalars

B.16 Let D be a k-linear abelian category with arbitrary small direct sums. For X in D
and V a k-vector space, the functor Y + Hom(V, Hom(X, Y)) is representable, and we
let V ®, X denote the object in D representing it, so

Hom(V ®, X,Y) ~ Hom(V,Hom(X, Y)).

If (e;);¢; is a basis for V (possibly infinite), then V' @, X is a direct sum of copies of X
indexed by I.

B.17 Let k be a field and k’ an extension of k. Suppose that we are given a pair of
k-linear abelian categories C C D satisfying the conditions of Proposition B.10, a pair of
k’-linear abelian categories C' C D’ satisfying the same conditions, and an adjoint pair

of k-linear functors

extension p
> D

restriction
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(extension of scalars, restriction of scalars). We have a diagram

C——(C

;

extension
_—

é—
restriction

The functor restriction of scalars induces a functor
D’ — {object X of D together with a k-linear k’-module structure}. (90)

Let X be an object of D equipped with a k-linear k’-module structure. Such a structure
can be interpreted as a morphism k’ ®, X — X such that certain diagrams commute.We
say that Y C X generates X as a k’-module if the composite

KR Y-k ®X—->X

is an epimorphism, i.e., any k’-submodule of X containing Y equals X. We let C
denote the category of objects of D & Ind C equipped with a k-linear k’-module structure
and generated as a k’-module by a subobject in C.

PROPOSITION B.18 In the above situation, suppose
(a) that the functor (90) is an equivalence;
(b) the extension of scalars D — D' sends C into C'.

Then the functor restriction of scalars induces an equivalence C' — Cy.

PROOF Identify D with Ind C, and, by (90), D’ with the category of Ind-objects of C
equipped with a k’-module structure. With these identification, the restriction of scalars
functor becomes the forgetful functor. Its left adjoint (extension of scalars) becomes
X w k' ® X. It remains to determine C’.

If X € ob D’ is generated as a k’-module by a D-subobject Y C X with Y € obC, then
itis a quotient of k' ®; Y and is therefore in C’. Conversely, if X € ob C’, we write it in
D as a filtered union of its subobjects X, in C. Since X is noetherian in C’, the system
of submodule images of the k’ ®, X, in X is stationary. Therefore X is a quotient of
k' ® X, for a sufficiently large, and so lies in C ). O

EXAMPLE B.19 We list some examples where Proposition B.18 implies that C' — Cy.

(a) Let X be a scheme of finite type over k and X’ the scheme over k’ deduced from
X by extension of scalars. Take C and C’ to be the categories of coherent sheaves
on X and X’ and D and D’ the categories of quasi-coherent sheaves. In this case,
“restriction of scalars” is direct image by the morphism X’ — X.

(b) Let G be an algebraic group over k and G’ the group scheme over k’ deduced from
G by extension of scalars. Take C = Repf(G) and C' = Repf(G’), and let D and D’
be as in B.13.



213

Pro categories

B.20 On reversing the arrows, we get the notion of a pro-object. A pro-object in a
category C is a small filtered projective system o ~ X, and

Hom((X), (Y)) = lim lim Hom(X, Yg).
B «a

If C is abelian, so also is ProC, and the canonical functor C — ProC is exact. The
opposites (duals) of Propositions B.9 and B.10 hold for abelian categories C whose
objects are artinian.

EXAMPLE B.21 Let C = Vecf(k), the category of finite-dimensional vector spaces over k.
Then Ind C is the category of all vector spaces over k and Pro C is the category of linearly
compact vector spaces over k. Duality is an antiequivalence betuween Ind C and Pro C.

EXAMPLE B.22 Let k be a field. Take C to be the category of algebraic group schemes
over k, and D to be the category of all affine group schemes over k. The functor

“lim”G,4 w limG, : ProC - D
— —

is an equivalence of categories, with inverse the functor sending an affine group scheme
G to the projective system of its algebraic quotients (the system (G/N)y, where runs
over the normal subgroup schemes of G such that G/N is algebraic). Every affine group
scheme over k is the limit of a filtered projective system of algebraic group schemes over
k whose transition morphisms are faithfully flat.

IfG = m G, we view its Lie algebra

Lie(G) = l(iELie(Ga)

as a pro Lie algebra. If G = Spec(A) and I is ideal of f € A zero at the origin, the linearly
compact vector space underlying Lie G is the dual of I /I2.

NOTES The exposition in this section is partly based on Deligne 1989 §4.






Appendix C

Nonabelian cohomology

We review some definitions from Giraud 1971. Throughout, we work with affine schemes.
This allows us to sheafify (basically bounded) presheaves for the fpqc topology without
having to pass to a larger universe.

1 Fibred categories

Let A be a small category and ¢ : F — A a functor. For an object S of A, the fibre of F at
S is the category Fg whose objects are the X in F such that ¢$(X) = S and whose arrows
are the f in F such that ¢(f) = idg. For an arrow a : ¢(Y) — ¢(X), we let Hom,(Y, X)
denote the set of f 1 Y — X such that ¢(f) = a; also Hom7(Y, X) = Hom;q (Y, X).

Leta: T — Sbeanarrowin A and let f € Hom, (Y, X). We say f is cartesian, and
that (Y, f) is an inverse image X relative to a, written Y = a*X,, if, for every Z € obFp
and g € Hom,(Z, X), there exists a unique h € Hom;(Z,Y) such that foh = g:

In other words, if composition with f is an isomorphism Hom;q_(Z, a*X) ~ Hom,(Z, X),
natural in Z € ob Fr. When it exists, the inverse image is uniquely determined up to a
unique isomorphism.

The functor ¢ : F — A'is a fibred category ! if

(a) (existence of inverse images) for every arrowa : T — Sin A and X € ob(Fg), an
inverse image a*X exists, and

b
(b) (transitivity of inverse images) given arrows U — T %, SinAand X € ob Fq,
b*(a*X) is an inverse image of X relative to aob.

When we choose an inverse image a*X of each X in Fg, a* becomes a functor Fg — Fr.
Let¢p: F - Aand ¢’ : F/ — A be fibred categories over A. A functoru: F — F/
such that ¢’ou = ¢ is cartesian if it preserves cartesian morphisms, When u, u’ are

Literally, a category furnished with fibres. Also called a (Grothendieck) fibration over A.
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cartesian functors F — F’, avertical natural transformation is a natural transformation
m: u — u’ such thatidy * m = idy,

u ¢ ¢
F/H’"\\F,WA = F/JE?A-

We write Cart(F, F’) for the category whose objects are the cartesian functors F — F’ and
whose morphisms are the vertical natural transformations.

There is a 2-category F 1 6(A) whose objects are the fibred categories ¢ : F — A with
F small, whose 1-morphisms are the cartesian functors, and whose 2-morphisms are the
vertical natural transformations (Johnson and Yau 2021, 9.1.18).

A cleavage of a fibred category ¢ : F — A is the choice of a cartesian lifting Y — X
for every arrow a — b in A and X with ¢(X) = a. A cleavage is a splitting if it contains
the identity morphisms and is closed under composition. A split fibred category is one
equipped with a splitting. In general, a fibred category does not admit a splitting, but it
is always equivalent to one that does (Vistoli 2005, 3.14, 3.45).

Let ¢ : F — A be a fibred category. When we choose a cleavage, every morphism
a: T — Sin A defines a functor a* ;. F¢ — Fr, and by universality, there are functorial
isomorphisms

idg — idg, b*oa* — (aob)*

for all objects S of A and composable morphisms a, b in A. In this way, we get a pseudo-
functor A°PP — €. Every such pseudofunctor arises from a fibred category, and every
fibred category over A is isomorphic to one defined by a pseudofunctor. More precisely,
there are a canonical 2-equivalences of 2-categories

. forget =
Fib(A) — Fib(A) — PsFun(AP, €atl)

under which split fibred categories correspond to 2-functors (Grothendieck’s construc-
tion; Johnson and Yau 2021, 9.1.9,10.1.11, 10.6.16). Here ?iﬁd(A) has objects the fibred
categories equipped with a cleavage.

Thus, the theory of fibred categories sometimes allows us to deal with pseudofunctors
without having to keep track of the invertible natural transformations that measure the
failure of certain diagrams to commute.

NOTES Fibred categories were introduced by Grothendieck in SGA 1 and developed in Giraud
1971. Our definitions are those of Giraud. For more recent accounts, see Vistoli 2005 and Johnson
and Yau 2021.

ToDo 22 Look at the alternative definitions. aax.

2 Sheaves for the fpqc topology

Let S = Spec(R) be an affine scheme, and let Affs denote the category of affine schemes
over S. The fpqc topology on Aff is that for which the coverings are finite surjective
families of flat morphisms U; — U of affine S-schemes. A presheaf of sets? on S is a

2In order to be sure that associated sheaves exist, we should consider only basically bounded presheaves;
see Waterhouse 1975.
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contravariant functor F : Affg — Set. A sheaf of sets on S is a presheaf satisfying the
sheaf condition: for all coverings (U; — U);¢;, the sequence

FU) - Hie] FU) = Hi,je[x[ FUxU))

is exact, i.e., the first arrow is the equalizer of the parallel pair. More concretely, a sheaf
of sets for the fpgc topology on Affg is a functor F : Alg, — Set such that
(a) F(R; XR;) = F(Ry) X F(R,), and
(b) for any faithfully flat homomorphism R — R’, the arrow F(R) — F(R’) is the
equalizer of the parallel pair of arrows F(R') = F(R' ®x R’) defined by a —
a®1,1Q®a.
For any S-scheme X, the functor T ~ hx(T) et Homg(T, X) is a sheaf. Indeed, (a) is
obvious, and (b) follows from the exactness of R - R’ = R’ ®; R’ (Waterhouse 1979,
13.1).
Let G be a sheaf of groups. A G-torsor over S (or S-torsor under G) is a sheaf P of
sets together with a right action of G such that
(a) for all maps U — S such that P(U) is nonempty, G(U) acts simply transitively on
P(U);
(b) for some covering (U; — S);, every set P(U;) is nonempty.
A morphism of G-torsors is a morphism of sheaves of sets with an action of G.

3 Stacks (Champs)

Let S be an affine scheme, and let ¢ : F — Affg be a fibred category over Affs. In the
following, we implicitly choose a cleavage.

Descent data

Leta: V — U be a faithfully flat morphism of affine S-schemes, and let F € ob(Fy). A
descent datum on F relative to a is an isomorphism

u pri(F) - pry(E)
over V Xy V satisfying the “cocycle” condition
pr3, (u) = pry,(u)o pry, (u)
overV Xy VXyV,

pry; (W)

priF ——— pr; F

sk
- pr; F.

> PIy
pry, (W)

Here pr; is the projection onto the ith factor and pr i is the projection
VXUVXUV—) VXUV

onto the (i, j)th factor. With the obvious notion of morphism, the pairs (F, u) form a
category Desc(V /U).

There is a functor Fi; — Desc(V /U) sending an object F of Fy; to (a*F, u) with u the
canonical isomorphism

pri(a*F) ~ (ao pr))*F = (ao pr,)*F =~ prj(a*F).
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Definition

A stack is a fibred category ¢ : F — Affg such that, for all faithfully flat morphisms
a: V - U in Affg, the functor F; — Desc(V /U) is an equivalence of categories.
Explicitly, this means the following:

(a) for an affine S-scheme U and objects F, G in Fy, the functor sendinga: V - U
to Homy (a*F, a*G) is a sheaf of sets on U (for the fpqc topology);

(b) for every faithfully flat morphism V' — U of affine S-schemes, descent is effective
(that is, every descent datum for V' /U is isomorphic to the descent datum defined
by an object of Fy;).

In other words, a fibred category is a stack if both morphisms and objects, given locally
for the fpqc topology, patch uniquely to global objects.

The stacks over Affg form a 2-category with 1-morphisms the cartesian functors,
with the 2-morphisms the vertical natural transformations, and with

Hom(F, F") = Cart(F, F").

Examples

Let S be an affine scheme.

o There is a fibred category ¢ : MoD— Affg such that MODy; is the category of
['(U, Oy)-modules. Descent theory shows that this is a stack: if R — R’ is faithfully
flat, then R’ ® — is an equivalence from R-modules to R’-modules equipped with
a descent datum (Waterhouse 1979, 17.2).

o There is a fibred category ¢ : PROJ— Affg such that PROJy is the category of
finitely generated projective I'(U, O )-modules. Descent theory shows that this is
a stack: if R — R’ is faithfully flat, then an R-module M is finitely generated and
projective if and only if R’ ® M is.

o There is a fibred category ¢ : AFF— Affg such that AFF; = Affy, i.e., the fibre
over U is the category of affine U-schemes. Descent theory shows that this is a
stack (Waterhouse 1979, 17.3).

o There is a fibred category ¢ : SHGR— Affg such that SHGRy; is the category of
sheaves of groups on U (for the fpqc) topology. This is a split stack, the inverse
image of a sheaf being its restriction.

o Let G beasheafof groups on S (for the fpqc topology). There isstack ¢ : TORS(G) —
Affg such that the fibre over U is the category of right torsors under G|U over U.

Prestacks and the associated stack
A fibred category is a prestack if it satisfies the condition (a) to be a stack, i.e., for all
F,G € obFy, the functor

(VS U) » Hom(a*F, a*G)

is a sheaf on U for the fpqc topology.
Let ¢ : F — Affg be a prestack. The associated stack ¢ : F' — Affg of F contains
it as a full subcategory and is characterized by having the property that every object of
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F’ is locally in F. For any stack H over Affg, the inclusion functor i : F — F’ induces an
equivalence of categories
Hom(F’, H) = Hom(F, H), (91)

compatible with base change. To construct F/, we have to add an object over U for each
faithfully flat morphism V' — U and object over V equipped with a descent datum. We
can do this by defining ob F}, = h_r)n Desc(V /U), where V' — U runs over a suitably large
collection faithfully flat morphisms. See Giraud 1971, II, §2.

For example, let G be a sheaf of groups on S. There is a fibred category G — Affg
such that the fibre over U is G|U regarded as a category with one object. This is a
prestack, but not a stack. The functor G — TORS sending the unique object of G; to the
trivial G|U-torsor realizes TORS(G) as the associated stack of G: G is a full subcategory
of TORS(G) and every object of TORS(G) is locally in G.

4 Gerbes

Let S be an affine scheme. A gerbe over S is a stack G — Affg such that,
(a) for all U, the category Gy; is a groupoid (all morphisms are isomorphisms);

(b) there exists a faithfully flat morphism U — S such that G; is nonempty;

(c) any two objects of a fibre Gy; are locally isomorphic (i.e., their inverse images

under some faithfully flat morphism V' — U of affine S-schemes are isomorphic).

A morphism of gerbes over S is a morphism of stacks whose domain and codomain are

gerbes, and similarly for a morphism of morphisms of gerbes. Thus the gerbes over Aff
form a 2-category such that

Hom(F,F") = Cart(F, F’).

A gerbe G— Affg is neutral if Gg is nonempty.

Example: torsors

The stack TORS(G) — Affg defined by a sheaf G of groups on S is a gerbe. It is neutral
because TORS(G)g contains the trivial torsor (G acting on itself on the right).

Conversely, let G be a neutral gerbe, and choose a Q € ob(Gg). Then G o Aut(Q)isa
sheaf of groups on S, and, foranya : U — S and P € ob(Gy), the sheaf Jsom(a*Q, a*P)
is a torsor under G over U. The functor

P w Jsomy(a*Q,a*P) : G — Tors(G)

is an isomorphism of gerbes.

5 Bands (Liens)

In this section, S is an affine scheme equipped with the fpqc topology.

C.1 Roughly speaking, we pass from groups to bands by systematically ignore inner

automorphisms. For example, when two objects X and Y are isomorphic, the choice of
an isomorphism X — Y determines an isomorphism Aut(X) — Aut(Y), well-defined
up to an inner automorphism. In other words, Aut(X) ~ Aut(Y) as bands. We make
this precise in the category of sheaves of groups on S.
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C.2 Let LI;; denote the category whose objects are sheaves of groups on U and whose
morphisms G — H are the sections of the quotient sheaf
H\¥om(G,H)/G,

where G and H act on #(om(G, H) by inner automorphisms. Note that, as foinn, =
inngeg) of,
H\Hom(G,H) ~ H\Hom(G,H)/G.

On varying U, we get a fibred category LI — Affg. Itis, in fact, a prestack, and the
associated stack
LIEN — Affg

is called the stack of bands. Thus LI is a full subcategory of LIEN, and every object of
LIEN is locally in LI. A band over S is an object of LIENj.

C.3 There are obvious morphisms of fibred categories
SHGR — LI — LIEN
over Affg. We write BAd(H) for the band defined by a sheaf of groups H. For sheaves of

groups G, H on Affg, the functor Bd induces an isomorphism of sheaves of homomor-
phisms (Giraud 1971, 1V, 1.1.7)
H\Hom(G,H) - Fom(Bd(G), Bd(H)).
Let
Isex(G, H) € H\Isom(G, H) = Jsom(Bd(G), BA(H))
Isex(G, H) = (S, Isex(G, H)) = Isom(Bd(G), BA(H)).
C.4 Every band B over S is locally the band of a sheaf of groups. This means it comes

by descent from a triple (U, G, u), where U is faithfully flat over S, G is a sheaf of groups
onU,andu € Isex(pri‘ G, pr;‘ G) is such that

pr3, (u) = pr3,(wo pr3, (w).
If V is also a faithfully flat affine S-scheme, and a: V — U is an S-morphism, then
(U,G,u) and (V,a*(G), (a x a)*(u)) define the same band. If B; and B, are the bands

defined by (U, G;,u;) and (U, G,,u,), then an element ¢ € Isex(G;,G,) such that
pr;(¥)ouy = u,o pri() defines an isomorphism B; — B,.

C.5 Recall that every sheaf of groups G on S defines a band Bd(G) over S, and that
Isom(Bd(G), Bd(H)) = Isex(G, H).

Thus, Bd(G) and Bd(H) are isomorphic if and only if H is an inner form of G, i.e., H
becomes isomorphic to G on some faithfully flat S-scheme T, and the class of H in
HY(S, Aut(G)) comes from H'(S, Inn(G)), where inn(G) is the image of the homomor-
phism of sheaves

inn : Inn(G) - Aut(G), inn(g)(x) = gxg~’.

C.6 The fibred category LI contains the stack of sheaves of commutative groups as a full
subcategory. Thus, we have an equivalence from the stack of sheaves of commutative
groups to the stack of commutative bands.

C.7 The centre Z(B) of the band B defined by (U, G, u) is defined by (U, Z, u| pr] Z),
where Z is the centre of G. The restriction u| pry Z lifts to an elementu; € Isom(pr] Z, pr; Z),
and one checks immediately that pr3, (u;) = prj,(u;)o pr3, (u;). Thus (U, Z,u| prj Z)
arises from a sheaf of groups on S, which we identify with Z(B).
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Affine and algebraic bands

C.8 A band is said to be affine if it is represented by a triple (U, G, u) with G an affine
group scheme over U. When G is algebraic, the band is said to be algebraic

C.9 Let k? be an algebraic closure of k. Later, we shall see that every affine algebraic
band over k is defined by a pair (G, u), where G is an algebraic group over k% and u is
an isomorphism pr, G — pr, G.

The band of a gerbe

Let G be a gerbe on Affg. By definition, there exists an object Q € Gy for some U
faithfully flat over S. Let G = Aut(Q); it is a sheaf of groups on U. Again, by definition,
pr; Q and pr} Q are locally isomorphic on U Xg U, and the locally-defined isomorphisms
determine an element u € Isex(pr] G, pr; G). The triple (U, G, u) defines a band B
which is uniquely determined up to a unique isomorphism. This is the band of the gerbe
G.

A gerbe is said to be affine (resp. algebraic) if it is banded by an affine (resp. algebraic)
band.

Bands over a perfect field

Now let S = Spec k, where k is a perfect field, and let G be a smooth affine group scheme
over k?. Recall that, if k has characteristic zero, then all algebraic group schemes are
smooth.

C.10 To give G the structure of a band over k is the same as giving an isomorphism
u: pr, G — pr, G satisfying the cocycle condition modulo inner automorphisms.

This is esentially the definition. Applying Galois descent (II1, §5) to C.10, we obtain
the following statement.

C.11 TogiveG the structure of a band over k is the same as giving a family (¢5)secaika /k)
of isomorphisms ¢, . 0G — G satisfying the following two conditions:

(a) (cocycle) for all o, T € Gal(k® /k),

po0(0¢,) = ¢, modulo inner automorphisms

(b) (continuity) (¢,) is split by some model of G over a subfield K of k* finite over k.

DEFINITION C.12 (SPRINGER 1966, 1.12) Let G be an algebraic group over k?. A k? /k-
kernel in G is a homomorphism

ot Aut(G(k))
: Gal(k¥/k) — Out(G(k¥)) & ———_=-

s Gal(ke!/k)  Our(Gk) & Torer oS

such that
(a) every automorphism %(c) of G(k*) lifting x(o) is o-linear (III, 6.1),

(b) for some finite extension K C k? of k, the restriction of x to Gal(k/K) is defined
by a model of G over k.
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PROPOSITION C.13 To give G the structure of a band over k is the same as giving it the
structure of a k¥ /k-kernel in G.

PROOF Let x be a k% /k-kernel. For each o, choose a lifting (o) of k(). The condition
(a) says that
oP - %(0)(P): (cG)(k*) = G(k¥)

is defined by an isomorphism of algebraic varieties cG — G. The family (¢, ) satisfies
the cocycle and continuity conditions. Conversely, a family (¢, ),<r satisfying these
conditions defines a k® /k-kernel by

k(0)(P) = ¢5(aP). o

C.14 Let G and H be algebraic group schemes over k. To give a morphism Bd(G) —
Bd(H) of bands over k is the same as giving an H(k)-conjugacy class of homomorphisms
Gy = Hja stable under the action of Gal(k® /k).

ToDo 23 Perhaps rethink the definition of kernel, aax.

6 Cohomology

Preliminaries

C.15 Let S be a site. For a sheaf F of abelian groups on S, let 7{'(F) denote the presheaf
U ~ H'(U,F). The Cech and derived cohomologies F are related by a spectral sequence

HY(S, I (F)) = H™(S,F).
Moreover, H(S, 7/(F)) = 0 for all j > 0, and so there is an exact sequence
0 — H*(S,F) — H(S,F) — H'(S, }'(F)) — H3(S,F). (92)

Note that the equality H°(S, 7/(F)) = 0, j > 0, says that for all U and s € H/(U, F),
j > 0, there exists a covering (U; — U) such that s maps to zero in H/(U;, F) for all i.
See Milne 1980, I1I, 2.7, 2.9, 2.10, 2.11.

The fpgc cohomology versus the fppf conomology

Let S be an affine scheme. Recall that the fpqc topology on Affg is that for which the
coverings are finite surjective families of flat morphisms of affine S-schemes. For the
Jppf topology on Affg, the morphisms are required to be flat of finite presentation. The
identity map on S is a continuous map f : Sgpqc = Sgppr Of sites, and so, for any sheaf F
of abelian groups on S, We have a canonical homomorphisms

H'(Stppt> f+F) = H'(Sgpqe, F), i 20.

We now let S = Speck, k a field.
For a presheaf of abelian groups F on Aff; and a k-algebra R, define H'(R/k, F) to
be the ith cohomology group of the complex

F(R) —» F(R®?) - ... - F(R®) — ...
Then, by definition, the Cech groups
H(kpge, F) = lim H {(R/k,F) (limit over all k-algebras)
H'(kgpps, F) = lim H {(R/k,F) (limit over finitely generated k-algebras).



6. Cohomology 223

PROPOSITION C.16 Let F be a presheaf of abelian groups on Aff,. If F transforms filtered
projective limits of affine k-schemes into inductive limits, the canonical maps

Fli(kfppfa F) - Fli(kquc,F)
are isomorphisms for all i.
PROOF For any k-algebra R,
R® = limR'®',
—
R/
where the limit is over all finitely generated subalgebras R’ of R, and so similarly

H'(R/k,F) = lim H'(R'/k,F).

R’/CF,finitely generated O

PROPOSITION C.17 Let U be an affine scheme and G an affine group scheme flat of finite
presentation over U. Then the canonical map

Hl(Ufppfa G)— Hl(Uquc’ G)
is a bijection.

PROOF The sets classify the isomorphisms classes of torsors under G for the two topolo-
gies over U, and the functor

Tors(Ugpps, G) = Tors(Ugpge, G)

is an equivalence (even an isomorphism) of categories. Indeed, under the hypotheses,
the torsors are representable by affine schemes flat and of finite presentation over U.
The functor is obviously fully faithful, and every fpqc torsor T under G is also an fppf
torsor because it has a point in an affine scheme flat and of finite presentation over U,
namely, in T itself. O

PROPOSITION C.18 Let Z be a commutative algebraic group scheme over k. The canonical
map

H?(Kgpps, Z) = H*(Kgpge, Z)
is an isomorphism.

PROOF For the fppf and fpqc topologies, the exact sequence (92) becomes

0 — H2(kgppt, Z) — H*(kgppss Z) — H (e, H:(kigppt, Z2)) —> H3(kgpps Z)

I+ | I J¢

0— I\:Iz(kquc’z) - Hz(kqucsz) - I\_jl(kquc’ﬂl(kquc’z)) - I\_j3(kquc’z)-

The maps a and d are isomorphisms by C.16. The canonical map H 1(kfppf,Z) -
H 1(kquc, Z) is an isomorphism by C.17, and the two functors transform filtered projec-
tive limits of affine schemes to inductive limits, so ¢ is an isomorphism by C.16. Now
the five-lemma shows that b is an isomorphism. o

ASIDE C.19 Flat algebras need not be filtered inductive limits of finitely presented flat algebras.
For example, let p be a prime number, let A = F,[Xj, ..., X,,], and let B be the integral closure
of A in an algebraic closure of the field of fractions of A. Then B is flat over A by a theorem of
Hochster and Huneke, but it is not a filtered direct limit of finitely presented flat A-algebras if
n > 3 (Bhargav Bhatt).

NOTES This subsection is based on Saavedra 1972, III, 3.1.
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The fppf conomology versus the étale conomology

THEOREM C.20 Let G be a smooth affine group scheme over a scheme S. The canonical
map

Hi(Set’ G) — Hi(Sfppfa G)

is an isomorphism for i < 1, and for all i if G is commutative.

PROOF Grothendieck 1968, 11.7, or Milne 1980, 111, 3.9. o

Application to bands and gerbes

Let S = Speck, k a field. If a presheaf on S (i.e., a contravariant functor fom Affg
to groups) is a sheaf for the fpqc topology, then it is also a sheaf for the fppf topology
(obviously). This extends to a commutative diagram of fibred categories over Affg,

SHGRypf — SHGRppqc

l |

LIENg,,f — LIENp.

We write B w B* for the functor from bands on Stpgc to bands on Sgppr.
Let Lipgc (resp. Leppe) denote the category whose objects are the affine algebraic bands
on Sgpqc (resp. Stppr) and whose morphisms are the isomorphisms between bands.

THEOREM C.21 The functor B ~ B : Lepge — Leppt is an equivalence of categories.
PROOF Saavedra 1972, 111, 3.1.4.4, p. 191. O

THEOREM C.22 Let G be a fibred category over Affg. Then G is an affine algebraic gerbe
for the fpqc topology if and only if it is for the fppf topology.

PROOF Saavedra 1972, 111, 3.1.5, p. 191. o
COROLLARY C.23 Let B be an affine algebraic band over k. Then the map
H?(Stpps> B) = H*(Sgpgc, B)
is bijective, and induces a bijection
H*(Sgpps> B) = H*(Sgpge, B)'.

COROLLARY C.24 Let G be an affine algebraic gerbe over Aff. There exists a finite exten-
sion k” of k such that the fibre of G over Spec k’ is nonempty.

PROOF We may suppose that G is an affine algebraic gerbe for the fppf topology. Then
G(R) # 0 for some finitely generated k-algebra R. For any maximal ideal m in R,
G(R/m) # @ and R/m is a finite field extension of k (Zariski’s lemma). o
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Alternative approach

C.25 If k is algebraically closed, then every algebraic band over k is the band of an
algebraic group over k. To see this, let B be such a band. For some affine k-scheme U, B
defines an element of H'(U /k, B2). There is an exact sequence of pointed sets

H'(k,B) — H'(k,B*) — H*(k,Z(B))

(fpgc cohomology groups). Now H?(k, Z(B)) is equal to the fppf cohomology group
(C.18), hence it is zero because k is algebraically closed. Thus, the class of Bin H'(U /k, B)
lifts to a class in H'(U/k, B), which defines an algebraic group scheme over k.

C.26 Let B be a band on Affg, and let G and H be gerbes banded by B. Every morphism
m : G —» Hbanded by idg is an equivalence (IV, ??). We say either that m is a B-morphism
or a B-equivalence, since the two are the same. The cohomology set H%(S, B) is defined
to be the set of B-equivalence classes of B-gerbes. If Z is the centre of B, then H 2(S,2)is
equal to the cohomology group of Z in the usual sense of the fpqc topology on S, and
either H%(S, B) is empty or H2(S, Z) acts simply transitively on it (Giraud 1971, IV, 3.3.3).

PROPOSITION C.27 Let G be an affine algebraic gerbe over Aff,. There exists a finite
extension k' of k such that the fibre of G over Spec k' is nonempty.

PROOF By assumption, the band B of G is defined by a triple (U, G, u) with G a group
scheme of finite presentation over U. Let U = Spec R. The k-algebra R can be replaced
by a finitely generated subalgebra, and then by a quotient modulo a maximal ideal,
and so we may suppose that U = Speck’, where k' is a finite field extension of k. We
shall show that the gerbes G and TORS(G) become B-equivalent over some finite field
extension of k’. The statement preceding the proposition shows that we have to prove
that an element of H 2(Uquc, Z), where Z is the centre of B, is killed by a finite field
extension of k’. But this assertion is obvious for H 2(Ufppf, Z)(C.15), and we can apply
C.18. o

REMARK C.28 The same argument (using C.20) shows that for a gerbe over Aff, with
smooth affine band, there exists a finite separable extension k’ of k such that the fibre
over Speck’ is nonempty. Deduce that a tannakian category over k with prosmooth
band has a fibre functor over k5P,

THEOREM C.29 Let G be an affine gerbe over Aff. For any algebraically closed field K
containing k, the fibre of G over Spec K is nonempty.

PROOF We may suppose that k is algebraically closed, and then have to show that G is
neutral. According to V, ??, G is equivalent (as a fibred category over Aff}) to the gerbe
of fibre functors on a tannakian category over k. Now the statement follows from 1V,
Theorem 10.1. O

EXERCISE C.30 Find a direct proof of Theorem C.29 (possibly using 7.9).
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of k-groupoids, 159
multiplicative type, 114

natural transformation
vertical, 216



Index of definitions and symbols 235

neutral gerbe, 219
noetherian object, 209
numeric characters, 143

orbit topology, 109

pentagon axiom, 4
polarization
of a Hodge structure, 120

polarization of a rational Hodge struc-

ture, 120
projective generator, 86
projective object, 86

pseudo natural transformation, 204

pullback
of a groupoid scheme, 163
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