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FonctionsL (Ed. L. Breen and J.P. Labesse), Publications Mathématiques de l’Université
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Notations.

– G is a group scheme overZ such thatG(R) = (Oopp
B ⊗ R)× for any com-

mutative ringR;

V (R) is theOB ⊗R-moduleOB ⊗R.

– A is the ring of ad̀eles forQ: A = R× Af = R× Ap
f ×Q×p , where

Af = Zf ⊗Q, Zf = lim←−
n

Z/nZ = Zp
f × Zp.

– K is a sufficiently small open subgroup ofG(Zf ).

– Two isomorphismsT
ϕ

⇒
ϕ′

V (Zf ) areK-equivalent if there exists ak ∈ K

such thatϕ = k ◦ ϕ′.

– For an abelian varietyA, we setEnd0(A) = End(A)⊗Q, Am = Ker(m : A →
A), A(p) = lim−→n

Apn, TfA = “ lim←− ”An (i.e., the inverse system(An)n re-
garded as an object of the category of inverse systems),T p

f A = lim←−(n,p)=1
An,

andV p
f A = T p

f A⊗Z Q.

– W is the ring of Witt vectors with components in̄Fp andW ′ = W⊗ZQ; DN
is the Dieudonńe module of the finite group schemeN , DA = lim←−n

DApn ,
andD′A = DA⊗Q.

– Φ denotes the absolute Frobenius morphism of the Shimura variety overF̄p

attached to the groupG.

∗ ∗ ∗ ∗ ∗ ∗ ∗
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Let E be a totally real number field of degreed overQ, B a totally indefinite quaternion
algebra overE, OB a maximal order inB, andp a prime number (E is denotedF in [3]).
We assume thatp =

∏
p|pp in E with thep distinct, and that, ifEp denotes the completion

of E at the primepi, thenB ⊗E Ep is split; moreover, thatK = Kp · G(Zp) where
Kp = K ∩G(Ap

f ). Fix an abelian varietyA overF̄p of dimension2d and a homomorphism
i : OB → End(A) such thati(1) = 1. We shall describe the setYA of all isomorphism
classes of triples(A′, i′, ϕ̄) with A′ an abelian variety over̄Fp, i′ a homomorphismOB →
End(A′), andϕ̄ a K-equivalence class of isomorphismsϕ : T p

f A′ → V (Zp
f ); we require

that(A′, i′) be isogenous to(A, i) and that the tangent spacetA′ to A′ at the origin satisfy
the following condition (see Exposé III §2):

(*) the subspaces oftA′ defined by the idempotents( 1 0
0 0 ) and ( 0 0

0 1 ) of
OB ⊗ F̄p ≈ M2(F̄p) are freeOE ⊗ F̄p-modules of rank1.

We have seen in [1] that the setKS(F̄p) of points with values in̄Fp of the Shimura
varietyKS admits a description

KS(F̄p) =
∐

AYA

with A running over the set of isogeny classes of abelian varieties of the type under con-
sideration. We fix from now on such anA and putY = YA. Let Φ denote the restriction to
Y of the Frobenius operator on the setKS(F̄p).

According to [1], [3], we should distinguish the following two cases:

(NS) The commutant ofB in End0(A) is a totally imaginary fieldE ′ of degree2 over
E which splitsB; A(p) is isogenous to a product

∏
p|pA(p) with A(p) a p-divisible

group of height2dp = 2[Ep : Qp]; if p splits inE ′ into p = qq′, thenA(p) ∼ A(q)×
A(q′) whereA(q) has slopem′

p/dp andA(q′) has slope(dp − m′
p)/dp = m′′

p/dp;
otherwiseA(p) has slope1/2, and we put1 m′

p = dp/2 = m′′
p.

(S) The commutant ofB in End0(A) is a quaternion algebraB′ overE; A is isogenous to
a powerA ∼ A2d

0 of a supersingular elliptic curveA0.

LEMMA 1. Let T ⊂ TfA be such thatTfA/T is finite; then there exists a unique isogeny
α : A′ → A such that the image ofTfα is T .

PROOF. SinceTfA/T is finite, the cokernelN of T/nT → TfA/nTfA is independent
of n for n sufficiently large. Choose such ann, and letϕ be the surjective mapAn =
TfA/nTfA → N . In order forα : A′ → A to be an isogeny withTfα(TfA

′) = T , it is
necessary and sufficient thatKer(α) = N and thatϕ be the mapAn → N defined by the
snake lemma starting from the diagram

0 −−−→ N −−−→ A′ α−−−→ A −−−→ 0y0

yn

yn

0 −−−→ N −−−→ A′ α−−−→ A −−−→ 0.
1The integersdp, m′

p, andm′′
p are denoteddi, m′

i, andm′′
i in [1], and will be denoteddv, m′

v, andm′′
v

respectively in Expośe VI wherev is the place ofE associated with the idealp.
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Recall that for an abelian varietyA, Extr(A,Gm) = 0 for r 6= 1 andExt1(A,Gm) is the
abelian varietyA∨ dual toA; moreover,A∨∨ ∼= A. Thus to giveα amounts to giving
α∨ : A∨ → A′∨ such thatKer(α∨) = N∨ (whereN∨ denotes the Cartier dual ofN ) and
N∨ ↪→ A∨

n is ϕ∨. We must takeA′∨ = A∨/N∨.

SinceV p
f A is free of rank one overB ⊗ Zp

f , T p
f A contains a lattice isomorphic to

V (Zp
f ), and we can choose the initial pair(A, i) such that there exists an isomorphism

ϕA : T p
f A → V (Zp

f ).
Let A(∞) = ∪nAn. Denote byVfA the projective system

“ lim←− ”A(∞)(n) = · · · ← A(∞)(n) m← A(∞)(mn) ← · · ·

whereA(∞)(n) = A(∞) for all n. We haveTfA ⊂ VfA. (OverC, TfA can be identified
with H1(A,Z)⊗ Ẑ andVfA with TfA⊗ZQ). A latticeΛ in VfA is a subobject “lim←− ”Λ(n)

such that

– mΛ(mn) = Λ(n) for all m andn, and

– m0Λ is contained inTfA for somem0 and defines a finite quotientTfA/m0Λ.

We can writeVfA = V p
f A × VpA with VpA = “ lim←−n

”A(p)(pn), and then a latticeΛ
decomposes into a productΛ = Λp × Λp with Λp = Λ ∩ V p

f A andΛp = Λ ∩ VpA. Let
X be the set of all pairs(Λ, ψ̄) with Λ a lattice inVfA and ψ̄ a K-equivalence class of
isomorphismsψ : Λp → V (Zp

f ) which satisfies the following conditions:

(a) Λ is stable under the obvious action ofOB onVfA;

(b) if D(Λ/pΛ) is the Dieudonńe module of the finite groupΛ/pΛ, thenD(Λ/pΛ)/FD(Λ/pΛ)
satisfies the condition (*).

Whenα is an element ofEnd0(A) such thatmα ∈ End(A), we defineVfα : VfA →
VfA to be the family of mappings

{
A(∞)(mn) mα→ A(∞)(n)

}
. Correspondingly, there is an

action ofEnd0(A) onX defined by:

α(Λ, ψ̄) = ((Vfα)Λ, ψ ◦ Vf (α)−1).

LEMMA 2. There exists a canonical bijection

End0(A)\X → Y.

PROOF. Let (Λ, ψ) ∈ X be such thatmΛ ⊂ TfA. Choose(A′, i′, ϕ̄) such that there
exists an isogenyα : A′ → A with Tfα(TfA

′) = mΛ, α ◦ i′(b) = i(b) for b ∈ OB,
andϕ = 1

m
ψ ◦ (Tfα). SincetA′

∼= (D(Λ/pΛ)/FD(Λ/pΛ))∨ (see [3]),tA′ satisfies the

condition (*). If (Λ, ψ̄) and(Λ′, ψ̄′) correspond to the same triple(A′, i′, ϕ̄) with A′ α

⇒
α′

A,

then(Λ′, ψ̄′) = α′ ◦ α−1(Λ, ψ).
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Write X = Xp ×Xp with

Xp = {(Λp, ψ̄) | (Λ, ψ̄) ∈ X}
Xp = {Λp | (Λ, ψ̄) ∈ X}.

We may regardT p
f A as a free module of rank4d overZp

f , V p
f A asT p

f A⊗Q, and anyΛp as
aZp

f -lattice inV p
f A in the usual sense. The following lemma is obvious.

LEMMA 3. The map

G(Ap
f ) → Xp, g 7→ (g(TfA), ϕA ◦ g−1)

induces a bijection
G(Ap

f )/K
p → Xp.

We haveΛp = “ lim←−n
”Λ(pn)

p ⊂ Vp(A) = “ lim←−n
”A(p)(pn). For n sufficiently large,

pnTpA ⊂ Λp and then we can identifyΛ(pn)
p with Λp/p

nTpA. Thus

Ker(Λ(pn+1)
p → Λ(pn)

p ) = pnTpA/pn+1TpA ∼= Ap

and
A(p)/Λ(pn+1)

p

p→ A(p)/Λ(pn)
p

is an isomorphism. Moreover,A(p)/Λ
(pn)
p determinesΛp (becauseΛ(pn+r)

p = Ker(A(p)
pr→

A(p)/Λ
(pn)
p ) for r ≥ 0) and the Dieudonńe module of thep-divisible groupA(p)/Λ

(pn)
p

determines it. We have therefore:

LEMMA 4. The mapΛ 7→ 1
pn D(A(p))/Λ

(pn)
p ⊂ D′A, n À 0, identifiesXp with the set of

all submodulesM of D′A such that:

(a) M is free of rank4d overW ;

(b) M is stable underF andV ;

(c) M is stable under the action ofOB;

(d) M/FM satisfies the condition (*).

In summary:

THEOREM 5. There exists a bijection

Y ≈ H(Q)\G(Ap
f )×Xp/K

p

with H(Q) = E ′× in the case (NS) andH(Q) = B′× in the case (S) . Moreover,Φ acts as
1 on G(Ap

f ) and byM 7→ FM on Xp; the Hecke operator corresponding tog ∈ G(Ap
f )

acts by multiplication on the right byG(Ap
f ).

It remains to describeXp more explicitly.
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LEMMA 6. There exists a bijection

Xp →
∏

p|pXp

whereXp is the set of all submodulesM of D′A(p) which are free of rank4dp overW and
which satisfy the conditions (b), (c), (d) of Lemma 4 (withOE ⊗ F̄p replaced byOEp ⊗ F̄p

in (d)).

PROOF. We have
OE ⊗ Zp

∼= ∏
p|pOEp.

Let ep be the corresponding idempotents inOE ⊗ Zp, so thatOEp = ep(OE ⊗ Zp). Note
thatepM has rank4dp overW because the trace of an elementα ∈ OE acting onM (or
A′) is four times its trace in the extensionE ⊃ Q [4, 7.6.1]. We therefore obtain a bijection

M → (. . . , epM, . . .).

Note thatBp =df B ⊗ Ep ≈ M2(Ep) acts onD′A(p). Let e11, e21, . . . ∈ OB ⊗OEp be
the elements corresponding to the elements

( 1 0
0 0 ) , ( 0 0

1 0 ) , . . . ∈ M2(OEp)

and writeD′
p = e11D

′A(p); it is a module of dimension2dp over W ′ =df W ⊗ Q. If
M ⊂ D′A(p) is in Xp, then

M = e11M ⊕ e22M

and the mape11x 7→ e21e11x is an isomorphisme11M → e22M with inversee22x 7→
e12e22x. Thus,e11M determinesM , and we have

LEMMA 7. The setXp can be identified with the set of all submodulesM of D′
p such that:

(a) M is free of rank2dp overW ;

(b) M is stable underF andV ;

(c) M is stable underOEp;

(d) M/FM is a freeOEp ⊗ F̄p-module of rank1.

LEMMA 8. Let e1, . . . , edp be the idempotents inOEp ⊗ W corresponding to the decom-

positionOEp ⊗ W
≈→ W × · · · × W . ThenNj = ejD

′
p has dimension2 over W ′ and

D′
p = N1 ⊕ · · · ⊕Ndp. If Fjl : Nl → Nj is the map induced byF : D′

p → D
′
p, thenFjl = 0

for l 6≡ j − 1 mod dp, and it is an isomorphism otherwise. It is possible to choose a basis
{ε, ε′} for N1 such thatF dp : N1 → N1 corresponds to a matrix

δ =

(
pm′

p 0
0 pm′′

p

)
if p splits inE ′ (case NS)

=

(
pdp/2 0

0 pdp/2

)
if d is even (case NS or S)

= p(dp−1)/2

(
0 1
p 0

)
otherwise.
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PROOF. The same argument as in the proof of Lemma 6 shows thatNj has dimension
two overW ′. Let σ be the Frobenius automorphism ofW ′. WhenEp is identified with a
subfield ofW ′, the mapping

Ep → Ep ⊗Qp W ′ ≈→ W ′ × · · · ×W ′

becomes
a 7→ (a, σa, . . . , σdp−1a).

Thus, for
β = (β1, . . . , βdp) ∈ D′

p = N1 × · · · ×Ndp

anda ∈ Ep, we have
aβ = (aβ1, . . . , σ

j−1(a)βj, . . .).

SinceaF = Fa onD′
p, we have

σj−1(a)
∑

lFjlβl =
∑

lFjlσ
l−1(a)βl = σl(a)

∑
lFjlβl.

Therefore,Fjl = 0 if l 6≡ j−1 mod dp. It is clear thatFjl is an isomorphism forl ≡ j−1
mod dp becauseF : D′

p → D′
p is.

In case (NS), ifp splits inE ′ andm′
p 6= m′′

p, thenN1 is aW ′[F dp]-module of rank2
over W ′ whose slopes arem′

p andm′′
p (relative toF dp). Therefore, it is clear that there

exists a basis{ε, ε′} such thatF dpε = pm′
pε andF dpε′ = pm′′

pε′.
In the contrary case, all the slopes ofD′

p equal 1
2
. Therefore,D′

p is a direct sum of

W ′[F ]-modules of rank2 overW ′ on whichF acts by
(

0 1
p 0

)
. Since

(
0 1
p 0

)dp
=

(
pdp/2 0

0 pdp/2

)

when dp is even andp(dp−1)/2
(

0 1
p 0

)
otherwise,D′

p is evidently an isotypic semisimple
W ′[F dp]-module, which completes the proof.

REMARK 9. Let Ḡp(Zp) = EndOB
(A(p))× andḠp(Qp) = (EndOB

(A(p))⊗ZpQp)
×. Then

Ḡp(Qp) is the multiplicative group of the commutant ofBp in EndW ′[F ](D
′A(p)) or, after

Lemma 7, the multiplicative group of the commutant ofEp in EndW ′[F ](D
′
p). But if, for

α ∈ EndW ′[F dp ](N1) andβ = (β1, . . . , βdp) ∈ D′
p′, we putα(β) = (αβ1, . . . , αβdp), then

EndW ′[F dp ](N1) is identified with this last commutant. Thus

Ḡp(Qp) = {( a 0
0 b ) | a, b ∈ Ep, ab 6= 0} in case (NS) whenm′

p 6= m′′
p,

= GL2(Ep) whenm′
p 6= m′′

p anddp is even,

= H× whenm′
p 6= m′′

p anddp is odd (H is the quaternion algebra overEp).

LEMMA 10. The setXp can be identified with the set of sequences of lattices(Lj)j∈Z in
W ′ ×W ′ such that

(a) Lj % Lj−1 % pLj

(b) σdpδLj+dp = Lj with δ as in Lemma 8.
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PROOF. ForM ∈ Xp, we haveM = M1 ⊕ · · · ⊕Mdp with Mj = ejM . Since

FM = FMdp ⊕ FM1 ⊕ · · · ⊕ FMdp−1

with FMj ⊂ Nj+1, the conditions (b) and (d) of Lemma 7 imply thatFMdp ⊂ M1,
FM1 ⊂ M2, . . . and thatM1/FMdp, M2/FM1, . . . have dimension1 overF̄p.

Choose a basis{ε, ε′} for N1 as in Lemma 8 and letϕj : Nj
≈→ W ′×W ′ be the mapping

a(F jε) + b(F jε′) 7→ (σ1−j(a), σ1−j(b)).

Note thatϕj+1F (x) = ϕj(x) andϕj(F
dpx) = σdpδϕj(x). PutLj = ϕj(Mj) for 1 ≤ j ≤

dp andLj−dp = ϕj(F
dpMj) = σdpδLj.

REMARK 11. Φ(Lj)j∈Z = (L′j)j∈Z with L′j = Lj−1. The group
(
E ′
p
)×

(respectively(
B′

p
)×

= (B′ ⊗E Ep)
×) acts onXp via the embeddingE ′

p ↪→ Ḡp(Qp) (respectively
B′

p ↪→ Ḡp(Qp)). The groupH(Q) acts onXp via the obvious embeddingH(Q) ↪→ Ḡ(Qp).

In summary:

THEOREM 12. Xp ≈
∏

p|pXp whereXp is the set of sequences of lattices satisfying the
conditions of Lemma 10, andΦ andH(Q) act as described in Remark 11.

REMARK 13. Let Ω be the maximal unramified extension ofQp, and letOΩ the ring of
integers inΩ. ThenW ′ is the completion ofΩ. One can writeD′A = D̃′A ⊗Ω W ′ with
D̃′A a module overΩ[F ] (see [2, p85]). IfM is as in Lemma 4, thenM is the image of
Dα : DA′ → DA for a certain isogenyα : A′ → A. Sinceα is defined over a finite subfield
k of F̄p, andW ′

k ⊂ Ω, we haveM = M̃ ⊗Ω W ′ for a submoduleM̃ ⊂ D̃′A. Therefore,Xp

can be identified with the set of submodules ofD̃′A, andXp with the set of sequences of
lattices(Lj)j∈Z, Lj ⊂ Ω× Ω, satisfying the conditions of Lemma 10.
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