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Abstract

“Ces notes, qui ne sont pas destineés à être publiées, sont avant tout un résuḿe
d’une partie de la th́eorie classique des domaines hermitiens symétriques, et acces-
soirement une mise au goût du jour (ouà mon gôut personnel). Elles sont suscitées
par mon d́esir de comprendre les travaux récents de Mumford sur les compactifications
des quotients des domaines hermitiens symétriques par des groupes arithmétiques.”
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1 Dramatis Personæ

1.1 Review of symmetric riemannian domains

(Partial summary ofHelgason 1962, Chap. IV, V.)
A preliminary result is the following (Helgason 1962, IV 1.2, p165).

THEOREM1.1.1. LetM andM ′ be differentiable manifolds with affine connections∇ and
∇′. Assume that the torsion tensorsT andT ′ and the curvature tensors∇ and∇′ of M
andM ′ are invariant under parallel :

∇T = 0 = ∇R, ∇T ′ = 0 = ∇R′.

Let x and x′ be points ofM and M ′, and letA : Tx → Tx′ be an isomorphism of the
tangent spaces atx andx′ sendingT andR ontoT ′ andR′. Then there exists a germ of an
isomorphisma : (M,∇, x) → (M ′,∇′, x′) whose differential isA.

PROOF. Write expx : Tx → M for the exponential map andlogx for its inverse. The germ
must satisfy

a(y) = expx′(A logx y),

and this formula defines a local isomorphism of(M,∇) with (M ′,∇′), as can be seen by
writing the Cartan equations in “polar coordinates” (Helgason 1962, I §8, (6), (7), p47).

REMARK 1.1.2. (i) Let (M,∇) be such that∇T = 0 = ∇R. The Cartan equations show
also that the connectionlogx(∇) on a neighbourhood of the origin inTx is real analytic.
There exists therefore onM a unique real analytic structure such that∇ is analytic. The
logx form a system of local coordinates for it.

(ii) Under the hypotheses of (1.1.1), assume thatM andM ′ are simply connected and
geodesically complete. Thena can be analytically continued to a global isomorphism

ã : (M,∇, x) → (M ′,∇′, x′)

with differentialA.

COROLLARY 1.1.3. Let (M,∇) be such that∇T = 0 = ∇R andM is simply connected
and geodesically complete. Letγ(t) be a geodesic:

∇tγ̇(t)= 0.

There exists a unique one parameter group of automorphismsτ(γ, u) of M that induces
translationγ(t) 7→ γ(t + u) on the geodesicγ and displaces the tangent bundle onγ by
parallel transport.

PROOF. Let τ(γ, u) be the automorphism sendingγ(0) to γ(u) and which has for differ-
ential

dτ(γ, u)|0 : Tγ(0) → Tγ(u)

the parallel transport alongγ. Since

dτ(γ, u)(γ̇(0)) = γ̇(u),

τ(γ, u)(γ(t)) = γ(t+u). If X ∈ Tγ(t) is parallel toX0 ∈ Tγ(0), thenτ(γ, u)(X) is parallel
to dτ(γ, u)(X0)//X, from which the corollary follows.
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REMARK 1.1.4. Let (M,∇) be such that1∇T = 0 = ∇R andM is simply connected. The
existence of theτ(γ, u) in (1.1.3) is equivalent toM being geodesically complete. From
that, and the fact that a Lie groupuscule generates a Lie group, one can deduce thatM
is an“ espacéetaĺe” over a similar(M1,∇1) with M1 simply connected and geodesically
complete.

COROLLARY 1.1.5. Let M have an affine connection∇. The following conditions are
equivalent:

(i) T = ∇R = 0;

(ii) for all x ∈ M , there exists a germ atx of an automorphism of(M,∇) inducing
t 7→ −t on the tangent space atx.

PROOF. (ii) =⇒ (i). The tensorsT and∇R are respected bysx and are of odd degree,
hence zero.
(i) =⇒ (ii). Apply (1.1.1) tot 7→ −t.

COROLLARY 1.1.6. LetM be a riemannian manifold. The following conditions are equiv-
alent:

(i) ∇R = 0;

(ii) the sectional curvature is invariant under parallel transport;

(iii) for all x ∈ M , y 7→ expx(− logx(y)) is the germ of an isometry.

PROOF. The equivalence of (i) and (iii) follows from (1.1.5), and (ii)=⇒ (i) because, in
view of the symmetry properties ofR, the sectional curvature determinesR.

DEFINITION 1.1.7. A riemannian manifoldM satisfying the equivalent conditions (1.1.5)
is said to belocally symmetric. It is symmetricif M is connected and for allx ∈ M there
exists an isometric involutionsx (the symmetry with respect tox) with x as an isolated fixed
point (whencedsx = −1). Such a manifold is complete; conversely, a complete simply
connected manifold that is locally symmetric is symmetric. A simply connected locally
symmetric manifold iśetale over a symmetric manifold.

Let M be a symmetric space and letγ(t) be a geodesic. Writest for the symmetry with
respect toγ(t). Thenst(γ(t + u)) = γ(t− u).

PROPOSITION1.1.8. (i) For any tangent vectorX at γ(t + u),

st(X)//−X (1.1.8.1)

(parallel transport alongγ fromγ(t− u) to γ(t + u)).
(ii) We have

τ(γ, u) = su/2 ◦ s0, (1.1.8.2)

and
st ◦ τ(γ, u) ◦ s−1

t = τ(γ,−u). (1.1.8.3)

1The original only has∇T = ∇R.
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PROOF. Let X0 be the tangent vector atγ(t) deduced fromX by parallel transport. Ap-
plying st to X//X0, we find thatst(X)// − X0, whence (1.1.8.1). From this,su/2 ◦ s0

satisfies the condition characterizingτ(γ, u). Now (1.1.8.3) results from the fact that
stγ(t + u) = γ(t− u) by transport of structure.

1.1.9. Let M be a symmetric riemannian space, and letg be the Lie algebra of the identity
componentG of its Lie group of automorphisms. LetK be the stabilizer of a pointx ∈ M ,
and letσ be the involutiong 7→ sxgs−1

x of G. SinceK injects intoO(Tx), the elements of
K are fixed byσ. We haveM = G/K. It follows from (1.1.8.3) that the setp ⊂ Lie(G)
of infinitesimal generators of the one parameter subgroupsτ(γ, u) (γ geodesic throughu)
is contained in the subspace ofLie(G) on whichσ acts as−1. On the other hand,σ is
the identity onk = Lie(K). Sincep maps ontoTx, we haveg = k ⊕ p, andk andp are
respectively the subspaces ofg whereσ acts as1 or−1.

1.1.10(CONVERSE). LetG be a Lie group and letK be a compact subgroup ofG. Assume
that

(a) M = G/K is connected, and

(b) there exists an involutionσ of G such thatLie(K) = Lie(G)σ andK = Kσ.

Then,M is symmetric riemannian for any invariant riemannian structureQ. If p is the
subspace ofLie(G) whereσ = −1, theexp(πu) (π ∈ p) are the one parameter groups of
isometries (1.1.3) relative to geodesics passing through the origin.

(i) SinceM is homogeneous, it suffices to prove the existence of a symmetry with re-
spect to the origin: takeσ : G/K → G/K.

(ii) We have

(exp(π/2) · σ · exp(π/2)−1)σ = exp(π/2) · exp(−σ(π/2)) = exp(π),

and so can apply (1.1.8.2).

REMARK 1.1.11. (i) The following conditions are equivalent:

(a) G acts faithfully onM ;

(b) K acts faithfully onp = Lie(G)/ Lie(K) = tangent space toM at the origin.

When they hold,σ is the identity onK and is uniquely determined byK: the Killing form
is nondegenerate onLie(K), anddσ is the reflection with respect toLie(K).

(ii) To give Q is the same as to give aK-invariant Euclidian structureQ0 on p (the
tangent space toM at the origin). After (1.1.3) and (1.1.10), the riemannian connection(=
parallel transport) is independent of the choice ofQ.
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REMARK 1.1.12. Pass to the Lie algebras. Letg be a real Lie algebra, letσ be an involution
of g, and letg = k⊕p be the corresponding decomposition into±1 eigenspaces. We assume
thatk is compact ing (equivalently, the Killing form is negative definite onk), and thatp is a
faithful representation ofk (cf. 1.1.11(i)). Letp0 ⊂ p = k⊥ be the kernel of the Killing form
B, and letp = p0 ⊕ ⊕i6=0pi be a decomposition ofp into sub-k-representations. Assume
thatpi is orthogonal topj relative toB (this is in fact automatic).

(a) Fori = 0 or i 6= j, [pi, pj] = 0.

Indeed, since[p, p] ⊂ k andB is nondegenerate onk, it suffices to show thatB(k, [pi, pj]) =
0. But

B(k, [pi, pj]) = B([k, pi], pj) ⊂ B(pi, pj) = 0.

(b) If i 6= 0 andx ∈ k is orthogonal to[pi, pi], then[x, pi] = 0.

Indeed,B|pi is nondegenerate and

B([x, pi], pi) = B(x, [pi, pi]) = 0.

Let ki = [pi, pi], let k0 be the orthogonal complement of⊕ki in k, and letgi = ki ⊕ pi. We
have:

(c) g = ⊕gi (direct sum of Lie algebras).

For i 6= 0, one checks immediately thatki is a Lie subalgebra. Butk0 is the centraliser
of ⊕i6=0pi in k, and therefore is also a Lie subalgebra. Since[k, p] ⊂ p, gi = ki ⊕ pi

is a subalgebra and, fori 6= j, [gi, gj] = 0. As k acts faithfully onp, one deduces
that the sum of theki, hence of thegi, is direct. Fori 6= 0, [pi, pi] 6= 0 (otherwise
B|pi = 0).

It is possible in the decomposition ofp to take thepi to be irreducible: letQ be ak-
invariant quadratic form that is positive definite onp and letB(x, y) = Q(x, Hy). First
decomposep according to the eigenvalues of the symmetric operatorH. On the compo-
nents obtained (exceptp0), B is definite, because it is a nonzero multiple ofQ, and one
continues the decomposition. In the final decomposition, no two of thepi (i 6= 0) give the
same representation, because thepi have different centralizers ink. This proves automati-
cally thatpi is orthogonal topj underB. We have proved:

THEOREM 1.1.13. The pair(g, σ) admits a unique decomposition

g = g0 ⊕⊕i6=0gi, gi = ki + pi,

such that:

(a) p0 is an abelian ideal ing0 (euclidean case);g0 is the semi-direct product ofk0 and
p0;

(b) for i 6= 0, pi is an irreducible representation ofki, ki 6= 0, andki = [pi, pi].
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For i 6= 0, B|pi is either negative definite (in which casegi is compact) or positive
definite (in which casegi is noncompact andki is a maximal compact subalgebra).

For the second assertion, note that, up to a factor, there is only oneki-invariant form on
pi.

1.1.14(CLASSIFICATION). (a) The euclidean case corresponds to euclidean space. Here
k0 is any subalgebra ofso(p0).

(b) If B is positive definite onp, g is semisimple andσ is a Cartan involution. If(g, σ)
is indecomposable, theng is noncompact and simple, and it is either absolutely simple or
complex. Converse...

(c) The duality

g 7→g(σ) = {x ∈ gC | x̄ = σ(x)} (sameσ)

g = k⊕ p 7→g(σ) = k⊕ ip

interchanges the casesB > 0 andB < 0.
(b*) If B < 0, g is compact and semisimple. If(g, σ) is indecomposable, theng is

simple and compact, andσ is any involution, org ≈ g1 ⊕ g1 with g1 simple and compact
andσ is the involution(x, y) 7→ (y, x).

In the cases (b) and (b*), theadπ (π ∈ p) are semisimple, becauseπ or ιπ is in the Lie
algebra of a compact group.

COROLLARY 1.1.15. In addition to the hypotheses of (1.1.6), assume thatG is connected,
semisimple, and acts faithfully onM . Then,

(i) G is the identity component of the group of isometries ofM ;

(ii) the identity component ofK is the identity component of the group of isometries ofp

(identified with the tangent space at the origin), endowed withQ0 and the curvature
tensorR.

PROOF. Let g be the Lie algebra ofG andg′ that of the group of isometries ofM . Apply
1.1.9 tog andg′; p is the same forg andg′ (it is the tangent space at the origin), and it
contains no nontrivial abelian ideal. Therefore

g′ = p + [p, p] = g.

The assertion onK results from (1.1.1) or from an argument analogous to the preceding.

1.1.16(NORMALIZATION ). As in Helgason 1962, we define the curvature tensor by

R(X, Y ) = [∇X ,∇Y ]−∇[X,Y ]

(X, Y vector fields,R(X, Y ) a section of the fibre bundle “the Lie algebra of the linear
group of the tangent bundleTM ” identified with End(TM)). If X andY are two tangent
vectors ato, andP is the infinitesimal parallelogram with sidesεX and εY , then1 −
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R(εX, εY ) is the infinitesimal automorphism of the tangent bundle ato obtained by parallel
transport along∂P (modε3):

· ¾ ·

ª¡
¡

¡εY P
¡

¡
¡µ

o
εX - ·

PROPOSITION1.1.17. For X, Y in p,

R(X, Y )(Z) = −[[X, Y ], Z].

PROOF. Since[X,Y ] ∈ k, the quadrilateral with geodesic sides(0 ≤ u ≤ ε)

exp(uX)o,

exp(εX) exp(uY ) exp(−uY )o,

(exp(εX) exp(εY )) exp(−uX) (exp(εX) exp(εY ))−1 ,

(exp(εX) exp(εY ) exp(−εX)) exp(−uY )(exp(εX) exp(εY ) exp(−εX))−1

is closed (modε3). After (1.1.6) and (1.1.1), we have

(1−R(εX, εY ))(Z) = d(exp(εX) exp(εY ) exp(−εX) exp(−εY ))(Z)

= d(exp([εX, εY ]))(Z)

= Z + [[εX, εY ], Z] (modε3),

whence the assertion.

COROLLARY 1.1.18. Under the hypotheses of (1.1.12), the identity componentK0 of K is
the local holonomy group.

COROLLARY 1.1.19. Lets ⊂ p; thenexp(s) is totally geodesic if and only if[[s, s], s] ⊂ s.

PROOF. The condition signifies that[s, s] ⊕ s is a Lie subalgebra (stable underσ). In a
neighbourhood of0, exp(s) is then the corresponding symmetric riemannian subspace.

THEOREM 1.1.20. Let H,X ∈ p. Assume thatX is closer (or further) fromH that all its
K0-conjugates. Then[H,X] = 0.

PROOF. By hypothesis, forZ ∈ k, B(H, [Z,X]) = 0. Therefore,B([H, X], k) = 0, and
[H, X] = 0.

COROLLARY 1.1.21. The maximal commutative subalgebras ofp are conjugate among
themselves under the identity componentK0 of K.

PROOF. Use 1.1.20 and the fact that the centralizer of a general element in a commutative
subalgebraa of p coincides with the centralizer ofa.

REMARK 1.1.22. Assume thatM has no compact factor (B > 0 onp). If2 G is the adjoint
real algebraic group with Lie algebrag, the maximal commutative subalgebrasa of p are
the Lie algebras of the maximal split toriS of G. TheWeyl groupW is the quotient of the
normalizer ofS in G(R) by its centralizer. We show in [?]3 that it is also the quotient of the
normalizer ofa in K by its centralizer. Therank of M is the dimension ofa.

2Underlined charactersG in the orginal have been transcribed as san serifG.
3This denotes a gap in the original.
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1.2 Review of symmetric hermitian spaces

(Partial summary of Helgason 1962, Chapt. VIII.)
A hermitian manifoldis a differentiable manifold whose tangent bundle is endowed

with a hermitian structure. We writeJ for multiplication byi on the tangent bundle, and∇
for the riemannian connection.

PROPOSITION1.2.1. LetM be a hermitian manifold. The following conditions are equiv-
alent:

(i) ∇R = 0 = ∇J ;

(ii) for all x ∈ M , sx : y 7→ expx(− logx y) is the germ atx of an automorphism ofM.

PROOF. (i) =⇒ (ii). If ∇R = 0, M is symmetric riemannian andsx is an isometry. If
∇J = 0, sx respectsJ , becausesx respectsJx.
(ii) =⇒ (i). If (ii) is satisfied, every canonical tensor of odd degree is zero, because it is
invariant bysx. This applies to∇R,∇J , S (torsion of the complex structure),dΩ (Ω =the
2-form which is the imaginary part of the hermitian structure form), and∇Ω (whose nullity
follows also from those ofS anddΩ).

One says thatM is locally symmetricif the equivalent conditions of (1.2.1) are satisfied,
andsymmetricif it is connected and for allx ∈ M there exists an involutive automorphism
sx of M (the symmetry with respect tox) with x as its isolated fixed point. Remark 1.1.4
can be transposed.

COROLLARY 1.2.2. A locally symmetric hermitian manifold is Kählerian.

COROLLARY 1.2.3. Let M be a simply connected symmetric hermitian manifold, and let
G be the identity component of its group of automorphisms; letx be a point ofM , and let
K be its stabilizer. There exists a homomorphism4 ux : U1 → K such thatux(z) induces
multiplication byz onTx.

PROOF. After [?] it suffices to show that, forz ∈ U1 ⊂ C, the curvature tensorR on Tx

is invariant under the automorphismv 7→ zv of Tx. This assertion, which is true for any
Kähler manifold, follows from:

(a) R is a2-form with values in the Lie algebra of the unitary group;

(b) Rijk` = Rk`ij.

REMARK 1.2.4. Let M be a symmetric hermitian manifold. The mapsτ(γ, u) of (1.1.4)
are the composites of symmetries, and are therefore automorphisms ofM . Let G be the

4The original sometimes writesU1 a sometimesU1.
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identity component of the Lie group of automorphisms ofM , let x ∈ M , let K be the
stabilizer ofx, and letσ be the automorphism ofG induced bysx. As in (1.1.6),

M = G/K

Lie(G) = k⊕ p.

The complex structure onM induces onp a complex structureJ , which is invariant by
K. Conversely, ifM = G/K is symmetric and riemannian, every complexK-invariant
structure onp endowsM with a hermitian symmetric structure.

REMARK 1.2.5. We return to the decomposition (1.1.10). IfJ0 is a k-invariant complex
structure onp, thepi are complex subspaces (because they are disjoint representations of
k) and, forM hermitian symmetric and simply connected, we obtain a decomposition

M = M0 ×
∏

Mi (1.2.5.1)

with M0 euclidean and(gi, σ) indecomposable and semisimple. The duality (1.1.11) re-
spects the symmetric hermitian character.

REMARK 1.2.6. Suppose thatG is semisimple. In this case,G is again the identity com-
ponent of the group of isometries ofM , andG has the same Lie algebra[p, p] ⊕ p as
the analogous group for the universal coveringM̃ of M . We have therefore by (1.2.3)
a mapux : U1 → Kx. On p ≈ Tx, adux(z) induces multiplication byz. In particular,
adux(−1) = σ.

PROPOSITION1.2.7. (i) K is the centralizer ofu(U1) in G.
(ii) G is adjoint,K is connected, andM is simply connected.
(iii) If (g, σ) is indecomposable,g is absolutely simple andu(U1) is the centre ofK.

PROOF. (i) Let K ′ be the centralizer ofu(U1). As σ = ad(u(−1)), Lie(K ′) ⊂ Lie(K) is
compact, andK ′ is connected because it is the centralizer of a torus, whenceK ′ ⊂ K. On
the other hand, the representation ofK onp isC-linear and faithful, so thatK ⊂ K ′.

(ii) After (i), K contains the centreZ of G. This last is therefore trivial. On applying
this remark to the universal covering̃M of M , one finds thatM̃ = M.

(iii) For an indecomposable(g, σ), the representation ofK onp is simple; sinceu(U1) ⊂
K, the commutant ofK in End(p) coincides with its commutant inEndC(p), and consists
only of scalars. The centre ofK is therefore reduced tou(U1). Since it is nonzero, one can
read on [?] thatg it is absolutely simple.

The spaceM is said to besimpleif the condition (1.2.7(iii)) is satisfied.

PROPOSITION1.2.8. Let M be a symmetric riemann space, and letG, x ∈ M , K, andσ
be as usual. AssumeG is semisimple,K is connected, and(g, σ) is indecomposable. The
following conditions are equivalent:

(i) the representationp of k is not absolutely simple;

(ii) the centre ofk is nonzero;
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(iii) M admits the structure of a symmetric hermitian space (compatible with its rieman-
nian structure).

The structure in (iii) is unique up to complex conjugation.

PROOF. As the representationp of k is simple, (i) is equivalent to the existence of ak-
invariant complex structure. Since, up to a factor, there is only onek-invariant quadratic
form onp, such a complex structure underlies ak-invariant hermitian structure. Therefore
(ii) =⇒ (i) ⇐⇒ (iii), and (iii) =⇒ (ii) by (1.2.7(i)). The unicity results from (1.2.7(iii)).

PROPOSITION1.2.9. The following conditions on a symmetric hermitian space are equiv-
alent:

(i) the space has curvature< 0;

(ii) G is a product of simple noncompact groups.

A symmetric hermitian space is called asymmetric hermitian domainif it satisfies the
equivalent conditions of the proposition.

Symmetric hermitian domains correspond by duality to compact hermitian symmetric
spaces.

1.2.10(CLASSIFICATION). Let M = G/K be a compact simple symmetric hermitian
space. Forx ∈ M , let ux : U1 → G be as in (1.2.3). According to (1.2.6), in its repre-
sentationadux on Lie(G)C, U1 acts only through the characters1 (on kC) andz andz̄ (on
pC).

Conversely, ifG is a compact adjoint simple group andu : U1 → G has this property,
the centralizerK of u(U1) is connected (it is the centralizer of a torus); it has for Lie
algebra, the subspace fixed by the involutionadu(−1) of Lie G, andG/K is symmetric
hermitian.

The classification problem forM is therefore reduced to the following:
(*) let G be compact, adjoint, and simple; we have to classify the conjugacy classes

of morphismsu : U1 → G such that, in its representationadu on Lie(G)C, U1 acts only
through the three characters1, z, andz̄.

Let T ⊂ G be a maximal torus,Φ ⊂ Hom(T, U1) the root system, andΣ a base forΦ
(simple root system). Letα0 be the longest root. The groupHom(U1, T ) can be identified
with the dual of the freeZ-moduleHom(T, U1) by means of the pairing

〈α, v〉 = α ◦ v ∈ Hom(U1, U1) ∼= Z.

The morphismu has a unique conjugateu′ : U1 → T such that〈α, u′〉 ≥ 0 for α ∈ Σ. The
condition (*) is equivalent to5

〈α, u′〉 = 0, + 1, or − 1 for α ∈ Φ, or

〈α0, u
′〉 = 1.

5To see this, write the longest root as
∑

n(α)α, α ∈ Σ.
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The morphismu′ is characterized by the integersmα = 〈α, u′〉 (α ∈ Σ), and the condition
above signifies thatmα = 0, except for a rootα such thatnα = 1, and for thoseα, mα = 1.
In other words,u′ is a minuscule weight of the root system dual toΦ. The conjugacy class
of u is completely defined by the vertex of the Dynkin diagramD of G corresponding toα.
If D′ = D∪{e} is the extended Dynkin diagram, the possible vertices are the vertices ofD
in the orbit ofe underAut(D′). There aref − 1 of them, wheref denotes the connection
index.

The list of possible vertices is given in the table in the appendix [?].
The classification in the noncompact case can be deduced from the above case by dual-

ity.

1.3 Filtrations and gradations

For more details on the results reviewed in this section, seeSaavedra Rivano 1972.

1.3.1. Let V be a finite dimensional vector space over a fieldk. To give a gradation of type
Z onV is equivalent to giving a representationw : Gm → GL(V ): one passes from one to
the other by means of the rule

w(λ) = λiv for v ∈ V i.

The associated increasing (resp. decreasing) filtration is defined by

Wi(V ) = ⊕j≤iV
j

(resp.W i(V )=⊕j≥iV
j).

1.3.2. Let G be a reductive group over a fieldk of characteristic zero and letw : Gm → G
be a morphism. For any representationρ : G → GL(V ) of G, ρ◦w : Gm → GL(V ) defines
(according to 1.3.1) an increasing filtrationW of V . This filtration is functorial inV and
the functor(V, ρ) 7→ (V,W ) is compatible with tensor products and duality:

W i(V ′ ⊗ V ′′) =
∑

j′+j′′=iW
j′(V ′)⊗W j′′(V ′′)

W i(V ∗) = W−1−i(V )⊥.

Conversely, any functor(V, ρ) 7→ (V, W ) compatible with tensor products and duality is
defined by a morphismw : Gm → G. We shall make no use of this fact, and instead
define afiltration W of G (or of the category of representations ofG) to be a functor
(V, ρ) 7→ (V, W ) defined by a morphismw : Gm → G.

Let g = Lie(G) be the space of the adjoint representation ofG.

1.3.3(REVIEW). (i) W0(g) is the Lie algebra of a parabolic subgroupW0(G) of F . It is
the subgroup that respects the filtrationW on every representation ofG.

(ii) W−1(g) is the Lie algebra of the unipotent radicalW−1(G) of W0(G). It is the
subgroup ofW0(G) which, for every representationV of G, acts trivially onGrW

• (V ).
(iii) The centralizerZ(w) of w is a Levi subgroup ofW0(G).
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In (i) and (ii), the set of all representations ofG can be replaced by a set(Vi, ρi) such
that the intersection of the kernelsKer(ρi) is finite.

After (iii), we have
Z(w)

≈→ W0(G)/W−1(G).

In particular, the composite

w̄ : Gm → W0(G) → W0(G)/W−1(G)

is central.
Let w′ : Gm → G define a filtrationW ′.

1.3.4(REVIEW). The filtrationsW andW ′ are equal if and only ifW0(G) = W ′
0(G) and

w̄ = w̄′. The morphismsw andw′ are then conjugate underW−1(G).

Analogous statements are true for decreasing filtrations.

1.3.5(APPLICATION). Let M andG be as before, and letg be the Lie algebra ofG. Fix
an origino ∈ M , and leth = ho; let K =centralizer ofho, σ = adho(−i), g = k + p

the corresponding decomposition, andJ = ad ho(e
2πi/8)|p the multiplication byi on p

identified with the tangent space toM ato.
The Hodge structure (relative too ∈ M ) of the adjoint representation is of type{(−1, 1), (0, 0), (1,−1)}.

We have
g0,0 = kC, g−1,1 ⊕ g1,−1 = pC.

Putp+ = g1,−1 andp− = g−1,1. They are commutative Lie subalgebras ofgC. If (H, ρ)
is a representation ofG with finite kernel andρ(ε) = (−1)n, F 0(gC) = kC ⊕ p+ is the
Lie algebra of the parabolic subgroupF 0(GC) which respects the Hodge filtration onHC.
Since the Hodge filtration determines the Hodge structure, the map

M = G/K → GC/F 0(GC) (1.3.5.1)

is injective. One checks immediately that it is a holomorphic open immersion (theBorel
embedding). If G∗ is the compact form ofG whose Lie algebra isk⊕ ip, one shows that

G∗/K
≈→ GC/F 0(GC),

so that (1.3.5.1) is the embedding ofM into the dual domain.

1.4 Hodge structures

DEFINITION 1.4.1. A Hodge structure of weightn on a real finite dimensional vector space
H is any one of the following:

(A) a bigradation of the complexificationHC,

HC = ⊕p+q=nH
p,q,

such thatHq,p is the complex conjugate ofHp,q;
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(B) a finite decreasing filtrationF onHC such that

HC = F p ⊗ F̄ q for p + q = n + 1;

(C) an actionh of the real algebraic group6 S = C× onH such thatx ∈ R× ⊂ C× acts
as multiplication byx−n.

One passes from one definition to the others by means of the rules:

Hp,q = F p ∩ F̄ q

F p = ⊕i≥pH
i,j

h(z)v = z−pz̄−qv for z ∈ S(R) = C× andv ∈ Hp,q.

Definition (B) makes obvious the complex structure, induced from that of the Grassma-
nian, on the variety of Hodge structures onH.

A polarizationψ of H is a bilinear form onH, invariant underh(U1), and such that the
form

ψ(x, h(−i)y)

is symmetric and positive definite. Note thath(−i)v = ip−qv for v ∈ Hpq.

EXAMPLE 1.4.2. Type(−1, 0) + (0,−1). A complex structure on a real vector spaceH
defines an action (by homotheties) ofC× on H. This construction identifies the complex
structures onH with the Hodge structures of type(0,−1) + (−1, 0). The mappingH 7→
HC/F 0(HC) is aC-linear isomorphism. A polarization ofH is nothing but the imaginary
part of a positive definite hermitian form. We make precise, that “hermitian” signifies for
us that

φ(λx, µy) = λφ(x, y)µ̄.

1.4.3. LetM be a symmetric hermitian domain (1.2.9), and letG be the identity component
of its group of automorphisms. Forx ∈ M , we writeux : U1 → G for the morphism (cf.
1.2.6) sendingz to the automorphism ofM that fixesx and acts on the tangent space by
multiplication byz.
One knows that the stabilizer ofx is equal to the centralizer ofux, so that the mapping
x 7→ ux identifiesM to the set of conjugates ofux.

1.4.4. Let G be the real adjoint algebraic group with Lie algebrag (thereforeG = G(R)0),
and letπ : G1 → G be a connected algebraic covering ofG. Assume thathx = u2

x lifts to
a morphism (again denotedhx) of U1 into G1. The central elementε = hx(−1) does not
depend on the choice ofx. It is trivial or of order2. We define the real algebraic groupG′

to be the quotient ofG1 ×Gm by {e, (ε,−1)}. The composed mapping

ι : G1 → G1 ×Gm → G′

and the inversew0 of the composed map

w−1
0 : Gm → G1 ×Gm → G′

6In the original,S is denotedS.
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fit into a commutative diagram

G1
π - G

@
@

@
ι

R ¡
¡

¡µ

G′

¡
¡

¡w0 µ @
@

@
t

R

Gm
x 7→x−2

- Gm.

(1.4.4.1)

The composed diagonals are trivial and

t(Im(g1, λ)) = λ2.

Just asG′ is the quotient ofG1 ×Gm, the algebraic groupS is the quotient ofU1 ×Gm

by {e, (−1,−1)}. The morphism(hx, id) : U1 × Gm → G1 × Gm passes to the quotient
and defines

hx : S→ G′.

We havethx(z) = zz̄ andhx(λ
−1) = w(λ) for λ ∈ R×.

The mappingx 7→ hx identifiesM also with the set of conjugates of anhx underG (or,
which is the same thing, underG′(R)0).

1.4.5. Let n be an integer. A representationρ : G′ → GL(H) of G′ is of weight n if
(ρ ◦ w0)(λ) is multiplication byλn. Let ρ be of weightn. For all x ∈ M , ρ ◦ hx : S →
GL(H) defines onH a Hodge structure of weightn — see (1.4.1(C)). We denote byFx

the corresponding Hodge filtration ofHC. Let ϕ : Gm → SC be the homomorphism such
that z ◦ ϕ is x 7→ x−1 and z̄ ◦ ϕ is trivial. The filtrationFx is the decreasing filtration
associated withρ ◦ hx ◦ ϕ; it is amenable to the results of (1.3). In particular,F 0

x (Lie(G′))
is the Lie group of a parabolic subgroupF 0

x (G′) of G′C. We writeM∨ for the corresponding
flag manifold; it can be identified with the set of conjugates ofF 0

x (G′). The Borel map
β : M → M∨ is

x 7→ F 0
x (G′).

THEOREM 1.4.6(BOREL). The mappingβ is holomorphic. It identifiesM with an open
subspace ofM∨.

PROOF. Injectivity of β.
For (H, ρ, n) as in (1.4.5) andy ∈ M∨, we define a filtrationFy of HC as follows:

there is ag ∈ G′(C) such thaty = gβ(x), and we setFy = gFx. This definition does not
depend on the choice ofg, because ifgβ(x) = β(x), g is in F 0

x (G′(C)) and respectsFx.
Fory ∈ M , Fβ(y) is the Hodge filtration ofFy.

In particular, fory ∈ M , Fy depends only onβ(y). For alln and all representationsρ
as in (1.4.5), the Hodge structureρ ◦ hy therefore depends only onβ(y). It follows thathy,
thereforey, depend only onβ(y).

β is a holomorphic open immersion.



1 DRAMATIS PERSONÆ 15

Let x ∈ M , g′ = Lie(G′), k′ be the stabilizer ofx, andp the orthogonal complement of
k′ in g = Lie(G) ⊂ g′. We have thatadhx(−i) = −1 on p. The tangent space toM at x
can be identified withp, which has a complex structure. From the definition ofhx, we have

adhx(z) · π = z2π, for π ∈ p andz ∈ U1, or
adhx(z) · π = zz̄−1π, for π ∈ p andz ∈ C× = S(R).
At x, dβ can be identified with the natural map

p → g′C/F
0(g′C). (*)

We havek′C = g′0,0
C , pC = g′−1,1

C ⊕ g′1,−1
C , andg′C/F 0(g′C) ≈ g′−1,1

C . The mappingdβ
is therefore bijective. Ong′C/F 0(g′C), adhx(z) acts as multiplication byzz̄−1. Since (*)
commutes with the action ofhx(z), dβ commutes with multiplication byzz̄−1 (z ∈ C×),
and is thereforeC-linear. This completes the proof.

1.4.7. Let (H, ρ, n) be as (1.4.4). The formation of the Hodge structureρ ◦ hx on H is
compatible with tensor products of representations and with passage to the dual represen-
tation. Whenρ is trivial on G1, it is purely of type

(
n
2
, n

2

)
. The Hodge structureρ ◦ hx on

H therefore satisfies the following condition:

everyG1-invariant tensor in⊗k H ⊗` H∨ is of type(m,m),m = n/2. (1.4.7.1)

PROPOSITION1.4.8. If the kernel ofρ1 = ρ|G1 is finite, thenx 7→ ρ ◦ hx is a holomorphic
isomorphism ofM with one of the connected components of the set of Hodge structures of
weightn onH satisfying (1.4.7.1).

PROOF. If (H, ρ) is a faithful representation of a reductive groupG′′, thenG′′ is the al-
gebraic subgroup ofGL(H) formed of theg fixing a suitable finite set ofG′′-invariant
tensors. The Hodge structures considered onH are those defined by a morphismh : U1 →
G1/ Ker(ρ1). The conjugates ofhx form one of the components of this set.

REMARK 1.4.9. Because of 1.4.8, whenM∨ is identified with a space of flags inHC,
β : M → M∨ becomes identified with

(Hodge structure defined byh) 7→ (Hodge filtrationFh).

DEFINITION 1.4.10. Let (H, ρ, n) be as in (1.4.4). AG1-invariant bilinear formψ onH is
apolarizationof (H, ρ) if the following equivalent conditions are satisfied:

(i) for onex ∈ M , ψ is a polarization of(H, ρ ◦ hx);

(ii) for all x ∈ M , ψ is a polarization of(H, ρ ◦ hx).

The equivalence of (i) and (ii) results from the following formula: forg ∈ G1(R),

ψ(a, hgx(−i)b) = ψ(a, ghx(−i)g−1b) = ψ(g−1a, hx(−i)g−1b).

A polarization is(−1)n-symmetric.
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Let x ∈ M ; let σ be the Cartan involutionadh(−i) of G1, and letG(σ)
1 ⊂ G1(C) be the

compact subgroup
G

(σ)
1 = {g ∈ G1(C) | ḡ = σ(g)}.

A form ψ on H is a polarization if and only if the hermitian formψ(a, hx(−i)b̄) on HC is
symmetric, positive definite, andG(σ)

1 (R)-invariant. SinceG(σ)
1 is compact, any representa-

tion as above ofG′ is therefore polarizable.

REMARK 1.4.11. Let R(n) be the lineR on which G′ acts by multiplication bytn(g).
For allx ∈ M , R(n) is of Hodge type(−n,−n). If we regard a polarizationψ of a Hodge
structureH of weightn as being a mappingψ : H⊗H∨ → R(−n), then it isG′-equivariant,
and it is a morphism of Hodge structures.

REMARK 1.4.12. Fix o ∈ M , and letg = k⊕ p be the corresponding decomposition ofg.
Let G∗ be the compact form ofG with Lie algebrak⊕ ip. We have already defined the dual
M∨

o of M as being the quotientG∗/K. One can show that

M∨
o = G∗/K

≈→ G′(C)/F 0
o (G′(C)) = M∨,

which justifies the terminology.

1.4.13(GENERALIZATION). In the preceding discussion, we have taken forG1 a finite
covering ofG. More generally, letG1 be a connected reductive real algebraic group en-
dowed with a homomorphismπ : G1 → G whose kernel is compact. Moreover leto ∈ M
and leth̃o : U1 → G1 be a lifting ofho centralized by theKer(π). Forx = g · o in M andg̃
a lifting of g in G1(R), put h̃x = g̃h̃og̃

−1. This lifting of h̃ois independent of the choice of
g̃. The constructionx 7→ h̃x identifiesM with the set ofG1(R)0-conjugates ofho.

The elementε = hx(−1) of G1 is still central, and therefore is independent ofx. Put
G′ = G1 ×Gm/{1, ε}. This group fits again into a diagram (1.4.4.1) and, as in (1.4.4), one
can extend̃hx to

hx : S→ G′.

As in (1.4.5), we can define a representation ofweightn of G′; for (H, ρ) a representation
of weight n andx ∈ M , ρ ◦ hx is a Hodge structure of weightn on H. We define a
polarizationof (H, ρ) as in (4.10); every representation is polarizable.

Conversely, letG1 be a connected reductive real algebraic group, and letho : U1 → G1

be a morphism such that
(a) in the representationz 7→ ad ho(z) of U1 on Lie(G1)C, U1 acts only through the

characterszz̄−1, 1, z−1z̄;
(b) adho(−1) is a Cartan involution.

Then the setM of conjugates ofho underG1(R)0 is a symmetric hermitian space, relative
to whichG1 is of the type considered above.

REMARK 1.4.14. Later, we shall make use of the case whereG1 is U1 × SL(2,R), and
whereho is the mapping whose components are the identity andhSL, which sendseiθ to the
rotation of angleθ.
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2 Cones

2.1 Homogeneous cones

(following Vinberg and Koecher)

2.1.1. Let V be a finite-dimensional real vector space. We say that a subsetC of V r {0}
is aconeif it is open and if

λC = C for all λ ∈ R+.

Let C ′ ⊂ V ∗ be the set of linear forms that are≥ 0 on C. Thedual C∗ of C ⊂ V is the
interior of C ′ r {0}. We say thatC is projecting[saillant] if C∗ 6= ∅. We haveC ⊂ C∗∗,
with equality if and only ifC is projecting and convex (orC = V r {0}). We say that
C is self-adjoint if there exists a quadratic formQ > 0 on V for which the corresponding
isomorphism≈ transformsC into C∗.

2.1.2. Let C ⊂ V be a projecting convex cone with dualC∗, and letG be the group of
automorphisms of(V, C). Let dx and dx* be dual Haar measures onV and V ∗. The
measure onC,

µ =

∫

C∗
e−〈x,x∗〉dx∗ = ϕ(x)dx

is G-invariant, whence also the riemannian structureg = d2 log ◦ϕ on C (to show that
g > 0, recall that

d2 log

∫
ϕudu =

∫
ϕu d2 log ϕudu∫

ϕudu
+

1

2

∫∫
ϕuϕv(dlog ϕu - dlog ϕv)

2dudv∫∫
ϕuϕvdudv

.)

COROLLARY 2.1.3. Let C be a connected projecting cone and letG be the Lie group of
automorphisms of(V, C). The stabilizer ofe ∈ C in G is compact, and is a maximal
compact subgroup ifC is homogeneous.

PROOF. For the second assertion, note that every (maximal) compact subgroup ofG has a
fixed point inV (argument de moyenne).

COROLLARY 2.1.4. Let C be an open subset ofV such thatC∗ 6= ∅, and letG be a Lie
group of automorphisms of(V, C). Suppose that there exists ane ∈ C such thatG · e is
open. ThenC is a connected cone, homogeneous underG.

PROOF. We haveG ·e ⊂ C ⊂ C∗∗, andC∗∗ satisfies the hypotheses of (2.1.4). This allows
us to replaceC with C∗∗, i.e., to assume thatC is a connected projecting cone. Letr > 0
be such that a ball of centree and radiusr (for the riemannian metricd defined byg) is
contained inG · e. Sinceg is invariant, for any sequence of pointsxi with e = x0 and
d(xi, xi+1) ≤ r, we havexn ∈ G · e. The result follows by noting thatC is connected.

COROLLARY 2.1.5. Let G be a connected reductive group,(V, ρ) a representation of7 G,
e ∈ V , andG the identity component ofG(R). Assume that the stabilizer ofe in G is a com-
pact maximal subgroup ofG, and thatG·e is open. ThenG·e is a self-adjoint homogeneous
cone. Conversely, the group of automorphisms of a self-adjoint cone is reductive.

7The original hasG.
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PROOF. Let K be the stabilizer ofe, σ the corresponding Cartan involution, andB a pos-
itive definite symmetric bilinear form onV such thatρ(σ(g)) = tρ(g)−1. Consider the
Cartan decompositionsLie(G) = k ⊕ p andG = K · exp(p). Let g1, g2 ∈ G, and put
σ(g2)g1 = p2k with p ∈ exp(p). Then

〈g1e, g2e〉 = 〈σ(g2)g1e, e〉 = 〈p2e, e〉 = 〈pe, pe〉 > 0.

When we identifyV with V ∗ usingB, we find thatGe ⊂ (Ge)∗. The cone (Ge)* is stable
underG : if x ∈ (Ge)∗ andh ∈ G, then for anyg ∈ G,

〈ge, hx〉 = 〈σ(h)ge, x〉 > 0.

On applying (2.1.4) to(Ge)∗, we find thatGe = (Ge)∗.
Conversely, ifC is a self-adjoint cone, its automorphism group is stable underg 7→ tg,

and is therefore reductive.

2.2 Appendix: Jordan algebras

(following Vinberg, Koecher, Jacobson, and Tits).

2.2.1. Recall that aJordan algebraA is an algebra with identity (not necessarily associa-
tive) whose multiplication◦ satisfies the following identities:

(1) a ◦ b = b ◦ a, and (puttinga2 = a ◦ a)

(2) a2 ◦ (b ◦ a) = (a2 ◦ b) ◦ a.

This definition is only correct when2 is invertible (seeJacobson 1969), and it is nec-
essary to add to (1) and (2) the identities required to make (1) and (2) remain true after an
extension of scalars. These problems do not arise ifA is an algebra of finite dimension over
a field of characteristic zero:we shall henceforth restrict ourselves to that case.
Fora ∈ A, we writeRa for multiplication bya:

Ra(x) = a ◦ x.

Put
S(a, b, c, d) = (a ◦ b) ◦ (c ◦ d) + (a ◦ c) ◦ (b ◦ d) + (a ◦ d) ◦ (b ◦ c)

(symmetric ina, b, c, d after (1))

T (a; b, c, d) = (a ◦ (b ◦ c)) ◦ d + (a ◦ (c ◦ d)) ◦ b + (a ◦ (d ◦ b)) ◦ c

(symmetric inb, c, d after (1)).
By polarization and division by2, (2) yields

(3) S(a, b, c, d) = T (a; b, c, d),

which can also be written as
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(4) [Ra, Rbc] + [Rb, Rca] + [Rc, Rab] = 0.

The identity

(5) T (a; b, c, d) = T (b; a, c, d)

deduced from (3) can also be written as

(6) [Ra, Rb] is a derivation.

The powersan(n ≥ 0) of a are defined by recurrence:

a0 = 1 and an+1 = a ◦ an.

It is possible to prove by induction oǹ= n + m that

(7) an ◦ am = an+m.

If n or m equal 0 or 1, then (7) follows from the definition, from (1), and from the fact that
1 is an identity element. This proves (7) for` ≤ 3; for ` = 4, it is necessary to prove that

a2 ◦ a2 = a4,

but this is the special caseb = a2 of (2). Suppose that̀≥ 5 and that (7) is true for̀′ < `.
Apply (5) to (ap, aq, ar, as) (p, q, r, s > 0, p + q + r + s = `). In view of the induction
hypothesis, we find that

ap ◦ al−p = aq ◦ al−q.

Takeq = r = s = 1: one finds that (7) is true ifn + m = ` andn ≤ `− 3. Since it suffices
to prove (7) forn ≤ m, and wheǹ ≥ 5,

n ≤ `− n =⇒ n ≤ `− 3,

this completes the proof.

REMARK . It is easy to deduce from this proof that an algebra with identity satisfying (1)
and (6) is a Jordan algebra if and only ifa2 ◦ a2 = a4 (recall that we are in characteristic
zero).

PROPOSITION2.2.2(V INBERG). LetA be an algebra with identity (not necessarily asso-
ciative) over a field of characteristic zero, provided with a “trace” formt such that

(a) A satisfies (1) and (6);

(b) t([Ra, Rb](c)) = 0;

(c) the formt(a ◦ b) is nondegenerate.

ThenA is a Jordan algebra.
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REMARK . Whent(a) = Tr(Ra), the condition (b) is automatic: for any derivationD of
A, Tr(RDc) = Tr([D, Rc]) = 0.

PROOF. It suffices to prove the polarized form (4) of (2). Put

{a, b, c, d; e} = t(([Ra, Rbc] + [Rb, Rca] + [Rc, Rab])(d) · e).

On writing (4) in the form (3) and applying (6) under the form (5), we find that{a, b, c, d; e}
is symmetric ina, b, c, d. We have

{a, b, c, d; e}+ {a, b, c, e; d} = t(([Ra, Rbc] + ... )(de)) = 0

by (b), so that{a, b, c, d; e} is antisymmetric ind ande. It follows from this that the form
{a, b, c, d; e} is zero:

{a, b, c, d; e} = −{a, b, c, e; d} = {a, b, d, e; c} = −{a, b, d, c; e}.

After (c), e is arbitrary, and so we have (4).

2.2.3. Let g be a Lie algebra, and letσ be an involution ofg with corresponding decom-
positiong = k + p. Let (V, ρ) be a faithful representation ofg, and lete ∈ V , Suppose
that

k is the stabilizer ofe and the mappingπ 7→ πe of p into V is bijective. (*)

Define onp the composition law◦ by the rule:

π ◦ π′ · e = π′(π · e). (2.2.3.1)

Let ε be the element ofp such thatε · e = e. The law◦ satisfies the following identities:

π ◦ π′ = π′ ◦ π. (2.2.3.2)

Indeed,(π ◦ π′ − π′ ◦ π) · e = [π, π′]e = 0, because[π, π′] ∈ k.

ε is an identity element. (2.2.3.3)

Indeed,π ◦ ε · e = πe. Forv ∈ V , we haveεv = v.

The identity (6). (2.2.3.4)

One checks, in fact, that
[Rπ, Rπ′ ] = ad[π, π′]. (2.2.3.5)

2.2.4. Conversely, if an algebra with identity(A, ◦) satisfies (1) and (6), andD is the
algebra of derivations ofA, it is possible to makeL0(A) = D ⊕ A into a Lie algebra by
putting

– for d, d′ ∈ D, [d, d′] is in D, and equals the usual bracket;

– for d ∈ D, anda ∈ A, [d, a] is in A; it is d(a);
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– for a, b ∈ A, [a, b] is in D; it is [Ra, Rb].

The involutionσ : (d, a) 7→ (d,−a) is an automorphism, andL0(A) acts on A by the
rules:

ρ(d)a = d(a), and

ρ(b)a = b ◦ a.

This representation is faithful: the derivationsd of A respecte: d(e) = 0; if (d + a)x is
identically zero, one finds on puttingx = e thata = 0; thatd = 0 is then clear. The system
(L0(A), A, ρ, e, σ) is therefore of the type (2.2.3), and the construction (2.2.3) applies to
the system gives(A, ◦).
2.2.5. Let τ be the unique bilinear form onsl(2) such that

(8) [a, [b, c]] = τ(a, b)c− τ(c, a)b.

We have
τ(a, b) = 2× (trace of the matrixa · b);

τ is an invariant symmetric bilinear form. ForA a Jordan algebra andD the Lie algebra of
its derivations, we put

L(A) = D ⊕ sl(2)⊗ A.

We can makeL(A) into a Lie algebra by putting

– onD, [ , ] is the usual bracket;

– for d ∈ D, u ∈ sl(2), anda ∈ A, we have

[d, u⊗ a] = u⊗ d(a);

– for u, v ∈ sl(2), and a,b ∈ A, we have

[u⊗ a, v ⊗ b] = τ(u, v)[Ra, Rb] + [u, v]⊗ (a ◦ b).

It is clear that ford ∈ D, add is a derivation. The Jacobi identity is therefore true forx,
y, or z in D, and it remains to check it for a triple(u⊗ a, v ⊗ b, w ⊗ c). We have

[u⊗a, [v⊗b, w⊗c]] = −τ(v, w)u⊗ [Rb, Rc](a)+[u, [v, w]]a◦(b◦c)+τ(u, [v, w])[Ra, Rb].

The Jacobi identity then results from the following:

– τ(u, [v, w]) is invariant under circular permutation ofu, v, w (this expresses
its invariance) and◦ satisfies (4);

– ◦ satisfies (1) andτ satisfies (8).
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For k the algebra of diagonal matrices insl(2,R), we can identifyL0(A) with

D ⊕ k⊗ A ⊂ L(A)

by

(d, a) 7→ d + (1/2)

(
1 0
0 −1

)
⊗ a.

The action ofL0(A) onA can be identified with the adjoint action of this subalgebra onA,

identified with a subalgebra bya 7→ n⊗ a, n =

(
0 1
0 0

)
.

2.2.6. Take for base fieldR. Let V be a real vector space of finite dimension,C ⊂ V a
homogeneous self-adjoint open cone, ande ∈ C. Let g be the Lie algebra ofAut(V, C),
k the stablizer ofg, p its orthogonal complement, andσ the involution ofg havingk and
p as its eigenspaces with eigenvalues+1 and−1. The system(g, V, e, σ) satisfies the
hypotheses of (2.2.3), andσ is a Cartan involution; for a suitable positive definite quadratic
form onV , σ is the restriction tog ⊂ End(V ) of u 7→ −tu.

The construction (2.2.3) providesp with a law◦ satisfying (1) and (6), and the identity
elementε acts by scalars onV .

2.2.7. Let t be the linear form
t(π) = 〈πe, e〉 onp.

Then

t([Ra, Rb](c)) = 〈[[a, b], c] · e, e〉
= 〈c · e, [a, b]e〉
= 〈c · e, 0〉
= 0,

by thek-invariance of〈, 〉. In addition, ifπ 6= 0,

t(π ◦ π) = 〈π ◦ πe, e〉 = 〈ππe, e〉 = 〈πe, πe〉 > 0.

The formt satisfies the hypotheses of (2.2.2), and(p, o) is a Jordan algebra.

2.2.8. Conversely, letA be a Jordan algebra equipped with a linear formt such that

t(x ◦ (y ◦ z)− (x ◦ y) ◦ z)) = 0, and

t(x2) > 0 for x 6= 0.

Let D+ be the algebra of derivations ofA respectingt, andL+(A) the subalgebraD+ ⊕A
of L0(A) provided with the induced involutionσ. It acts onA through the representation
ρ of (2.2.4). The involutionσ is a Cartan involution, because relative to the quadratic form
t(x2) onA, we haveρ(λσ) = −tρ(λ). It is clear thatλ ∈ D, and forλ ∈ A, we have

t(x · (λy)) = t((xλ) · y)
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by hypothesis. After [?] the orbit ofe under the group of the Lie algebraL0(A) is therefore
a self-adjoint homogeneous cone.

The coneC is the set ofexp(ρ(a)) · e, or the set of

exp(Ra) · e, a ∈ A.

After (7), the subalgebra generated bya is associative, andexp(Ra) ·e is exp(a), calculated
in this subalgebra:

C = {exp(a)| a ∈ A}.
In A, the subalgebra generated by an element is commutative, associative, and without
nilpotent elements (becauset(x2) 6= 0 for x 6= 0) and such thatx2 + y2 6= 0 if x, y 6= 0
(becauset(x2) > 0). It is therefore a product of copies ofR, and inA, the exponentials
are the squares of invertible elements. The coneC is therefore also the set of squares of
invertible elements inA; its closure is the set of all the squares.

2.2.9. The classification of self-adjoint homogeneous cones therefore coincides with that
of the Jordan algebras overR for which there exists at : A → R satisfying the conditions
(2.2.8).

Complements on Jordan algebras

(A). By induction onn, definean (a0 = 1, a1 = a), and show thatapaq depends only
onp + q (p, q > 0); it is ap+q.

[Proof illegible.]
(B). [Rap , Raq ] = 0.

PROOF. We have

[Rap , Raq+r ] + [Raq , Rar+p ] + [Rar , Rap+q ] = 0.

For∆p = [Rap , Ran−p ], this gives

(i) if p + q + 2 = n, ∆p + ∆q + ∆r = 0;

(ii) ∆p = ∆n−p.

∆: Z/nZ→ A, therefore∆ = 0.

2.3 Cones inR2

(following Hirzebruch and Mumford).

2.3.1. Let L be a free orientedZ-module of rank 2, and lete ∈ Λ2L be the class of the
orientation. Let {

VQ = L⊗Q
V = L⊗ R,

and letCQ ⊂ VQ be such that
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(a) x, y ∈ CQ =⇒ x + y ∈ CQ;

(b) x ∈ CQ, λ ∈ Q, λ > 0 =⇒ λx ∈ CQ;

(c) there exists a linear form> 0 onCQ;

(d) CQ 6= ∅, and is not reduced to half-line.

Let C be the cone of linear combinations with real coefficients> 0 of the elements of
CQ. We haveCQ = C ∩ LQ; C is the angular sector bounded by two half-lines`1 and
`2; if `i ⊂ C, `i is rational. We are interested in the locally finite decompositions ofC
into rational angular sectors. We shall identify such a triangulation to the following locally
finite setE of elements ofL ∩ C: if L is the set of half-lines bounding the said angular
sectors, and, for̀ ∈ L, e` is the generator of̀∩ L, E is the set ofe`.

IndexE by an interval (finite or infinite)I of Z, theei turning in a positive direction
wheni increases:ei ∧ ei+1 = ae with a > 0. The intervalI has a smallest (resp. largest)
elementi if and only if the first (resp. second) side` of C is rational;̀ ∩L is then generated
by ei.

We say that the triangulationE is smooth[lisse] if ei∧ei+1 = e. We shall consider only
smooth triangulations, and we shall call them simplytriangulations.

2.3.2 (CONSTRUCTION). (i) If E is a triangulation andi, i + 1 ∈ I, we obtain a new
triangulation by adjoiningei + ei+1 to E (blowing upthe sector(ei, ei+1)).

(ii) The conditionsei = ei−1 + ei+1 and ei−1∧ei+1 = e are equivalent. If they are
satisfied, one says thatei is exceptional. One obtains then a new triangulation by omitting
ei from E (thecontractionof ei).

A triangulation is said to beminimal if it has no exceptional element.

PROPOSITION2.3.3. The half-linesei andei+1 are not simultaneously exceptional.

PROOF. Otherwise,ei+1 − ei andei − ei+1 will be in E , andC will not be projecting.

PROPOSITION2.3.4. If C is bounded by a basis(e0, e1) of L with e0∧e1 = e, then every
triangulationE of C can be obtained from{e0, e1} by a finite sequence of blowing ups.

PROOF. Because the sides ofC are rational,E will be finite.
(a) If e0 + e1 /∈ E , thenE = {e0, e1}.
Let f andf ′ be the elements ofE which immediately precede and followe0 + e1:

f = λe0 + µe1, λ ≥ µ + 1;

f ′ = λ′e0 + µ′e1, λ′ ≤ µ′;

f∧f ′ = e, (i.e.,λµ′ − λ′µ = 1).

Sinceλµ′ − λ′µ ≥ λ′ + µ + 1, it follows thatλ′ = µ = 0 ande0 = f , e1 = f ′.
(b) Continue by induction on the number of elements ofE . If E = {e0, e1}, we win.

Otherwise, we writeC ′ andC ′′ for the cones bounded by(e0, e0 + e1) and(e0 + e1, e1),
and apply the induction hypothesis toC ′ ∩ E andC ′′ ∩ E .
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COROLLARY 2.3.5. If E andE ′ are two triangulations withE ⊂ E ′, E ′ can be obtained
fromE by a locally finite sequence of blowing ups.

THEOREM 2.3.6. The coneC has a unique minimal triangulationE(C). Every triangula-
tion ofC containsE(C).

PROOF. (a) If C is rational, thenC admits a triangulation.
We assume thatC is bounded bye0 and e1, and we prove (a) by induction on the

integera > 0 such thate0∧e1 = ae. If a > 1, there exists anf ∈ L in the interior of the
parallelogram bounded bye0 ande1, and we apply the induction hypothesis to the cones
bounded by(e0, f) and(f, e1) respectively.

(b) C admits a triangulation.
It is clear thatC admits a not necessarily smooth triangulation. The refinement provided

by (a) proves (b).
(c) For alli ∈ I, there exists a finite intervalJ = [i, k] (resp.[k, i]) such that for every

triangulationE ′ ⊂ E , one of theej for j ∈ J is in E ′.
It suffices to proved the nonresp. assertion. EndowV with a euclidean structure. For

j1 ≤ i ≤ j2, the angleθ betweenej1 andej2 satisfiesε ≤ θ ≤ π − ε for a suitableε > 0.
If ej1 ∧ ej2 = e, ej2 is therefore of bounded length, andj2 runs over a finite subset ofI. It
suffices to takek larger than thej2.

(d) The intersection of two triangulations is a triangulation.
Let the triangulations beE ′ andE ′′. The proof of (b) shows that there exists a triangu-

lationE containingE ′ andE ′′. After (2.3.5),E ′ (resp.E ′′) is deduced fromE by a sequence
(perhaps infinite) of contractions “removeei(a)” (resp. “removeei′′(a)) (a ≥ 0 ). According
to (2.3.3), whenei′(a) 6= ei′′(0), ei′(a) is not close toei′′(0). From this,E − ei′′(0) , E ′ − ei′′(0),
E ′′ are again three triangulations,E ′ − ei′′(0) can be obtained fromE − ei′′(0) by a sequence
of contractions “removeei′(a)” (with ei′′(0) excluded in case of failure) andE ′′ can be ob-
tained fromE − ei′′(0) by a sequence of contractions “removeei′′(a)” (a > 0). The sequence
of contractions “remove by turnsei′(a) andei′′(a)” results inE ′ ∩ E ′′ which, after (c), is
therefore a triangulation.

THEOREM (2.3.6). 8Let D be the convex envelope ofC ∩ L, andE(C) = ∂D ∩ L. Then
E(C) is the unique minimal triangulation ofC, and any triangulation ofC containsE(C).

REMARK 2.3.7. Let C−(e) (resp.C+(e)) be bounded bye and the first (resp. second) side
of C. If e ∈ E(C), thenE(C±(e)) = E(C) ∩ C±(e).

COROLLARY 2.3.8. LetE be a triangulation ofC. The following conditions are equivalent:

(a) E is minimal;

(b) if j > i + 1, ei∧ej = ae, with a ≥ 2;

(c) for i nonmaximal,ei+1 − ei /∈ C.

It is clear that (c)=⇒ (a), and, after (2.3.5), that (a)⇐⇒ (b). That (a)=⇒ (b) results
from (2.3.7) and from the following applied toC+(ei).

8The original numbers both theorems 2.3.6 — perhaps this theorem is not meant to be included.
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COROLLARY 2.3.9. Suppose that the first side ofC is rational, bounded bye0. Theei of
the minimal triangulation ofC are defined by recurrence by

ei∧ei+1 = 1, ei+1 ∈ C, and ei /∈ C.

Let e1 be defined by these formulas. Thene1 is not exceptional in{e0} ∪ E(C(e1))
which is therefore a (the) minimal triangulation ofC, and we conclude by recurrence.

COROLLARY 2.3.10. If C andD have the same second side`2, E(C) andE(D) coincide
in a neighbourhood of̀2.

It suffices to consider the case in whichC ⊂ D and the first side ofC is rational,
bounded bye0: C = D+(e0). Let E = E(D+(e0)) ∪ E(D−(e0)). We shall show thatE(D)
is obtained fromE by afinitenumber of contractions. It is possible to contractei only after
having contracted theej betweenei ande0 (e0 included) and, after (2.3.6) (cf. 2.3.6(c)), the
process must stop.

2.3.11. If r is a real number, we write{r} for the smallest integer such that{r} ≥ r.
Defineri andai inductively,

r1 = r;

ai = {ri}, i ≥ 1;

ri+1 = 1/ai − ri, i ≥ 1.

Stop ifai = ri. With Hirzebruch, we will call(a0, a1, ...) the continued fraction expansion
of r. Take care that it is not the classical notion. We have

r = a0 − 1/a1 − 1/a2 − · · ·
ai ≥ 2 for i > 0, and theai can not be all equal to 2 fori ≥ i0, because2 − 1/2 − 1/ · · ·
= 1.

PROPOSITION(ALSO 2.3.11.).Let (e0, e1) be a basis ofL with e0∧e1 = e, let r be a real
number, and let̀ be a half-line which can be written in the basis

` : x + ry = 0, x < 0.

Let C be the cone bounded bye1 and`, E(C) = (e1, e2, ...) the minimal triangulation of
C, and defineai by

ei−1∧ei+1 = aie (i ≥ 1).

Then(a1, a2, ...) is the expansion (2.3.11) ofr as a continued fraction.

e0

e1e2

l C
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We apply (2.3.9). Sincee1∧e2 = 1, we can writee2 = −e0 +ae1, a1e = e∧e2 = ae; a
is the smallest integer such−e0 + ae1 ∈ C; in other terms,a1 = {r}. In the basis(e1, e2),
the equation of̀ is x + r2y = 0, and we continue by induction.

COROLLARY 2.3.12. Two numbersr andr′, with continued fraction expansions(a1, a2, ...)
and (a′1, a

′
2, ...), can be transformed into each other by means of a substitutionr 7→ ar+b

cr+d

with

(
a b
c d

)
∈ SL(2,Z), if and only ifai1+k = a′i2+k for suitablei1 andi2.

PROOF. This is a translation of (2.3.10).

PROPOSITION2.3.13. The following conditions are equivalent:

(a) the group of automorphisms of(L orientated, C) is nontrivial (it is then cyclic of
infinite order);

(b) there exists a rational indefinite quadratic formQ not representing0 such thatC is
one of the two connected components ofQ > 0.

PROOF. (b) =⇒ (a): Follows from the Dirichlet unit theorem for the real quadratic field
attached toQ.

(a) =⇒ (b): The sides ofC are eigenvectors for every automorphismσ. Therefore,
their direction coefficients are the roots of a quadratic equation. Moreover, they can not be
rational.

2.3.14. Suppose that the equivalent conditions of (2.3.13) are satisfied. The minimal
triangulationE(C) is stable for all automorphisms of(L,C); the numbersai such that
ei−1 ∧ ei+1 = aie therefore form a periodic sequence. After (2.3.10) and (2.3.11), the
period can be calculated as follows:

(a) In any oriented basis ofL, write the equation of the line supporting the second side
of C in the formx + ιy = 0.

(b) Form the continued fraction expansion(b0, b1, . . .) of r. For i sufficiently large, the
sequencebi+h is periodic; it has the same period as the sequence ofai.

COROLLARY 2.3.15. The expansion of a irrational quadratic number as a continued frac-
tion is periodic, except for the initial terms.

REMARK 2.3.16. If (a1, . . . , ar) is the period of the sequence(ai), the generatorσ of the
group of automorphisms of(L oriented,C) such thatσei = ei+r has for matrix relative to
the basis(e0, e1), the product

( −1
1 a1

)
◦

( −1
1 a2

)
◦ · · · ◦

( −1
1 ar

)
.

If σi is defined byσi(ei−1) = ei andσi(ei) = ei+1, we have, in fact,

σ = σr ◦ σr−1 ◦ · · · ◦ σ1

andσi and

( −1
1 a1

)
relative to the basis(ei−1, ei).
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3 Study at infinity

3.1 Roots

(following Harish-Chandra; cf.Helgason 1962, Chapter VIII)

3.1.1. Let M be a symmetric hermitian domain (1.2.9) of rankr (1.1.22), and letG, G, G1,
andG′ be as in (1.4.13). Fixo ∈ M . The pointo definesho : U1 → G1. We writeσ for the
Cartan involutionadho(−i). Let g andg1 be the Lie algebras ofG andG1, and let

g = k⊕ p, g1 = k1 ⊕ p1

be the decompositions ofg andg1 defined byσ. The algebrak1 is the Lie algebra of the
centralizerK1 of ho, andp can be identified with the tangent space toM at o. Its complex
structureJ is adho(e

2πi/8)|p. The morphismho defines a Hodge structure of weight0 on
the spaceg1 of the adjoint representation. When we putp+ = F 1(gC) andp− = p+,
pC = p+ ⊕ p−.

3.1.2. We writehSL for the morphism

hSL : U1 → SL(2,R), eiθ 7→ rotation of angleθ.

Let s ≥ 0, and writehUSL (or, if this notation is ambiguous,hUSLs) for the map

hUSL : U1 → U1 × SL(2,R)s, x 7→ (x, hSL(x), . . .).

3.1.3. Let a be a maximal commutative subalgebra ofp. The following theorem, which is
fundamental for the study of Cayley transformations, will be proved in (3.1.19).

THEOREM 3.1.4. There exists a morphism

ϕ : U1 × SL(2,R)r → G1

such that

(a) dϕ induces an isomorphism of the standard Cartan subalgebra ofsl(2,R)r (diagonal
matrices) witha;

(b) ho = ϕ ◦ hUSLr.

REMARK 3.1.5. We have

dϕ(sl(2,R)r) = a + Ja + [a, Ja];

this can be checked by reduction to the case of the groupU1 × SL(2,R)r.
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3.1.6. The irreducible real representations ofU1 are the following:
ρ0: the trivial representation ofU1;
ρk (k > 0): the representation of dimension two ofU1, whose complexification is the

sum of the representations of dimension one with characterszk andz̄k.9

Let σ1 be the obvious (two-dimensional) representation ofSL(2,R) and letσk be its
kth symmetric power. The irreducible real representations ofSL(2,R) are theσk (k ≥ 0).
These representations are absolutely irreducible. Every real irreducible representation of
U1 × SL(2,R)r can therefore be written as an external tensor product

ρi ⊗ σj1 ⊗ · · · ⊗ σjr .

We decompose the adjoint representationg into irreducible representations ofU1 ×
SL(2,R)r. On the space of the representationσr, the subgroupU1 of SL(2,R) acts by the
characterszpz̄q (p + q = r, p ≥ 0, q ≥ 0), that is, by the characterszi (−r ≤ i ≤ r, r ≡ i
mod 2). SinceU1 acts ongC only through the charactersz2, 1, z−2, the representations
ρi ⊗ σj1 ⊗ ... ⊗σjr which occur ing satisfy

i +
∑

ji = 0 or 2.

They are among the following:
(ai) ρ0 ⊗ (σ0 ⊗ ...⊗ σ2 ⊗ ...⊗ σ0) (σ2 in theith place,1 ≤ i ≤ r).

Let gi be the image bydϕ of the Lie algebra of theith factor ofSL(2,R). Thengi ⊂ g is
the unique subrepresentation ofg of this type: if there were anotherv, then the vectors of
v fixed bya would be inp, anda would not be a maximal commutative subalgebra.

(bi,j) ρ0 ⊗ (σ1 in theith andj th places withσ0’s elsewhere).
(ci) ρ1 ⊗ (σ1 in theith place andσ0’s elsewhere).
(d) ρ2 ⊗ (trivial).
(e)ρ0 ⊗ (trivial).
Let R be a system of roots. A rootα in R is said tolong if, for all rootsβ in the same

irreducible component ofR asα, we have‖β‖ ≤ ‖α‖.
COROLLARY 3.1.7. If M is simple, then the relative root system ofg is of typeC or BC.
The long roots correspond to thegi ⊂ g.

PROOF. Let ±αi be the roots ofa in gi. There exist in the image byϕ of the ith factor
SL(2,R) an elementw that normalizesa, transformsαi into −αi, and respects theαj for
j 6= i. Let si be the reflectionadw of a. Thensi belongs to the Weyl groupW . Theαi are
therefore orthogonal to each other. After (3.1.6), the other roots are among the following:

(b)i,j gives the roots1
2
(±αi ± αj);

(c)i gives the roots±1
2
αi.

The Weyl groupW is generated by the reflexions with respect to the roots, and therefore
by thesi and by the symmetries which interchange two roots and fix the others. SinceM
is simple,W acts irreducibly ona. After Lemma 3.1.8 below,W contains the symmetric
group acting ona by permuting the theαi. From this, we see thatW is the group of

9Thusρ : eiθ 7→
(

cos kθ sin kθ
− sin kθ cos kθ

)
.
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automorphisms ofa respecting the set of the±αi, the 1
2
(±αi ± αj) are all roots, and either

none of the±1
2
αi is a root, or all the±1

2
αi are roots. In the first case, the relative root

system is reduced, and admits for simple roots

1

2
(α1 − α2), . . . ,

1

2
(αr−1 − αr), . . . , αr.

It is of typeC. In the second case, half the long roots (theαi) are again roots, and it is of
typeBC.

LEMMA 3.1.8. Let L be a finite set, and letT be a set of transpositions ofL. If all the
elements ofL are equivalent for the equivalence relation generated by “the transposition
(a, b) is in T ”, then T generates the symmetric group ofL.

PROOF. The proof is left to the reader.10

3.1.9. We denote bywSL the morphism

wSL : Gm → SL(2,R), λ 7→
(

λ 0
0 λ−1

)
.

Fors ≤ r, we denote byws : Gm → G1 the composite map

ws = ϕ ◦ (1, wSL, ..., wSL, e, ..., e)

(wSL occurss times), and we writesW for the corresponding filtration ofG1 (1.3). These
notations are only useful forM simple,to which case we now restrict ourselves. We have

〈αi, ws〉 =

{
2 if i ≤ s
0 if i > s

so thatws kills all the simple roots (3.1.7), except1
2
(αs − αs+1) (for 0 < s < r) or αr (for

s = 2). For0 < s ≤ r, sW (G1) is therefore a maximal parabolic subgroup ofG1, and each
conjugacy class of maximal parabolics inG1 is obtained in this way exactly once.

The groupG′ is a quotient ofGm × G1. We writew′
s for the morphismw′

s : Gm → G′

defined byx 7→ (x−1, ws(x)) : Gm → Gm × G1. We again writesW for the corresponding
filtration of G′.

DEFINITION 3.1.10. A filtration W of G′ (1.3) is said to beCayleyif for all representations
(V, ρ) of weightn of G′ and allx ∈ M , (V, Fx,W ) is a mixed Hodge structure.

Let W be a filtration ofG′, defined byw′ : Gm → G′. If W is Cayley, thentw′ is λ 7→ λ−2,
i.e.,w = w−1

0 w′ takes its values inG1. One sees this by testing (3.1.10) onR(1) (1.4.11).
If (R(1), F, W ) is a mixed Hodge structure, thenR(1) is in fact purely ofW -filtration−2.

Let (Vi, ρi) be a family of representations ofG′, and letni be the weight of(Vi, ρi).

PROPOSITION3.1.11. Suppose that the intersection of the kernelsKer(ρi) is finite. If for
onex ∈ M , the(Vi, Fx, W ) are all mixed Hodge structures, thenW is Cayley.

10〈T 〉 contains all the transpositions.
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PROOF. (a) Independence ofx ∈ M . Suppose(V, Fx,W ) is a mixed Hodge structure;
we shall prove that for ally ∈ M , (V, Fy,W ) is again a mixed Hodge structure. The
parabolic subgroupW0(G) acts transitively onM (because11 G = W0(G) · K with K
compact maximal). There therefore existsg ∈ W0(G) such thaty = gx. ThenFy = gFx,
and g respectsW ; g induces an isomorphism of(GrW

i (V ), GrW
i (Fx)) with (GrW

i (V ),
GrW

i (Fy)). That(V, F, W ) is a mixed Hodge structure signifies that, for alli, (GrW
i (V ),

GrW
i (F )) is a Hodge structure of weighti, and assertion follows.
(b) LetE be the set of isomorphism classes of representations(H, τ) such that(H, Fx,W )

is a mixed Hodge structure. It follows from the lemmas below that

1) τ1 ⊕ τ2 ∈ E ⇐⇒ τ1 ∈ E , τ2 ∈ E ;

2) τ1 ∈ E , τ2 ∈ E =⇒ τ1 ⊗ τ2 ∈ E ; τ ∈ E =⇒ τ∨ ∈ E ;

3) τ⊗n ∈ E (n > 0) =⇒ τ ∈ E .

It follows formally from these stabilities that, if the(Vi, ρi) are inE , then every representa-
tion is inE .

LEMMA (3.1.12.1).Let Fi be a filtration of the complexification of a vector spaceVi,
i = 1, 2. Then(V1 ⊕ V2, F1 ⊕ F2) is a Hodge structure of weightn if and only if the(Vi,
Fi) are.

PROOF. Obvious.

LEMMA (3.1.12.2.).Let (Vi, Fi) be as above, withVi 6= {0}. Then(V1 ⊗ V2, F1 ⊗ F2) is
a Hodge structure of weightn if and only if the(Vi, Fi) are Hodge structures of weightni

for some integers withn1 + n2 = n.

PROOF. If a vector spaceX is endowed with two filtrationsG1 andG2, then there always
exists a bigradationXa,b of X such thatGα

1 (X) = ⊕a≤αXa,b andGβ
1 (X) = ⊕b≤βXa,b.

Apply this fact to(ViC, Fi, F̄i); the hypothesis assures us that whenV a,b
1 6= 0 andV c,d

2 6= 0,
we havea + b + c + d = n. From this, whenV a,b

1 6= 0, a + b has a fixed valuen1, and a
similar statement holds forV2. The lemma follows. nzl

LEMMA (3.1.12.3.).Let (V1, F1) and(V2, F2) be as above, and letWi be an increasing
filtration of Vi. Then(V1 ⊕ V2, F1 ⊕ F2,W1 ⊕W2) is a mixed Hodge structure of weightn
if and only if the(Vi, Fi,Wi) are.

PROOF. Obvious because of (3.1.12.1)12.

LEMMA (3.1.12.4.).Let (Vi, Fi, Wi) be as above, withVi 6= {0}. Then(V1 ⊗ V2, F1 ⊗
F2,W1 ⊗ W2) is a mixed Hodge structure if and only if, for a suitablen, (V1, F1,W1[n])
and(V2, F2,W2[−n]) are mixed Hodge structures.

PROOF. This follows from (3.1.12.2)13, and completes the proof of Proposition 3.1.11.

11The original hasW 0(G).
12The original has 3.1.11.1.
13The original has 3.1.11.2.
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PROPOSITION3.1.13. Suppose thatM is simple. The Cayley filtrations ofG′ are the con-
jugates of the filtrationssW of (3.1.9).

PROOF. We first prove thatsW is a Cayley filtration. Definesϕ : U1 × SL(2,R) → G1 to
be the composite of

U1 × SL(2,R)
onU1 : (id, e, . . . , e, hSL, . . . , hSL)

on SL: (e, id, . . . , id, e, . . . , e)
→ U1 × SL(2,R)r ϕ→ G

(on SL, s copies ofid, r − s copies ofe). Write wUSL for the morphism(1, wSL) : Gm →
U1 × SL(2,R); then we have

sϕ ◦ hUSL = ho and

sϕ ◦ wUSL = ws.

This reduces the problem to the case of the groupU1 × SL(2,R). We shall apply the
criterion (3.1.11) to this group and to the representations of weight−1 of the corresponding
groupG′ whose restrictions toU1 × SL(2,R) are respectively,

(a) ρ1 ⊗ σ0: here the spaceV of the representation is purely ofW -filtration −1, and
(V, Fx) is a Hodge structure of weight−1.

(b) ρ0 ⊗ σ1: here(V, F, W ) is a mixed Hodge structure, of type{(−1,−1), (0, 0)}.
This expresses thatW−2(V ) 6= F 0(V ) (these are one-dimensional subspaces, one real

and the other not), and soW−2(V ) ∩ F 0(V ) = 0 andW−2(V ) + F 0(V ) = V .
Conversely, letW be Cayley filtration, defined byw′ : Gm → G′. Letw = w′w−1

o : Gm →
G1. After replacingW by a conjugate filtration, we can assume that the image ofw is in the
split torus ofA of the Lie algebraa. Letα be a long root ofA, and letgα ⊂ g, gα ≈ sl(2), be
the corresponding subalgebra. Considerg as a representation ofU1 × SL(2,R)r (by adϕ);
thengα is a direct factor ofg. After (3.1.12.3),(gα, Fα,W ) is therefore a mixed Hodge
structure. The Hodge structureF of gα is of type(−1, 1), (0, 0), (1,−1); if k = 〈α,w〉,
then eitherk = 0 or the nonzeroGrW

k (gα) correspond ton = k, 0, or −k, and are of
dimension one. The Hodge numbershpq of (gα, Fα,W ) therefore satisfy the equations:

∑
q

hpq = 1 (p = −1, 0, 1)

∑

p+q=`

hpq = 1 (` = −k, 0, k).

This forcesk = ±2. We therefore have〈α,w〉 = 0 or±2, andw is conjugate to one of the
ws.

3.1.14(CANONIFICATION). Let W be a Cayley filtration ofG′. SinceG = K · sW (G),
W is then conjugate to ansW by an element ofK. There exists thereforew : Gm → G1

which definesW and is such thatIm(dw) ⊂ p (the conjugates ofws by k ∈ K have this
property). In other words,

σw = w−1. (3.1.14.1)
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This w is unique; moreover, it follows thatW−1(g) ∩ p = {0} (the elements ofp are
semisimple). Thisw, andh, factor canonically throughU1 × SL(2,R): there exists a
uniqueϕW rendering the following diagram commutative:

U1

@
@

@hUSL R

HHHHHHHH

ho

j
U1 × SL(2,R)

ϕW- G

¡
¡

¡wUSL µ

©©©©©©©©
w

*

Gm

3.1.15. Since(g, F0) is a Hodge structure of type{(−1, 1), (0, 0), (1,−1)}, the nonzero
Hodge numbershpq of the mixed Hodge structure(g, F0,W ) satisfy|p|, |q| ≤ 1. In partic-
ular, if gi is the gradation ofg defined byw, theng = ⊕|i|≤2g

i. We put:

geven = ⊕g2i = centralizer ofw(−1);

g0
t = [g2, g−2] andgt = g−2 ⊕ g0

t ⊕ g2;

gh = the orthogonal complement ofg0
t in g0.

One checks thatgt is a Lie subalgebra ofg. Sincegh ⊂ g0, we have[gh, g
2] ⊂ g2. The

invariance of the Killing formB shows that

B([gh, g
2], g−2) = B(gh, [g

2, g−2]) = B(gh, g
0
t ) = 0.

SinceB putsgi in duality with g−i, we have[gh, g
2] = 0. Likewise, [gh, g

−2] = 0, and
therefore[gh, gt] = 0.

The algebragt is stable underσ, therefore reductive, and it is generated by its nilpotents,
therefore semisimple. Its centralizer is therefore contained in its orthogonal complement,
andgh is the centralizer ofgt in g0. In particular, it is a Lie subalgebra ofg. This proves
the assertion (i) of the following proposition. The verification of (ii) is left to the reader.

PROPOSITION3.1.16. (i) The algebrageven= gt × gh (isomorphism of Lie algebras).
(ii) dϕW sends the Lie algebra ofSL(2,R) (resp.U1) into gt (resp.gh).

We will see later thatgt corresponds to a symmetric hermitian tube domain.

3.1.17. We now examine the relation between the absolute and relative systems of roots
of G. As in (3.1.6)14, we writegi for the image bydϕ of the Lie algebra of theith factor
SL(2,R) of U1 × SL(2,R)r.

Let t1 = [a, Ja] = k ∩ ⊕gi, and lett ⊂ k be a maximal commutative subalgebra
containingt1. The complexifications ofa andt1 are both Cartan subalgebras of⊕gi. They
are therefore conjugate by an elementc of ϕ(SL(2,C)) ⊂ GC: caCc−1 = t1C. Conjugation
by c transforms the set of roots ofa into the set of nonzero restrictions tot1 of the roots of
t.

14The original has 3.1.3.
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We read off from (3.1.3) that⊕gi is the sum ofa and the radicial subspaces ofg relative
to the long roots ofa. The analogous statement fort1 = cac−1 shows that⊕gi is determined
by t1, and therefore is normalized by the normalizer oft1. In particular, thegi are stable
undert. Let±α̃i be the corresponding roots. ThenHα̃i

is in gi, therefore int1 andα̃i is
zero on the orthogonal complement oft1 in t. We havec(αi) = ±α̃i|t1. In the adjoint
representation ofgi ong, the representationσ2 of gi occurs only once (gi ⊂ g), and theσk

(k > 2) not at all. After (3.1.18)15 below,α̃i is a long root. Thẽαi are long and orthogonal
in pairs, therefore strongly orthogonal. They are noncompact (not roots oft in k).

LEMMA 3.1.18. Let gC be a complex semisimple Lie algebra,tC a Cartan subalgebra of
gC, andΦ the root system oftC. For α ∈ Φ, let gαC be the subalgebra≈ sl(2,C) of gC
generated by the radicial subspaceseα ande−α. Thenα is long if and only if, in the adjoint
representation ofgαC ong, the representationσ2 appears only once (forgαC ⊂ gC) andσk

(k > 2) not at all.

It suffices to check this in the rank2 case, where it can be done case by case.

3.1.19. PROOF OF3.1.4.16 Let t be a Cartan subalgebra ofk. It contains the image ofdh,
and is a Cartan subalgebra ofg (because the centralizer of the image ofdh is k). Let Φ be
the root system fortC acting ong, and defineeα, gαC as in (3.1.6)[?].

Let Φ+, Φ−, Φ0 ⊂ Φ be the roots occurring inp+, p−, kC. Sincep+ is commutative,
in Φ+, orthogonality is equivalent to strong orthogonality. Forα ∈ Φ+, gα = g ∩ gα,C is
isomorphic tosl(2,R).

For each rootα ∈ Φ+, chooseEα ∈ eα, and putXα = Eα + Eα. It is a generator of
the complex subspace of dimension one,gα ∩ p ⊂ p.

LEMMA (3.1.19.1).Consider∆′ ⊂ Φ+ and lets = #∆′. The following conditions are
equivalent:

(i) The Xα (α ∈ ∆′) commute in pairs, and the centralizer ofa′ = ⊕R Xα in p is the
sum ofa′ and of the centralizer of⊕gα in p.

(ii) The centralizerz of a′ in g is the sum ofa′ and of the centralizer of⊕gα in g.

(iii) The α ∈ ∆′ are long roots, orthogonal in pairs.

PROOF. It is clear that (iii)=⇒(ii)=⇒(i). Admit (i). From

[Xα, Xβ] = [Eα, E−β] + [E−α, Eβ] = 0,

we see that[gα, gβ] = 0. There exists therefore,

ϕ′ : SL(2,R)s → G

such thatdϕ′ identifiessl(2, R)s to⊕gα. The Hodge structure ofsl(2, R) induced by that
ong comes from

h′ : U1 → SL(2,R)s (diagonal),

15The original has 3.1.5.
16The original has 3.1.1
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and there existsϕ extendingϕ′:

h′ : U1 × SL(2,R)s → G

satisfying the condition (b) of (3.1.1). Decomposeg as in (3.1.6)17. The hypothesis (i)
ensures that the representation (a)i of (3.1.6) appears only once, therefore that the repre-
sentationσ2 of gα appears only once, andσk (k > 2) not at all. By (3.1.18),α is long, and
(i) =⇒(iii).

Consider the condition

∆′ satisfies the equivalent conditions of(3.1.7[9?].1). (*)

If ∆′ ⊂ Φ+ satisfies (*), we haves = dim(a′) ≤ r. We shall prove in (3.1.19.3) below
that, if ∆′ is maximal, thens = 2. The preceding proof then shows (3.1.4).

LEMMA (3.1.19.2.).Let ∆′ ⊂ Φ+ satisfy (*), and letQ be the set of rootsβ ∈ Φ+

(strongly) orthogonal to∆′ andβ ∈ Q. If ∆ ∪ {β} does not satisfy (*), there exists inΦ a
subsystem of roots of typeB2 as follows:

beta

in Q

in phi0

in phi-

In particular,β is shorter than any other root ofQ, and is not minimal inQ for any ordering
of the roots.

PROOF. Let z be the centraliser of⊕α∈∆′gα in gC. By (*), under the form 3.1.19.1(i), the
hypothesis onβ is equivalent to:

- in the representationz of gβ, there is a nontrivial irreducible representationx ⊂ z of
odd dimension other thangβ ⊂ z. Moreover, sincet normalizez, we may suppose thatx is
stable undert. If Eγ is the dominant vector ofx ([Eβ, Eγ] = 0), the situation is necessarily
that described in the lemma.

LEMMA (3.1.19.3.).The maximal subsets∆ ⊂ Φ+ satisfying (*) haver elements.

PROOF. After (3.1.19.2), it suffices to show that∆ hass < r elements,Q 6= ∅. The
centralizer ofa′ in p in fact strictly containsa, sincedim a′ = s < r. The centralizer of
⊕gα in p is therefore nontrivial. The corresponding roots are inQ.

COROLLARY 3.1.20. The maximal subsets∆ ⊂ Φ+ satisfying (*) are conjugate under the
Weyl groupW of t in k. If M is simple, every permutation of∆ is induced by an element of
W.

17The original has 3.1.3.
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PROOF. Let t ⊂ k be maximal, and let∆ ⊂ Φ+ be a maximal subset satisfying (*). Giving
∆ is equivalent to givingt1 = t ∩ ⊕gα: ±∆ is the set of long roots which are zero on
the orthogonal complement oft1. If a is a maximal commutative subalgebra in⊕gα ∩ p,
thent1 = [a, Ja]. Since the maximal commutative subalgebraa of p is unique up toK-
conjugation,a determinest1 in K, andt1 determinest up to conjugation by the centralizer
of t1, (t, t1), and therefore(t, ∆), is unique up toK-conjugation. This proves the first
assertion.

The normalizer ofa in K normalizest1; since thet containingt1 are conjugate under
the centralizer ofa in K (t = t1 + t⊥1 , with t⊥1 a maximal torus in its centralizer), the
normalizer ofa andt in K maps onto the Weyl18 group ofa. It permutes thegα, therefore
also theα ∈ ∆, as it permutes the pairs of opposite long roots ofa, and the second assertion
follows from (3.1.4)[?].

3.2 Study ofSL(2,R)

3.2.1. In this number we make explicit the fundamental case whereM is the unit disk.
LetV be a real vector space of dimension2. The set of complex structures onV has two

connected components; two complex structures are in the same component if and only if
they define the same orientation ofV , and they are then conjugate under the groupSL(V ).
We choose one of the components, and denote it byX. The complex structures inX will
be said to be positive, and others negative.

Let G be the connected Lie groupPSL(V ), let G be the algebraic groupPGL(V ), and
let G1 be its double coveringSL(V ). Let Jo be a positive complex structure onV and let
u0 : U1 → G be the morphism sendingz to the image inG(R)+ of multiplication by±√z
(relative toJo). Via u0, U1 acts ongC = Lie(G)C only through the characters1, z, z̄; the
centralizer ofu0 is reduced tou0(U

1) andG/u0(U
1) is therefore a symmetric hermitian

domainM .
The squareu2

o of uo lifts to a homomorphismho : U1 → SL(V ) sendingz to multipli-
cation byz (relative toJo). The groupG′ of (I.4.4) is hereGL(V ).

The mapx 7→ hx identifiesM with a set of Hodge structures onV of type{(−1, 0), (0,−1)}
or, what comes down to the same thing (1.4.2), to a set of complex structures onV . We
denote byo the point ofM that definesho andJo. We have

(a) M is identified with the set of positive complex structures onV ;

(b) the Hodge filtrationF defined by a complex structureJ is characterized by

F 0(V ) = {a + ib | a, b ∈ V , a + Jb = 0}.

We haveV 0,−1 = F 0V andV −1,0 = F̄ 0V .19 The dual domainM∨ of M is the
complex projective line whose points are the lines inVC, and the Borel embedding
(1.4.6, 1.4.9) isx 7→ F 0

x (V ).

18The original has Weil.
19V

≈→ VC/F 0, a 7→ a + i0; ia ≡ ia + (Ja− ia) ≡ Ja.
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Write M∨R for the real projective line whose points are the lines inVC that are equal to
their conjugates (that is, the complexification of a line ofV ). An elementx of M∨ defines
a Hodge structure of type{(−1, 0), (0,−1)} on V if and only if it does not lie onM∨R :
for x nonreal,VC = F 0

x ⊕ F̄ 0
x . The real lineM∨R cuts the riemann sphereM∨ into two

half-planes: one,M , corresponds to the positive complex structures, and the other,M−, to
the negative complex structures.

3.2.2. Let x in M∨ correspond to a lineX in VC, and letN be the unipotent radical of the
parabolic subgroup ofGL(VC) respectingX:

n ∈ N ⇐⇒ (nX = X andx acts trivially onVC/X.

The pointsy 6= x of M∨ form a principal homogeneous space forN.

3.2.3. Let x andy be points ofM , and letȳ be defined by the linēF 0
y (V ). Thenx andȳ

are respectively inM andM−. In particular,x 6= ȳ. After (3.2.2) applied too, for x in M
(or more generally forx 6= ō), there is therefore a unique elementρ(x) in F̄ 1

o (g) such that
x = exp(ρ(x)) · o.

Write this in coordinates. Lete+ be a generator ofFo(V ), and lete− be its complex

conjugate. Relative to the basis(e+, e−) of VC, F 1
o (g) is the set of matricesnλ =

(
0 0
λ 0

)
,

λ ∈ C, and the image byexp(nλ) of the lineF 0V is generated bye+ + λe−. This line is
real if and only if there exists aµ such that

e+ + λe− = µ(e+ + λe−)− = µ(e− + λ̄e+) = λ̄µe+ + µe−,

that is, if |λ| = 1. If M∨ is identified, usingρ, to the one-point compacification of̄F 1
o (g),

and F̄ 1
o (g) is given the coordinateλ, then the subsetM

∨
R of M∨ is identified with the

circumference of the unit circle|λ| = 1. The interior|λ| < 1 of the circle corresponds to
M (becauseo in M corresponds toλ = 0) and the exterior toM−. In this model ofM∨,
F̄ 1

o (G) acts by translations, and̄F 0
o (G) acts by affine transformations; the stabilizerK of o

in G acts by rotations:

M

o

(3.2.3.1)

The circle isM∨R , M− is the exterior, and̄o is at infinity.

Application: the Harish-Chandra embedding

Let M be a symmetric hermitian domain, and letG be the identity component of its group
of automorphisms. Fix a pointo in M , and letF be the corresponding Hodge filtration on
gC. The parabolic subgroupsF 0G andF̄ 0G are opposite, and the map

n 7→ exp(n) · ho

is a holomorphic isomorphism of̄F 1(g) with the largest cell ofM∨ = G(C)/F 0(G(C)).
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THEOREM 3.2.5(HARISH-CHANDRA). The setM is contained in the largest cell ofM∨.
The map

ζ : M → F̄ 1(g), h 7→ n such thath = exp(n) · ho

identifiesM with a bounded open subset ofF̄ 1(g).

PROOF. We return to the notations of (3.1.1). SinceM = exp(p) · ho andp is the union
of thekak−1 (k ∈ K), it suffices to prove that forα in a, exp(α) · ho is in the largest cell
and that then for which exp(α) · ho = exp(n) · ho are bounded. Theorem 3.1.4 reduces
this theorem to the case ofSL2(R): write α = dϕ((0, α1, α2, ..., αr)). From the study made
above ofSL2(R), we know there existni in F̄ 1(sl2(R)) such thatexp(α−1) · exp(ni) ∈
F 0(SL2(C)) and|ni| < 1 for a suitable norm. Taken = dϕ((0, n1, ..., nr)).

COROLLARY 3.2.6. For x, y ∈ M , the parabolic subgroupsF 0
x (G) and F̄ 0

x (G) are oppo-
site.

3.2.7. Return to the notations of (3.2.1)20. The nontrivial Cayley filtrations ofG correspond
to the filtrationsW of V such thatGrW

i (V ) 6= 0 for i = 0,−2. They are all conjugate. For
x ∈ M , the mixed Hodge structure(V, Fx, W ) is of type{(0, 0), (−1,−1)}.

The lineW−2(V ) defines a pointw ∈ M∨R . We writeω′ for the symmetric point with
respect too. We haveω′ = ho(±i)(ω). Return to the figure (3.2.3.1).

A' A
o

omega

omega'

(3.2.7.1)

On the sphereM∨, the three circles (or lines)(ω′, o, ω, ō), (o, A, ō, A′), (ω′, A, ω,A′) are
orthogonal.

On the riemann sphereS, the two configurationsC = (γ1, γ2, γ3) formed of three
orthogonal circles are isomorphic. By reduction to the standard case, we deduce that if
o ∈ γ1 ∩ γ2, there exists a unique one parameter groupϕ(z) (z ∈ U1) of automorphisms of
S leavingγ1 ∩ γ2 andγ3 stable, and acting on the tangent space ato as multiplication byz.
We call it thegroup of rotations aroundo.

Let c′ : U1 → G be the group of rotations aroundA′ (relative to the three circumferences
(3.2.7.1)). Lift c′2 to c : U1 → G1, and putc = c(e2πi/8). It is theCayley transformation
relative too andW . It cyclicly permutesω′, o, ω, ō, fixesA andA′, and transformsM into
the half-plane bounded by(A′, o, A, ō) and containingω.

20That is, to the unit disk
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3.2.8. After (3.2.2),M∨ − {ω} is a principal homogeneous space underW−2(GC). Like-
wise,M∨R r {ω} is a principal homogeneous space underW−2(G).

Let N be the element ofW−2(g) such thatexp(N) · ω′ = A.

PROPOSITION3.2.9. (i) exp(iN) · ω = ho.
(ii) M = {exp(λN) · ω′ | Im(λ) > 0} = {exp((λ− i)N)ho | Im(λ) > 0}.
(iii) M = {exp(λc(N) · ho| |λ| < 1}.

PROOF. The Cayley transformation mapsω to∞ = h−1
o , andexp(N) into the translation

which sendsho to A. It therefore transformsexp(iN) into the translation which sendsho

to ω. Sincec sendsω′, ho ontoho, ω, this proves (i).
The other assertions are verified similarly.

PROPOSITION3.2.10. Let (H, ρ) be a representation ofG′ of weightn, ψ a polarization
of H , andW the weight filtration ofH. Let

P n+i ⊂ GrW
n+i(H) be the kernel ofN i : GrW

n+i(H) → GrW
n−i(H),

and again writeψ for the pairing betweenGrW
n+i(H) andGrW

n−i(H) defined byψ. Then,
for x 6= 0 in P n+i,

ψ(N ix, x) > 0.

PROOF. TakeH = V . Thatψ is a polarization signifies thatψ is alternating and that

ψ(x, − J0x) > 0

for J0 the complex structure defined byo ∈ M . Sinceh0(e
2πi/8) permutes(ω, A′, ω′, A)

cyclicly, the lines which defineω, A′, ω′, A and the transvectionN , which fix ω and send
ω′ ontoA, are as in the following figure:

NA

N

i:

A'

omega

omega'

The assertion follows. The general case can be deduced by taking tensor products.

3.2.11(VARIANT ). Starting from the groupG1 = U1 × SL(2,R), let hUSL : U1 → G1 be
as in [?], letwUSL : Gm → G1 as in [?], and letG′ be as in [?]. Letho : S→ G′ be deduced
from hUSL as in [?], and letw′ be deduced fromwUSL as in [?].
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For any representation(H, ρ) of G′, ρ ◦ ho is a Hodge structure onH. Let Fo be the
Hodge filtration, andW the increasing filtration defined byρ ◦ w′. Then(H,Fo,W ) is a
mixed Hodge structure; this follows easily from the criterion [?].

The morphismρ ◦ w′ defines not onlyW , but also a gradation ofH, and hence an
isomorphism ofH with GrW (H). Via this isomorphism, the Hodge structure ofGrW

i (H)
is defined by the action of the factorU1 of G1. Write C for the Weil operatorh(−i) on
GrW (H); it is ρ((−i, e)).

Let N ∈ W−2(sl(2,R) as in [?], relative tohSL andw. Keep the notations of [?]. Ifψ
is a polarization ofH, we again have

ψ(N ix,Cx) > 0 for x ∈ P n+i, x 6= 0.

3.3 Cayley transformations

3.3.1. Let M be a symmetric hermitian domain,G the identity component of its group of
automorphisms, andW a Cayley filtration.

Chooseo ∈ M and letw : Gm → G be the morphism definingW and such thatσw = w
(σ = ad ho(±i)). Let ϕW : U1 × SL(2,R) → G be as in [?].

We apply the results of (3.2) to the groupSL(2,R) endowed withhSL
o andwSL. Let

c ∈ SL(2,R) be the Cayley transformation, and letN ∈ W−2(sl(2,R)) be as in [?].
The parabolic subgroupW0(G) has for Levi subgroup the centralizerZ of w, and the

decompositiong0 = g0
t ⊕ gh can be integrated into an isogeny

Z0
t × Zh → Z.

The decompositiongeven = gt ⊕ gh can be integrated into an isogeny

Gt × Zh → Geven.

The morphismϕW lifts to Gt × Zh; it sendsU1 into Zh andSL(2,R) into Gt. Note thatZ
(resp. [?]) is the intersection ofZ(R) (resp. [?]) withG.

3.3.2. SinceW 0(G) is a parabolic subgroup ofK (the centralizer ofo ∈ M), which is
compact and maximal, we haveW 0(G) ·K = G. We also have

W 0(G) ∩K = W 0(G) ∩ σ(W 0(G)) ∩K = Z ∩K,

which implies thatg 7→ g · o identifiesM with W 0(G)/(Z ∩K).

LEMMA 3.3.3. The pointc−1o = exp(−iN)o of M∨ is fixed byZt.

PROOF. Ongt, the filtrationsF andW are deduced fromhSL andwSL via the adjoint rep-
resentation ofSL(2,R). Indeed,gt commutes withϕW (U1). After (3.2), we have therefore
ongt

e−1(F ) = exp(−iN)(F ) = σ(W ).

Sinceo is fixed underF 0(GC), c−1o is fixed underσ(W 0(gt)), and in particular, is fixed
underg0

t .
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Forg ∈ Zt, we have therefore

g · o = g · exp(iN) · exp(−iN) · o
= exp(i (adg)(N))g exp(−iN) · o
= exp(i (adg)(N)− iN) · o.

In particular, the maximal compact subgroupZt ∩ K of Zt is the centralizer ofN in the
adjoint representation ofZt onW−2(g).

LEMMA 3.3.4. TheZt-orbit of N is open.

PROOF. In any representation ofSL(2,R), gt is the sum ofk adjoint representations and of
` trivial representation, for somek and`. As Zt ∩K is the intersection of the centralizers
of w andN , it is the centralizer ofSL(2,R). Thereforedim(Zt ∩ K) = `. Moreover,
W−2(g) = g−2

t is of dimensionk, anddim go
t = k + `. Therefore,

dim(W−2(g)) = dim(Zt)− dim(Zt ∩K)

and (3.3.4) follows.

3.3.5. Apply [?]. TheZt-orbit of N is a self-adjoint coneC ⊂ W−2(g). The coneC is
again the orbit ofN for the adjoint action ofW 0(G) onW−2(g), becauseW−2(g) is central
in W−1(g) and commutes withZh. The coneC therefore depends only onW , and not on
the origino ∈ M chosen. We have

M = W 0(G) · o
= W−1(G) · Zh · Zt · o
= W−1(G) · Zh · exp(iC − iN) · o
= exp(W−1(g) + iC − iN) · Zh · o.

Taking account of the stabilizer ofo, we therefore have the following result.

THEOREM 3.3.6. The mapping

x, g 7→ exp(x) · g · o

identifies(W−1(g) + iC − iN)× (Zh/Zh ∩K) with M.

This theorem is an avatar of the theory of Cayley transformations.

3.3.7. The subgroupZh∩K of Zh is the centralizer ofϕW |U1 : U1 → Zh. Via ϕW , U1 acts
on Lie(Zh)C only by the charactersz−1z̄, 1, zz̄−1, andadϕW (±i) is a Cartan involution.
The quotientM∞ = Zh/Zh ∩K is therefore a symmetric hermitian domain.

The projectionπ : M → M∞ made plain by (3.3.6) can be described as follows.
First description: Identify Zh with a subgroup ofW0(G)/W−1(G). For x ∈ M , hx

andW define
ϕx

W : U1 × SL(2,R) → G,
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and the image ofU1 is in W0(G); its image inW0(G)/W−1(G) is even inZh, whence we
get a morphism

hπ(x) : U1 → Zh.

The domainM∞ can be identified with the set of conjugates of this morphism, andx 7→
hπ(x) is the projection ofM ontoM∞.

Second description:Let G1 andG′ be as in [?]. For a representationV of G′ with finite
kernel, and for any representation ofG1, M can be identified to a space of Hodge structures
on V . The graded spaceGrW (V ) is a representation ofW0(G

′)/W−1(G
′), and the Hodge

structureGrW (Fx) on GrW (V )(x ∈ M) is defined byhπ(x): the mappingM → M∞ can
be identified with the mapping that associates with a Hodge filtrationFx of V (x ∈ M) the
Hodge filtrationGrW (Fx) of GrW (V ). This description makes clear thatπ is holomorphic.

3.3.8. Put
M(W ) = W−1(GC) ·M ⊂ M∨.

In the description above, it is the set of filtrationsF on V conjugate underG′(C) to a
filtration Fx (x ∈ M), and inducing onGrW (V ) the same filtration as someFx. The map
π extends to

π : M(W ) → M∞,

and π makesM(W ) fibre in homogeneous spaces underW−1(GC). The stabilizer in
W−1(GC) of x ∈ M(W ) is the subgroup

W−1(GC) ∩ F 0(GC)

with Lie algebraF 0(W−1(gC)).

3.3.9. PutM(W )′ = M(W )/W−2(GC), whence we have a factorization ofπ :

M(W )
π2→ M(W )′

π1→ M(∞).

Forx ∈ M(W ), the imageF 0(Gr−1
W (gC)) of F 0(W−1(gC)) in W−1(gC)/W−2(gC) depends

only onπ(x). The projectionπ1 therefore makesM(W )′ into principal homogeneous space
overM(∞), with groupGrW

−1(gC)/F 0
π
1(x)

(GrW
−1(gC)).

The projectionπ2 makesM(W ) a principal homogeneous space overM(W )′ for the
group W−2(gC). For eachy ∈ M(W )′, the intersectionM ∩ π−1

2 (y) is a translate of
W−2(g) + iC.

For eachx ∈ M∞, GrW
−1(g) is equipped with a Hodge structure, and, in particular, an

operatorhx(−i).

THEOREM 3.3.10. For u ∈ GrW
−1(g), we have

[u, hx(−i)u] ∈ −C̄.

The bracket is nonzero unlessu = 0.

PROOF. We use [?], and the fact that−B is a polarization ofg. Forx = π(o) we have

−B([N, σu], hπ(0)(−i)σu) > 0, for u 6= 0, or

−B(N, σ[u, hπ(o)(−i)u]) > 0.

COROLLARY 3.3.11. W−2(g) is the centre ofW−1(g).
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3.3 Tube domains

.21

3.3.1. Let M be a simple symmetric hermitian domain of rankr, and letG be the identity
component of its group of automorphisms. Keep the notations of (1.3.2), (1.3.5) (with
G′ = G), (3.1.2) and (3.1.13). ThenG is the real adjoint algebraic group with Lie algebra
g. We writeD for the Dynkin diagram ofGC. SinceG is an inner form of its compact form,
complex conjugation acts onD by the opposite involution. The morphismshx : U1 → G
extend to morphismsGm → GC. As was explained in [?], the conjugacy class of this
defines a vertexe of D.

PROPOSITION3.3.2. The following conditions are equivalent:

(i) e is fixed by the opposite involution ofD, i.e.,h andh−1 are conjugate underG(C);

(ii) G(R) is disconnected;

(iii) ϕ|U1 is trivial;

(iv) GrW
±1(Lie(G)) = 0;

(v) the relative system of roots ofG is of typeC.

PROOF. The equivalence of (i) and (ii) results from the more precise statement that follows.

PROPOSITION3.3.3. (i) If e is not fixed by the opposite involution, thenG(R) is connected.
(ii) If e is fixed by the opposite involution, thenG(R) has two components. The elements

of the connected component not containing the identity transformh into a G-conjugate of
h−1.

Recall that a real linear algebraic groupK is said to becompactif K(R) is compact
and each connected component ofK(C) has a real point.
We shall use the following facts:

(a)K 7→ K(R) is an equivalence of categories from the category of real linear algebraic
groups to the category of compact Lie groups.

(b) If the involutionσ of a real connected reductive algebraic groupG induces onLie(G)
a Cartan involution, then the algebraic subgroupK of G of fixed points ofσ is compact, and
K(R) is a maximal compact subgroup ofG(R). In particular,π0(K) ≈ π0(G(R)).

Let K′ be the centralizer ofh(−i) in G. It is compact, andK′(R) is a maximal compact
subgroup ofG(R). SinceK ′ normalizes the centre ofK ′(R)0, k′ ∈ K ′ fixesh or conjugates
it to h−1.

The centralizer ofh in G is connected, because it is the centralizer of a torus. The
centralizer ofh in G(R) is a compact form, and so is also connected; it isK.

h andh−1 are conjugate underG(C) is and only ife is fixed under the opposite involu-
tion; from that:

21The original numbers both subsections 3.3.
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REMARK 3.3.4. One verifies on 3.1.3 that, fors 6= 0, r, one never hasGrWs
±1 (Lie G) = 0.

REMARK 3.3.5. Let Z ∈ g be an infinitesimal generator ofh(U1). The conditions of
3.[?].2 are also equivalent to:

(vi) Z is contained in a simple subalgebras of rank3 of g.

It is clear that (iii)=⇒(vi). Admit (vi). The subalgebras is stable underσ. It can
not be ink becauseZ would not then be central. There therefore existsx 6= 0 in s ∩ p.
We may suppose (after conjugation) thatx ∈ a. We then haveZ = λ[x, Jx], whence
Z ∈ [a, Ja] ⊂ dϕ(sl(s,R)r), whence (iii).22

3.3.6. When the equivalent conditions of [?] are satisfied, Theorem [?] furnishes an iso-
morphism betweenM and the tube domainW−2(g) + iC ⊂ W−2(gC).

22The following was deleted from the original. SupposeM satisfies the equivalent conditions of 3.?.2.
There then exists

ϕ : SL(2, R) → G

such that
(a) Leth0 : U1 → SL(2,R): eiθ 7→rotation byθ. Thenh = ϕ ◦ h0.

(b) Letw0 : Gm → SL(2,R): λ 7→
(

λ
λ−1

)
. Then the filtrationWr of G is defined byϕw0.

(c) ϕ(−1) = e.
Until the end of this number, we will keep the preceding notations (and abandon those of 1.3.2), and we will
simply denoteWr by W . Write gi for the gradation ofg defined byϕw0.



4 QUOTIENTS 45

4 Quotients

4.1 General Remarks

4.1.1. Let M be a symmetric hermitian domain, letG be its group of automorphisms, and
letΓ ⊂ G be an arithmetic subgroup. We are interested in the case thatG/Γ is noncompact.
There then exists a semisimple groupGQ overQ, and an isomorphism ofG with the group
deduced fromGQ by extension of scalars toR, such thatΓ is commensurable withG(Z)
(for any integral structure onGQ). We shall assume in the following thatGQ isQ-simple.

4.1.2. I do not know of ana priori proof of the following facts, which can be checked by
inspecting the Dynkin diagrams.

(a) WhenPQ is a maximal parabolic ofGQ, thenPR is a product of maximal parabolic
subgroups of the simple factors ofG. In particular,PR corresponds to a Cayley filtration
W .

(b) The decompositionPR/Ru(PR) ∼ Zh × Zt (isogeny) is defined overQ.

4.1.3. Fix PQ as above, and let

ΓP = Γ ∩ P (R)

Γ1
P = Ker(ΓP → Zt).

The quotientM(W )/Γ1
P is without doubt always in a natural way an algebraic variety

(cf. the following number). We have in any case:
(a) The quotientM∞/Γ1

P of the symmetric hermitian domainM∞ by the arithmetic
group that is the image ofΓ1

P in Zh, is an algebraic variety. Assume thatΓ is sufficiently
small so thatΓ1

P acts freely onM∞. Then we have:
(b) M(W )′/Γ1

P is a fibre bundle overM∞/Γ1
P . It is a principal homogeneous space for

the fibre space of complex tori,

GrW
−1(Γ)\GrW

−1(g)/F 0
y (GrW

−1(g))

(F 0
y is a holomorphic function ofy onM∞). This last is polarizable: after [?], any rational

linear form onW−2(g), positive onC̄ defines a polarization of it. It is therefore an abelian
scheme.

To giveM(W )′/Γ′P an algebraic structure, it suffices to construct a multisection; such
a section will define a trivialization of a power of the principal homogeneous space consid-
ered. We construct it as follows:

(α) Takew : Gm → GQ which definesW ;
(β) Takeo ∈ M such that adho(−i)(w) = w−1. The theorem [?] then shows that there

is a mapping
M∞/Γ1

P ∩ {centralizer ofw} → M(W )/Γ′P

that defines the multisection sought.
(c) M(W )/Γ′P is a fibre bundle overM(W )′/Γ′P ; in fact, a principal homogeneous

space for the torus (= product of copies ofGm). Here, defining the algebraic structure
poses a problem that I have not resolved.
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4.2 Example: Siegel

4.2.1. LetHZ be a freeZ-module of rank2g and letψ be an alternating from of discriminant
one onHZ. Let M be the space of Hodge structures of type{(−1, 0), (0,−1)} on HZ for
which ψ is a polarization. It can also be described as the set of complex structuresJ on
HR = HZ ⊗ R such thatψR is the imaginary part of a positive definite hermitian form
([?]). The quotientM/ Sp(HZ) is the space of moduli of polarized abelian varieties in the
principal series.

4.2.2. The weight filtrations are here defined by the isotropic filtrations ofHZ of the form

{0} ⊂ W−2(HZ) ⊂ W−1(HZ) ⊂ HZ

(with W−2 andW−1 orthogonal complements of each other). FixW and putdim GrW
−1(HZ) =

2g0.

4.2.3. The formψ induces onGrW
−1(HZ) an alternating formψ̄ of discriminant one. We

have:
(a) M∞ is the space of Hodge structures of type{(−1, 0), (0,−1)} on GrW

−1(HZ) for
which ψ̄ is a polarization.

(b) M(W ) is the space of maximal isotropic subspacesF 0 of HC = HZ ⊗ C such that
(HZ, F,W ) is a mixed Hodge structure and̄ψ is a polarization ofGrW

−1(F ).

4.2.4. Let Γ ⊂ Sp(HZ) be the subgroup respecting the filtrationW and acting trivially on
GrW

0 (HZ) (andGrW
−2(HZ)). We propose to give a modular interpretation of the quotient

M(W )/Γ. PutX = GrW
0 (HZ). The quotientM(W )/Γ classifies the objects consisting of:

(a) a mixed Hodge structure(VZ,W, F ) of type {(−1,−1), (−1, 0), (0,−1), (0, 0)}
with VZ of rank2g.

(b) an isomorphismX
≈→ GrW

0 (VZ).
(c) an alternating formψ onVZ, such that

(c1) W−1 andW−2 are orthogonal to one another;
(c2) F 0 is maximal isotropic;
(c3) ψ induces a polarization ofGrW

−1(VZ, F ).

4.2.5. After [?], an object (a), endowed with (b), can be identified with a two-term complex

κ : X → G

whereG is an extension of an abelian varietyA of dimensiong0 by a torusT . Via this
identification, (c) becomes an isomorphismϕ between the one-motiveκ and its Cartier
dualκ∗, such thattϕ = −ϕ, and which induces a polarization̄ϕ onA.

Note that the isomorphismϕ identifiesT with the torus whose character group isX.
The system(κ, ϕ) is determined by the following data:

(α) the principally polarized abelian scheme(A, ϕ̄);
(β) the mapδ : X → A (deduced fromX → G). This map defines the extensionG of

A ∼=ϕ̄ A∗ by T = Hom(X,Gm);
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(γ) the lifting δ̃ : X → G of δ; this lifting is required to satisfy the symmetry condition.
For δ̃o a permitted lifting, the other liftings can be writtenδ̃o · s for

s : X → Hom(X,Gm)

defined by a symmetric bilinear form onX with values inGm.

4.2.6. The objects(A, ϕ̄, δ, δ) of (4.2.5) are purely algebraic, andM(W )/Γ is, in the ana-
lytic category, their coarse moduli space. Their coarse moduli space overQ is an algebraic
variety overQ admittingM(W )/Γ as its set of complex points.

4.2.7. The “dévissage” [?] is also algebraic:
(a) The mappingπ from M(W )/Γ to the coarse moduli scheme of principally polarized

abelian schemes of dimensiong0 sends(A, ϕ̄, δ, δ̃) to (A, ϕ̄).
(b) The quotient(M(W )′/Γ) classifies the(A, ϕ̄, δ) andπ1 is (A, ϕ̄, δ, δ) 7→ (A, ϕ̄, δ).

4.2.8. The groupGL(X) acts onM(W )/Γ by transport of structure via its action on
X : σ ∈ GL(X) acts by

(A, ϕ̄, δ, δ̃) 7→ (A, ϕ̄, δσ−1, δ̃σ−1).
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