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The (failure of the) Hasse principle for centres of
semisimple groups

J.S. Milne
6th June, 1987.

Throughout,k is a number field and is a finite set of primes ok. Let G be a
semisimple group ovek, and letZ be the centre of;y (semisimple groups are always
assumed to be connected). We shall investigate the kern@rKgy of

H'(k,Z) — [TyesH' kv, Z).

1 Inner formsof SL,,.

We write {,, for a primitive m™ root of 1 (it will never matter which one), ang, for
$or + &or. The Klein Veiergruppé. /27 x 7./27 will be denotedV .

LEMMA 1.1. Letk be a number field, and letbe an integer- 2. ThenGal(k($y/)/k) is
not cyclic if and only if there is an integer< ¢ such that

(@) ns € k, and

(b) —1,2+ ns, and—(2 + n) are not squares ik.

In this caseGal(k ({ys+1)/k) =~ V, andk(i) (= k($2s)), k(ns+1), andk(ins41) are the
three subfields of(¢,s+1) quadratic ovelrk.

PROOF. (Artin and Tate 1961, pp93-96). Note that

7754_1 =24 n,;

hence any field containing. also containg), for all ' < r.
Note that
Cor+1nyq1 = Cor + 1

hence any field containing- andn,.;, r > 2, also containg,+i1. On applying this
repeatedly, we find that any field containihgndn, for r > 2 contains, .

Finally note that (n,) is cyclic overk.

Supposek ($yr) is not cyclic overk. Thenn, ¢ k (elsely: € k(i), which is cyclic over
k). Hence, thereis an< ¢, s > 2, such that); € k butn,y; ¢ k. Note thati ¢ k(ns+1)
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2 OUTER FORMS OfSL 2

(elsei € k(n,) and sofy € k(n,)). It follows thatk (i) andk(ns+1) are linearly disjoint
guadratic extensions @f, and it is clear that (a) and (b) and the remaining statements are
fulfilled.

The converse is obvious. O

PROPOSITION 1.2. Let G be an inner form o6L,, overk; thenKer(G, S) # 0 if and only
if there is ans such that

(@) 2* ! m;
(b) ns € k;
(c) —1,2+ ns, and—(2 + n,) are not squares ik;

(d) S contains all primes of k lying over2 for which—1, 2 + n,, and—(2 + n,) are
not squares irk,.

In this caseKer(G, S) has order2.
PROOF. Since the centre of a group is not changed by an inner t#ist, u,,. Therefore,
HY(k,Z) = H (k, i) = k> /<™
and
H'(ky, Z) = H' (ky, jtm) = kX / k™.

Consequently,
Ker(G,S) = {a € k* | ais alocalm™ power for allv ¢ S}/k*™.

This is precisely the set studied by the Grunwald-Wang theorem, and so the proposition is
an immediate consequence of that theorem (ibid. p96). (The Grunwald-Wang theorem is a
direct consequence of the above lemma.) O

ExampPLE 1.3. The simplest example where the Hasse principle fails is the following:
k = Q, G = SLg, andS = {2}. Then Ke(G, S) consists of elements @* that ares"
powers locally at all primes df except2, modulo globak™ powers. It is easily seen that
16 is an8'" power at all such primes, but it is obviously notg&hpower inQ (ibid. p96).

REMARK 1.4. Ifn,, € k, then Ke(G, S) = 0.

2 Outer formsof SL,

The group of outer automorphisms of ,sbhas orde®, and so, modulo inner twists, gL
has a unique outer form for each quadratic extengiaf k. The centre of this outer form
IS iy, =at Ker(m:T" — T'), whereT" is the torus ovek whosek-rational points are the
elements of norm in F*. We analyse the action of Gél/k) onu),.
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Fix a quadratic extensiof of k, and letT = Res/x(G,,). Then
T (k) = (FX)HOFR) o X 5 o<
An elementr of Gal(k/k) acts according to the rule
(ta)(0)=ta(t ' 00), o€ (IEX)HO””(F”;).

The mapT (k) < T(k)isa > (0a)s: F* — (k*)"°™F0 The norm maf’ — G, is
() = [Jote: (lX)HOMER) s e

Now write Gal F/k) = {1,0}, and identifyT (k) with k> x k* (the factors correspond
to 1 ando respectively). Then € Gal(k/k) acts according to the rule:

7| F =id; thent (o, B) = (ta, t8);
7|F = o; thent(a, B) = (18, t).

(Check:

(o, B) is fixed by allt fixing F <— («,8) € F x F,
(o, B) is fixed by allz fixing k <— « € F andf = «.)

The mapT(k) < T(k)isa — (a,0a): F < k* x k*. The norm mapl’ — G, is

(o, B) > afs. )

Let T’ be the kernel of the norm mdp — G,,. ThenT’(k) is the subsg(oc,a_l)
of k* x k*. Use the first coordinate to identifff’ (k) with k*. Thent € Gal(k/k) acts
according to the rule:

T|F =id; thent xa = ta;

7|F = o; thent x o = ta™ .

Let ), be the kernel of multiplication by: on 7’. Thenu,, becomes isomorphic to
pm OVer F. Let2’ be the power of dividing m, and let{ generatgu,: (F) = u)y, (F); thus
¢ = (s forsomes < ¢, anduy (F) = (£). Then

o * ¢ =0(0).

Since AutZ/2°Z) has only4 elements of order dividing, namely, &1, +2~!, when
s > 3, there aret possible actions af on{. They are:

(i) 0¢ = theno ¢ = ¢;

(i) ¢ € k,sothaol = ¢;theno « ¢ =;
(i) o¢=—¢ theno x¢=—¢ (s = 3);
(iv) o =—Ctheno ¢ =0 (s > 3).
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PROPOSITION 2.1. Let G be an outer form oEL,, overk corresponding to a quadratic
extensionF of k£, and letS be a finite set of primes. Then there is an exact sequence

0 — Ker(F/k,G,S) — Ker(G,S) — Ker(Gr, S)

where
Ker(F/k,G,S) = Kel(H' (F/k,Z) = [l,usH' (Fu/ky, Z).

MoreoverKer(F/K,G,S) = 0 unless
(a) we are in case (ii) (hencé = {ps € k),
(b) 25*!|m (by our notations{,s+1 ¢ F), and
(c) S containsv if v does not split inF and{ys+1 ¢ F,.

In this caseKer(F/k, G, S) has order2.
PROOF. The exact sequence follows immediately from the diagram

0 —s HYGalF/k,Z) —— H'(k,Z) — H'(F,Z)

l ! !

0 —> [[HY(Gal(Fy/ky,Z) —> -+ —>
Let M = Z(F)(2) = (¢). Then
HY (Gal(F/k), M) =¢ Ker(1 + o)/ Im(1 — o).
In the four cases, a direct computation shows that
() H'(Gal(F/k), M) = {£1};
(i) H'(Gal(F/k), M) = (£)/(%);
(i) H'(Gal(F/k), M) = 0;
(v) H (Gal(F/k), M) = 0;

Thus Ke(F/k,G,S) = 0in cases (iii) and (iv). Consider case (i) and choose a priwie
k remaining inert inF; then the same calculation shows that(Gal( F,/ k,), M) = {£1}

and the map from the global group to the local group is an isomorphism (note rineat
change, but that doesn’t matter in this case). Thus(Kgk, G, S) = 0 in case (i) also.

It remains to consider (ii). Lat be a prime ofk.

(a) If v splits in F, then the map from the global group to the local group is zero.

(b) Assumev does not split inF, and letw be the prime lying over it. Le§’ generate
Z(Fy)(2); thus¢ = ¢’ or else it is a power of it. The same calculation as in the global
situation shows¢’)/(¢"?). Since the map from the global group to the local group is the
obvious one, we see that it is bijective if and onlyif= ¢; otherwise, it is zero. We see
therefore that KeiF'/k,G,S) = 0 if and only if there is a nonsplit ¢ S such thatt
generate< (Fy)(2). This proves the proposition. 0
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EXAMPLE 2.2. The simplest example where K&y k,G,S) # 0 is the following. Let
k = Q, and letF be any quadratic extension @fnot containing. Let G be an outer form
of SL4 corresponding taF. There are only finitely many primasof Q such that does
not splitin F andF,, (w|v) does not contain (if v does not split inF” and is unramified
in both F andQ(i), thenQ,(i) C Fy). ChooseS to be any finite set of primes @@
containing all these primes. Thén= —1 (sos = 1), and we are in case (ii}|m, andS
containsv if v does not splitinF andi ¢ F,,.

REMARK 2.3. The proposition shows that the order of KerS') divides4. It looks easy to

write down examples where it is exactlyalthough | haven’t done this), and it is probably
possible to find examples where it4527 x 7/27 and where it isZ/47Z. In particular, |

don’t believe Raghunathan 1981, Lemma 2.1. (There is an error in his proof on p329 where
he forgets the special case of the Grunwald-Wang theorem.)

3 Groupswith no factorsof type 4

THEOREM 3.1. Let G be a simply connected semisimple group over a numberifielthe
kernelKer(G, S) is zero ifG has no factors of typd,,.

PROOF. We can writeG = []G;, whereG; = Res, x G' with G’ absolutely almost
simple. AsZ(G) = []Z(G;) = [[|Res,/x Z(G"), and Ke(G, S) = [[Ker(G', S) (S
also denotes the set of primeskgflying over a prime ofS) we can assume thét itself is
absolutely almost simple (and simply connected). O

PROPOSITION3.2. Let G be an absolutely almost-simple group over a number fielahd
let S’ be any finite set of primes #f ThenKer(G, S) = 0.

PROOF. Apply the nextlemma tdf =4 Z (k). O

LEMMA 3.3. Let M be aGal(k/k)-module, and assume that there is a Galois extension
L of k such that

(a) the action ofGal(k / k) factors throughGal(L/k);
(b) for all primes¢ dividing the order ofd/, thel-Sylow subgroup dal(L/ k) is cyclic.
Then, for any set of primes of k,
H'(k, M) — [],es H' (ky, M)
is injective.

PrROOF. Well-known (and easy). 0
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Now apply the following table.

Type Centre OutAut

Bn /22 The table is not

C, 7.]27 quite correct, but
this doesn't

D, (nodd) | Z/4Z S3 affect the results.

D, (neven | Z)27 x ZJ]27 | S5

Ee¢ YARYA 7.]27

E; 7.)27

Eg, Fb,Gy |1
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Postscript December 11, 2003

For applications to Shimura varieties, it is interesting to have an example where the Hasse
principle fails for Z (G) in the following case:

(a) G is simply connected,
(b) the ground fieldk is totally real, and
(c) S consists of the infinite primes.
Takek = Q[+/7]. Then
k> k® = Ty ek /e

is not injective! Thus, the Hasse principle fails for the centre of an inner form gf &ler
k, and therefore also for the centre of the simply connected groug®ubétained from an
inner form of Slg by restriction of scalars.

INeukirch, Jurgen; Schmidt, Alexander; Wingberg, Kay. Cohomology of number fields. Grundlehren der
Mathematischen Wissenschaften, 323. Springer-Verlag, Berlin, 2000, p459.
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