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CONGRUENCE SUBGROUPS OF ABELIAN VARIETIES

BY

James Stuart MILNE (*)
[Ann Arbor]

ABSTRACT. — It is shown that the congruence subgroup problem, when correctly
stated, has a positive solution for abelian schemes over normal integral schemes which
are of finite type over the rational integers.

1. Statements

Let V be an integral normal scheme of finite-type over spec Z, let K
be the field of rational functions of V, and let A be an abelian scheme
over V. The group A (V) of sections of A over V is finitely generated
because it may be regarded as a subgroup of A (K), and A (K) is finitely
generated by the Mordell-Weil theorem [3]. Consider a system
Y = (Vs N)ies in which I is a finite set, the v, are closed points of V,
and the n; are positive integers. Let O, be the local ring of V at » and
let 0, » be 0, modulo the nth power of its maximal ideal. 0,,, is finite
when v is closed because 0, = k (v) is finite and O, is noetherian.
There are canonical maps 4 (V) — 4 (0,,.) and the congruence subgroup
of A(V) defined by X is A (V)s =Ker (A (V)—>1lie; A (0s,n))-
Clearly A (V): is a subgroup of finite index in A (V).

THEOREM. — Every subgroup of finite index in A (V) contains a congru-
ence subgroup A (V)s for some X.

Before proving the theorem, we deduce two slightly weaker statements
and make some remarks.

CoroLLARY 1. — Let K be a global field [i. e. a finite extension of Q
or of F; (X) some q] and let A be an abelian variefy over K. Let S be
a finite set of primes of K. If A (K) is embedded diagonally in the compact
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group Tl,e¢s A (K.), where K, is the completion of K af a non-trivial
prime v, then the topology induced on A (K) is that defined by its subgroups
of finite index.

Proof. — Choose V to be a non-empty open subscheme of the spec-
trum of the ring of integers of K (number field case) or the integral normal
curve canonically associated to K (function field case) so that A has
good reduction at every closed point of V and S is disjoint from the
set of primes of K corresponding to closed points of V. There is an
abelian scheme A, over V whose generic fibre is A. Moreover
Ay (V) = A (K), A (R,) = A (K,) (where R, = ring of integers in K,),
and the topology on A (K,) induced by that of K, corresponds to the
topology on A (R,) induced by the subgroups Ker (4 (R,) - A (0.,.)),
n> 0. Thus the corollary follows from the theorem.

CoroLLARY 2. — A subgroup H of finite index in A (V) confains a
congruence subgroup of the form A (V). with X = (v, ny);e,;, ni=1 all i,
whenever one of the two following conditions holds :

(a) the structure map ¢ : V — spec Z is dominating; or

(b) 9 (V) consists of one point (p) of spec Z, and p does not divide the
index (A (V): H) of H in A (V).

Proof. — (a) Let U be the open subscheme ¢—' (spec Z[m—!]) of V
where m = (A (V) : H). Because of our assumption, U is non-empty.
A (V) may be regarded as a subgroup of A (U), and there is a subgroup
H' of A (U) such that H'nA (V) = H and (A (U) : H’') divides a power
of m, e. g. take H' = mA (U) + H. It suffices to prove the corollary
for H' and U i. e. we may assume to begin with that the characteristic p,
of k (v) does not divide (A (V) : H) for any ve V.

By the theorem, H> A (V). for some £ = (v;, n;);e;» Then A (O, »)
is an extension of A (0,,:) by a group which has order a power of p,.
Thus, if 2’ = (v, n;)ier with n; =1 all i, then (A (V)o : A (V)y) is
a product of powers of p,, for ie I, ;e V. It follows that H> A (V)..

(b) This may be proved by the same argument as in the preceding
paragraph.

Remark 1. — Corollary 2 is false without the condition (a) or ().
The simplest example is given by taking A = A, Xspecr,V Where V
is a scheme over F, and A, is a super-singular elliptic curve, for then p
does not divide the order of A (k (v)) for any v. Thus,if p A (V)2 A4 (V),
then H = p A (V) cannot satisfy corollary 2. More generally, the
methods of [4] can be used to show that, without the conditions, corollary 2
is false for any constant abelian scheme (over a curve say) for which A (V)
is infinite.
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2. — Corollary 1 is due to SERRE [6] in the case of a number field.
Corollary 2 is entirely due to SERRE, and may be proved by an easy modi-
fication of the methods of [6]. (I am grateful to Professor SErre for
pointing this out tome.) The only contribution of this paper is to extend
these methods so that they work in the generality of the theorem.

2. The proof

Let N be a finite flat commutative group scheme over V and let
Ny = N x spec (K) be the generic fibre of N/V. Thereis a canonical
exact sequence of finite group schemes over K, 0 —~ N§ - Ny — N} — 0,
in which Nf is connected and N} is étale [of course, if char (K) =0
or char (K) does not divide the order of N, then N, = N and much
of what follows is trivial. We will say that this sequence extends
over V if there is an exact sequence of finite flat group schemes
0—> N’'— N-— N"—0over Vwhichhasgeneric fibre 0~ Nj—> Ng— NZ—0
and which has N” étale over V. By considering orders inside Nx and N,
and using the facts that a finite morphism is flat or étale over an open
set, one shows easily that 0 - Ni — Ny — Ni¢ — 0 always extends over
a non-empty open subscheme of V, and that such an extension is unique.

If F is a sheaf for the flat (f. p. p.f.) topology on V, define
H! (V, F) = Ker (H' (V, F) > [l.e,, H (R,, F)) where V, is the set
of closed points of V, R, is the completion of the local ring 0,, and all
cohomology groups are with respect to the flat topology.

ProrposiTioN 1. — Let N be such that 0 > Ny - Ny — Ni — 0 extends
over V, and fix ve V,. Then there is a homomorphism ¢ (N) from the
kernel of H' (V, N)— H' (V, N”) info N” (R,)/N (R,) which is injective
and functorial in N.

Proof. — Let P be a non-trivial principal homogeneous space for N’
over V. Py has no point in K for otherwise, V being normal, P would
have a point in V. Py is a local scheme whose residue field is a non-
trivial purely inseparable extension of K. As V is an excellent scheme
[1; IV, 7.8], spec (R, ®o, K)— spec K is geometrically regular, and
hence P4 has no point in R, @, K. Since all elements of H! (V, N')
are representable, this shows that the map H'(V,N') > H!'(R,, N')
is injective. The proposition now follows by an easy diagram chase
from the exact commutative diagram

0

H' (V, N')—> H' (V, N)— H' (V, N")

! | !

N (R,)—> N’ (R,)— H!' (Ry,, N') —» H' (Ry,, N)— H' (R,, N")
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Fix a separable algebraic closure K of K and let G be the fundamental
group of V corresponding. G is thus identified with a quotient group
of the Galois group of K over K. If N is an étale commutative
group scheme over V, then there is a canonical isomorphism

H'(G,N(K))— H' (V, N).

PropositioN 2. — H!(V, N) is finile for any finile flat commutative
group scheme N over V.

Proof. — For any non-empty open subscheme U of V, the map
H!' (V, N) - H' (U, N) is injective because both groups can be embedded
in H' (K, Ng) (c. f. an argument in the above proof). Thus we may
assume that 0 - N2 — Nx — Nji - 0 extends over V. Since N” (R,)
is finite, proposition 1 now allows us to assume that N is étale over V.
With the notation of [6; I, 2.2.3], H* (V, N)c H. (G, N (K)) (see the
proof of [6; I, Proposition 8]; for facts on the density of Frobenius auto-
morphisms in non-zero characteristic, see [2]). H. (G, N(K)) is finite
by [6; I, Cor. to Proposition 6].

Fix a prime number p, let A be an abelian scheme over V, and let
Apn = Ker (p™ : A —> A).

ProrpositioN 3. — If lim,, H' (V, A,~) = O then, for any n, p* A (V)
<
is a congruence subgroup of A (V).

Proof. — The exact sequence (for the flat topology)
0>A4,>A%A>0

gives rise to a coboundary map d : A (V) —> H! (V, A,-) whose kernel
is p A (V).

LemMA. — There is a congruence subgroup of A (V) whose image under d
is contained in H' (V, Ap»).

Proof. — Let (x;):er be the set of elements of d (A (V)) which are not
contained in H' (V, A,.). I is finite because A (V) is finitely generated.
For each i€l there is a v;€V, such that x; has non-zero image in
H!' (R,,, A,.). Let his image be represented by the principal homo-
geneous space P, If P;(R.,.) were non-empty for all n then
iiin" P; (R,,,) would be non-empty because the sets P; (R,,, ) are finite,

and this would imply that P; (R,,) is non-empty, which is not so. Thus
there is an integer n; such that P; (R,,,) is empty, i. e. such that the
image of x; in H! (Ry,n;» Aps) is non-zero. Let 2 = (v, n)ics, If
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z€A (V). then the image of d(xr) in H! (R, », Aps) is zero because
the diagram
A (V) H!' (V, A,.)

A (Ovi, "i) =A (va 'ls) — H (Rvg. nis Ap")

commutes. Thus d (z) 3 z; for any i, and so d (r)e H! (V, A,»). The

rest of the proof of the proposition is the same as the proof of [6; I, Thm. 2].

Fix a prime p and define T, = lim, (4,-)%. This may be regarded
<

as a free Z,-module of rank 2 dim (A4) [p 3 char (K)] or of rank < dim A

(p = char (K)), on which the Galois group H of K over K acts. Let I
be the kernel of the canonical map H —» G.

ProrositioN 4. — If the sequence 0— (A,)y — (4,); — (A,)—0
extends over V, then I acts trivially on T).

Proof. — Fix an integer n, and let K, be the smallest subfield of K

containing K such that A).(K,) =A;.(K). It will suffice to show
that V,, the normalization of V in K, is étale over V. V, is finite
over V because K, is separable over K and so it suffices to show that
V. o, R, is étale over spec R, for any point v of V. Let

0>A@(@—>A{@E —>AE—>0

be the canonical exact sequence of p-divisible groups arising from A (p)
over R,, and let 0 — Ay, (p)° > Ak, (p) > Ak, (p)* - 0 arise similarly
from Ag, (p) over K,. The isomorphism A, (p) > A (p)x, (*) induces
an injection Ag, (p)° = (4 (p)*)x, and hence a surjection

Ag, ()" = (A (D))x..

From our assumption, the order of the maximal étale quotient of A,
is the same as the order of the maximal étale quotient of (4,)x,. Thus
A (p)* and Ag, (p)* have the same height, A (p)° and Ay, (p)° have
the same height, the injection Ag, (p)° - (A (p)°)«, is an isomorphism,
and finally, Ak, (p)*— (A (p)*)x, is an isomorphism. If follows
that A5 Q@n, K»~ (A,-)%,, which proves that V, ®o, R, is étale over
spec R,.

Let G, be the image of G in GL(T,) and g, the Lie algebra of G,,
which we may regards as a subalgebra of gl (V}), V, = Q, @z, T).

() A (p) is the p-divisible group associated to A over R,, A (p),‘v the generic fibre
of A (p), and Ay (p) the p-divisible group associated to Ay,
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ProrosiTiON 5.
H, @8y Vy)) =0=H, (G, T)) =0
=lim H' (V, A}.) =0=1limH' (V, A,.) =0.
< <

Proof. — Let U be a non-empty open subscheme of V such that
0> (A)y —> (Apk—> (Ap)2 -0 extends over U. For any closed
point v of U the action of the Frobenius element of v on T, is well-defined
up to conjugacy (apply proposition 4 with V = U). Moreover, its
characteristic polynomial P (T) divides the characteristic polynomial
Q (T) of the Frobenius endomorphism of A X, spec (k (v)). In fact
the roots of P (T are exactly the roots of Q (T') which are p-adic units
[5; Thm. 7]. By using this, the first two implications may be proved
exactly as in [6; I, Thm. 3].

Next I claim that for any closed point » of U, U, 4, (K,) is finite.
Indeed, U, 45 (K.) = U, A5 (k (v)) = A (k (v)) (p) as k (v) is perfect.
It follows that lg_n A (Ky) =0 = l<1£1 (A5 (Ku)|Ap- (Ky)). Thus

lim H! (V, A,.) - lim H!(V, A%.) is injective by proposition 1.
<~ <«

ProposiTiON 6. — H" (g5, V,) =0, all n . 0.

Proof. — The proof of [6, II, Thm. 2] carries over completely.

It is now possible to prove the theorem. It suffices to consider a sub-
group H of the form p® A (V), but, for such an H, the theorem follows
from propositions 6, 5 and 3.
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