Deligne’s Notes on Symmetric Hermitian Spaces
(Spring 1973)

Abstract

“Ces notes, qui ne sont pas deséira étre publiés, sont avant tout uresuné
d’'une partie de la thorie classique des domaines hermitiens &yigues, et acces-
soirement une mise au gbdu jour (oua mon gdit personnel). Elles sont susasis
par mon @sir de comprendre les travawcents de Mumford sur les compactifications
des quotients des domaines hermitiens&yigues par des groupes aritétigues.”
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1 Dramatis Personae

1.1 Review of symmetric riemannian domains

(Partial summary cHelgason 1962Chap. 1V, V.)
A preliminary result is the followingHelgason 1962V 1.2, p165).

THEOREM1.1.1 Let M and M’ be differentiable manifolds with affine connectidnsnd
V'. Assume that the torsion tensdfsand 7’ and the curvature tensorg and V' of M
and M’ are invariant under parallel :

VI'=0=VR, VI'=0=VR.

Let z and 2’ be points ofA/ and M’, and letA: T,, — T, be an isomorphism of the
tangent spaces atandz’ sendingl” and R onto’7” and R’. Then there exists a germ of an
isomorphismu: (M,V,z) — (M’', V', 2’) whose differential isA.
PROOF. Write exp,: T, — M for the exponential map aridg, for its inverse. The germ
must satisfy

a(y) = exp, (Alog, y),
and this formula defines a local isomorphism(&f, V) with (M’ V'), as can be seen by
writing the Cartan equations in “polar coordinateldé{gason 1962 §8, (6), (7), p47). [

REMARK 1.1.2 (i) Let (M, V) be such tha¥T = 0 = VR. The Cartan equations show
also that the connectidieg, (V) on a neighbourhood of the origin ifi, is real analytic.
There exists therefore ol a unique real analytic structure such tRais analytic. The
log, form a system of local coordinates for it.

(ii) Under the hypotheses of (1.1.1), assume thlaand M’ are simply connected and
geodesically complete. Thencan be analytically continued to a global isomorphism

a:(M,V,z)— (M V' ")
with differential A.

COROLLARY 1.1.3 Let (M, V) be such thaVT = 0 = VR and M is simply connected
and geodesically complete. Left) be a geodesic:

There exists a unique one parameter group of automorphigms:) of M that induces
translation~(t) — ~(¢ 4+ «) on the geodesig and displaces the tangent bundle ¢y
parallel transport.

PROOF. Let 7(v,u) be the automorphism sending0) to ~(«) and which has for differ-
ential
dr (v, w)lo: Tyo) = Ty

the parallel transport along Since
dr (7, u)(7(0)) = ¥(w),

T(y,u)(7(t)) = y(t +u). If X € T, is parallel toX, € T, thent(y,u)(X) is parallel
to d7(~y,u)(Xy)// X, from which the corollary follows. O
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REMARK 1.1.4 Let(M, V) be suchthatVT = 0 = VR andM is simply connected. The
existence of the (v, u) in (1.1.3) is equivalent td/ being geodesically complete. From
that, and the fact that a Lie groupuscule generates a Lie group, one can dedukk that
is an“ espaceetak’ over a similar(M;, V1) with M; simply connected and geodesically
complete.

COROLLARY 1.1.5 Let M have an affine connectiow. The following conditions are
equivalent:

() T=VR=0;

(i) for all x € M, there exists a germ at of an automorphism ofM, V) inducing
t — —t on the tangent space at

PROOF. (i) = (i). The tensord’ and VR are respected by, and are of odd degree,
hence zero.
(i) = (ii). Apply (1.1.1) tot — —t. O

COROLLARY 1.1.6 Let M be a riemannian manifold. The following conditions are equiv-
alent:

(i) VR =0;
(ii) the sectional curvature is invariant under parallel transport;
(iii) forall x € M, y — exp,(—log,(y)) is the germ of an isometry.

PROOF. The equivalence of (i) and (iii) follows from (1.1.5), and (#= (i) because, in
view of the symmetry properties @, the sectional curvature determings [

DEFINITION 1.1.7. A riemannian manifold\/ satisfying the equivalent conditions (1.1.5)
is said to bdocally symmetric It is symmetriaf M is connected and for al € M there
exists an isometric involution, (the symmetry with respect 19 with = as an isolated fixed
point (whenceds, = —1). Such a manifold is complete; conversely, a complete simply
connected manifold that is locally symmetric is symmetric. A simply connected locally
symmetric manifold i®tale over a symmetric manifold.

Let M be a symmetric space and {gt) be a geodesic. Writg, for the symmetry with
respect toy(t). Thens,(y(t + u)) = v(t — u).

PrROPOSITION1.1.8 (i) For any tangent vectoX at (¢ + u),

si(X)// — X (1.1.8.1)
(parallel transport alongy from~(t — u) to y(t + u)).
(i) We have
T(7,u) = 42 © 50, (1.1.8.2)
and
scoT(y,u) 057t =7(y, —u). (1.1.8.3)

1The original only ha&/T = VR.
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PROOF. Let X, be the tangent vector a{t) deduced fromX by parallel transport. Ap-
plying s; to X//X,, we find thats,(X)// — X,, whence (1.1.8.1). From this,,/, o sg
satisfies the condition characterizingy,«). Now (1.1.8.3) results from the fact that
s¢y(t +u) = v(t — u) by transport of structure. O

1.1.9 Let M be a symmetric riemannian space, andjlbe the Lie algebra of the identity
component of its Lie group of automorphisms. Léf be the stabilizer of a point € M,
and leto be the involutiory — s,gs, ! of G. SinceK injects intoO(T,), the elements of
K are fixed byo. We haveM = G/K. It follows from (1.1.8.3) that the st C Lie(G)
of infinitesimal generators of the one parameter subgre(ps:) (v geodesic through)

is contained in the subspace ofe(G) on whicho acts as—1. On the other hands is
the identity ont = Lie(K). Sincep maps ontdl,, we haveg = ¢ @ p, andt andp are
respectively the subspacesgivheres acts asl or —1.

1.1.10(CoNVERSH. Let(G be a Lie group and Ik be a compact subgroup 6 Assume
that

() M = G/K is connected, and

(b) there exists an involutiom of G such thatLie(K') = Lie(G)? andK = K°.

Then, M is symmetric riemannian for any invariant riemannian structrelf p is the
subspace oLie(G) wheres = —1, theexp(mu) (7 € p) are the one parameter groups of
isometries (1.1.3) relative to geodesics passing through the origin.

(i) Since M is homogeneous, it suffices to prove the existence of a symmetry with re-
spect to the origin: take: G/K — G/K.

(i) We have
(exp(7/2) - o - exp(n/2) Ho = exp(n/2) - exp(—0o(n/2)) = exp(r),
and so can apply (1.1.8.2).

REMARK 1.1.11 (i) The following conditions are equivalent:

(8) G acts faithfully on)M;

(b) K acts faithfully onp = Lie(G)/ Lie(K) = tangent space td/ at the origin.

When they holdg is the identity onk” and is uniquely determined bly: the Killing form
is nondegenerate dnie(K ), anddo is the reflection with respect fioie( K).

(i) To give Q is the same as to give A-invariant Euclidian structuré€), on p (the
tangent space td/ at the origin). After (1.1.3) and (1.1.10), the riemannian connection
parallel transport) is independent of the choic&)of
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REMARK 1.1.12 Passto the Lie algebras. Lggbe areal Lie algebra, letbe an involution
of g, and letg = ¢®p be the corresponding decomposition igtd eigenspaces. We assume
thatt is compact irg (equivalently, the Killing form is negative definite éj and thap is a
faithful representation af (cf. 1.1.11(i)). Letp, C p = & be the kernel of the Killing form
B, and letp = py @ ®,.0p; be a decomposition gf into sub¢-representations. Assume
thatp; is orthogonal tg, relative toB (this is in fact automatic).

(@) Fori =00ri# j, [p;,p;] =0.
Indeed, sincép, p] C £ andB is nondegenerate dnit suffices to show thaB (¢, [p;, p;]) =
0. But

(b) If i # 0 andx € tis orthogonal tdp;, p;], then[z, p;] = 0.
Indeed,B|p; is nondegenerate and

B([z,pi],pi) = B(x, [pi, pi]) = 0.

Let€; = [p;, pi], let &, be the orthogonal complement @f; in ¢, and letg;, = ¢, @ p,. We
have:

(c) g = g, (direct sum of Lie algebras).

Fori # 0, one checks immediately thigtis a Lie subalgebra. Bu is the centraliser
of @,.op; in £, and therefore is also a Lie subalgebra. Sificg| C p, g, = & & p;
is a subalgebra and, far# j, [g;,g;] = 0. As ¢ acts faithfully onp, one deduces
that the sum of th&;, hence of they,, is direct. Fori # 0, [p;, p;] # 0 (otherwise
Blp; = 0).

It is possible in the decomposition gfto take thep; to be irreducible: let) be at-
invariant quadratic form that is positive definite prand letB(z,y) = Q(x, Hy). First
decompose according to the eigenvalues of the symmetric oper&torOn the compo-
nents obtained (except), B is definite, because it is a nonzero multiple(@f and one
continues the decomposition. In the final decomposition, no two g tiie+# 0) give the
same representation, becausejthkave different centralizers i This proves automati-
cally thatp, is orthogonal t,; underB. We have proved:

THEOREM1.1.13 The pair(g, o) admits a uniqgue decomposition
g =00D Dizofi, 8i="8+pi;,
such that:

(@) po is an abelian ideal irg, (euclidean case)g, is the semi-direct product df and
Pos

(b) fori # 0, p; is an irreducible representation &f, ¢; # 0, and¢; = [p;, p;].
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For i # 0, B|p; is either negative definite (in which cageis compact) or positive
definite (in which casg; is noncompact ané; is a maximal compact subalgebra).

For the second assertion, note that, up to a factor, there is onl§-eameriant form on
Pi.

1.1.14(CLASSIFICATION). (@) The euclidean case corresponds to euclidean space. Here
t, is any subalgebra afo(po).

(b) If B is positive definite omp, g is semisimple and is a Cartan involution. Ifg, o)
is indecomposable, thgnis noncompact and simple, and it is either absolutely simple or
complex. Converse...

(c) The duality

g0 = {z €gc |7 =o(x)} (samev)
g=tdp—g? =taip

interchanges the casés> 0 andB < 0.

(b*) If B < 0, g is compact and semisimple. (§, o) is indecomposable, themis
simple and compact, andis any involution, org ~ g; & g; with g, simple and compact
ando is the involution(z, y) — (y, x).

In the cases (b) and (b*), thelr (7 € p) are semisimple, becauseor . is in the Lie
algebra of a compact group.

COROLLARY 1.1.15 In addition to the hypotheses of (1.1.6), assume thi&t connected,
semisimple, and acts faithfully avi. Then,

(i) G is the identity component of the group of isometried/of

(i) the identity component dk is the identity component of the group of isometries of
(identified with the tangent space at the origin), endowed @Wiland the curvature
tensorR.

PROOF. Let g be the Lie algebra ofr andg’ that of the group of isometries @f/. Apply
1.1.9 tog andg’; p is the same fog andg’ (it is the tangent space at the origin), and it
contains no nontrivial abelian ideal. Therefore

"=p+[pp=9

The assertion ot results from (1.1.1) or from an argument analogous to the preceding.
O

1.1.16(NORMALIZATION). As in Helgason 1962we define the curvature tensor by
R(X,Y)=[Vx,Vy] = Vixy]

(X, Y vector fields,R(X,Y) a section of the fibre bundle “the Lie algebra of the linear
group of the tangent bundig,,” identified with End(7}%,)). If X andY” are two tangent
vectors ato, and P is the infinitesimal parallelogram with side and¢Y’, thenl —
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R(eX, €Y) is the infinitesimal automorphism of the tangent bundle@lttained by parallel

transport along P (modeé?):
A

eX

(0]
PROPOSITION1.1.17 For X, Y in p,

PROOF. Since[X, Y] € &, the quadrilateral with geodesic sid@s< u < ¢)

)
exp(eX)
(exp(eX) exp(eY)) exp(—uX) (exp(eX) exp(eY)) ™
(exp(eX) exp(eY) exp(—eX)) exp(—uY ) (exp(e X ) exp(eY) exp(—£X)) ™!

is closed (mod?). After (1.1.6) and (1.1.1), we have
(1 - R(eX,eY))(Z) = d(exp(eX) exp(eY) exp(—eX) exp(—Y))(Z)
= d(exp([eX,Y]))(Z)
=7+ [[eX,eY],Z] (mode?),
whence the assertion. O

COROLLARY 1.1.18 Under the hypotheses of (1.1.12), the identity compoA@rif K is
the local holonomy group.

exp(uX)o,

exp(uY’) exp(—uY)o,

COROLLARY 1.1.19 Lets C p; thenexp(s) is totally geodesic if and only ffs, 5], s] C s.

PROOF. The condition signifies thds, s| @ s is a Lie subalgebra (stable unde). In a
neighbourhood df, exp(s) is then the corresponding symmetric riemannian subspdce.

THEOREM1.1.2Q Let H, X € p. Assume thak is closer (or further) fromH that all its
K°-conjugates. ThefH, X] = 0.

PROOF. By hypothesis, foiZ € ¢, B(H,[Z, X]|) = 0. Therefore,B(|H, X|,¢) = 0, and
[H, X] =0. O

COROLLARY 1.1.21 The maximal commutative subalgebraspodre conjugate among
themselves under the identity compon&fitof &

PROOF. Use 1.1.20 and the fact that the centralizer of a general element in a commutative
subalgebra of p coincides with the centralizer af O

REMARK 1.1.22 Assume thafl/ has no compact facto3(> 0 onp). If? G is the adjoint
real algebraic group with Lie algebga the maximal commutative subalgebkasf p are
the Lie algebras of the maximal split t&riof G. TheWeyl grouplV is the quotient of the
normalizer ofS in G(R) by its centralizer. We show in [?}hat it is also the quotient of the
normalizer ofa in K by its centralizer. Theank of M is the dimension of.

2Underlined characterS in the orginal have been transcribed as san €erif
3This denotes a gap in the original.
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1.2 Review of symmetric hermitian spaces

(Partial summary of Helgason 1962, Chapt. VIII.)

A hermitian manifoldis a differentiable manifold whose tangent bundle is endowed
with a hermitian structure. We writé for multiplication by: on the tangent bundle, and
for the riemannian connection.

PROPOSITION1.2.1 Let M be a hermitian manifold. The following conditions are equiv-
alent:

() VR=0=VJ;
(i) forall x € M, s,: y — exp,(—log, y) is the germ at: of an automorphism af/.

PROOF. (i) = (ii). If VR = 0, M is symmetric riemannian ang. is an isometry. If

VJ =0, s, respects/, because, respects/,.

(i) = (). If (ii) is satisfied, every canonical tensor of odd degree is zero, because it is
invariant bys,. This applies tov R, VJ, S (torsion of the complex structuregj2 (2 =the
2-form which is the imaginary part of the hermitian structure form), ®if2l(whose nullity
follows also from those of andd(?). [

One says that/ is locally symmetrigf the equivalent conditions of (1.2.1) are satisfied,
andsymmetridf it is connected and for alt € M there exists an involutive automorphism
s, of M (the symmetry with respect 19 with z as its isolated fixed point. Remark 1.1.4
can be transposed.

COROLLARY 1.2.2 Alocally symmetric hermitian manifold isaklerian.

COROLLARY 1.2.3 Let M be a simply connected symmetric hermitian manifold, and let
G be the identity component of its group of automorphisms le¢ a point of)M/, and let

K be its stabilizer. There exists a homomorptfism: U' — K such thatu,(z) induces
multiplication byz onT,.

PrROOF. After [?] it suffices to show that, for € U! c C, the curvature tensak on T,
is invariant under the automorphism— zv of T,,. This assertion, which is true for any
Kahler manifold, follows from:

(a) Ris a2-form with values in the Lie algebra of the unitary group;
(0) Rijke = Ryeij-
O

REMARK 1.2.4 Let M be a symmetric hermitian manifold. The mag(s/, «) of (1.1.4)
are the composites of symmetries, and are therefore automorphisiis bét G be the

4The original sometimes writd$' a sometimeg/; .
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identity component of the Lie group of automorphismsidéf let x € M, let K be the
stabilizer ofz, and leto be the automorphism @ induced bys,.. As in (1.1.6),

M=G/K
Lie(G) =t @ p.

The complex structure o/ induces onp a complex structure/, which is invariant by
K. Conversely, ifM = G/K is symmetric and riemannian, every compl&xinvariant
structure orp endows)M with a hermitian symmetric structure.

REMARK 1.2.5 We return to the decomposition (1.1.10). J§ is a ¢-invariant complex
structure orp, thep; are complex subspaces (because they are disjoint representations of
t) and, forM hermitian symmetric and simply connected, we obtain a decomposition

M = My x [[ M (1.2.5.1)

with M, euclidean andg;, o) indecomposable and semisimple. The duality (1.1.11) re-
spects the symmetric hermitian character.

REMARK 1.2.6 Suppose thatr is semisimple. In this casé; is again the identity com-
ponent of the group of isometries @f, and G has the same Lie algebfp, p] © p as
the analogous group for the universal coveriigof M. We have therefore by (1.2.3)
a mapu,: U' — K,. Onp ~ T,, adu,(z) induces multiplication by. In particular,
adu,(—1) =o.

PROPOSITION1.2.7. (i) K is the centralizer ofi(U*) in G.
(i) G is adjoint, K is connected, and/ is simply connected.
(iii) If (g,0) is indecomposabley is absolutely simple and(U!) is the centre ofx.

PROOF. (i) Let K’ be the centralizer of(U'). Aso = ad(u(—1)), Lie(K’) C Lie(K) is
compact, and{’ is connected because it is the centralizer of a torus, whahcee K. On
the other hand, the representationfobn p is C-linear and faithful, so thak” C K”.

(ii) After (i), K contains the centr& of GG. This last is therefore trivial. On applying
this remark to the universal coveridg of A/, one finds thaf\/ = M.

(iii) For an indecomposabl@y, o), the representation d@f onp is simple; since.(U') C
K, the commutant ofC in End(p) coincides with its commutant iBnd¢(p), and consists
only of scalars. The centre df is therefore reduced t@(U"). Since it is nonzero, one can
read on [?] thap it is absolutely simple. m

The spacéV/ is said to besimpleif the condition (1.2.7(iii)) is satisfied.

PROPOSITION1.2.8 Let M be a symmetric riemann space, anddgtx € M, K, ando
be as usual. Assunt is semisimple is connected, andy, o) is indecomposable. The
following conditions are equivalent:

() the representationp of ¢ is not absolutely simple;

(i) the centre oft is nonzero;
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(i) M admits the structure of a symmetric hermitian space (compatible with its rieman-
nian structure).

The structure in (iii) is unique up to complex conjugation.

PROOF. As the representatiop of ¢ is simple, (i) is equivalent to the existence ot-a

invariant complex structure. Since, up to a factor, there is onlyteineariant quadratic

form onp, such a complex structure underlieg-mvariant hermitian structure. Therefore

(i) = (1) <= (i), and (i) = (ii) by (1.2.7(i)). The unicity results from (1.2.7(iii)).
O

ProPOSITION1.2.9 The following conditions on a symmetric hermitian space are equiv-
alent:

(i) the space has curvature 0;

(i) G is a product of simple noncompact groups.

A symmetric hermitian space is calledsgmmetric hermitian domaiif it satisfies the
equivalent conditions of the proposition.

Symmetric hermitian domains correspond by duality to compact hermitian symmetric
spaces.

1.2.10(CLASSIFICATION). Let M = G/K be a compact simple symmetric hermitian
space. For € M, letu,: U! — G be as in (1.2.3). According to (1.2.6), in its repre-
sentatiomdu, onLie(G)¢, U! acts only through the charactergon £¢) andz andz (on
pc)-

Conversely, ifG is a compact adjoint simple group and U! — G has this property,
the centralizerk” of w(U!) is connected (it is the centralizer of a torus); it has for Lie
algebra, the subspace fixed by the involutiehu(—1) of Lie G, andG/K is symmetric
hermitian.

The classification problem faY/ is therefore reduced to the following:

(*) let G be compact, adjoint, and simple; we have to classify the conjugacy classes
of morphismsu: U! — G such that, in its representatiedu on Lie(G)c, U acts only
through the three charactersz, andz.

LetT C G be a maximal torusp C Hom(T, U*') the root system, antl a base fod
(simple root system). Let, be the longest root. The grodpom(U!, T') can be identified
with the dual of the fre&-moduleHom(7T', U') by means of the pairing

{(,v) = aov € Hom(U*, U') = Z.

The morphismu has a unique conjugaté: U' — T such thata,«') > 0 for o € . The
condition (*) is equivalent

(a,u’y =0, +1,0r —1fora € @, 0r

{ag,u’)y = 1.

°To see this, write the longest root 33n(a)a, o € 3.
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The morphism/’ is characterized by the integers, = (o, v') (« € ¥), and the condition
above signifies that,, = 0, except for a rootv such that., = 1, and for thosey, m, = 1.
In other wordsy/’ is a minuscule weight of the root system duafftoThe conjugacy class
of u is completely defined by the vertex of the Dynkin diagrénof GG corresponding tov.
If D’ = DU{e} is the extended Dynkin diagram, the possible vertices are the verti¢es of
in the orbit ofe underAut(D’). There aref — 1 of them, wheref denotes the connection
index.
The list of possible vertices is given in the table in the appendix [?].
The classification in the noncompact case can be deduced from the above case by dual-

ity.

1.3 Filtrations and gradations

For more details on the results reviewed in this sectionSsexedra Rivano 1972

1.3.1 LetV be afinite dimensional vector space over a fleldo give a gradation of type
Z onV is equivalent to giving a representation G,, — GL(V'): one passes from one to
the other by means of the rule

w(\) = N forv e V7.
The associated increasing (resp. decreasing) filtration is defined by

Wi(V) = &<V’
(resp. W' (V)=d;5; V7).

1.3.2 Let G be a reductive group over a fietdof characteristic zero and let: G,, — G

be a morphism. For any representationG — GL(V) of G, pow: G,, — GL(V) defines
(according to 1.3.1) an increasing filtratioii of V. This filtration is functorial inl” and
the functor(V, p) — (V, W) is compatible with tensor products and duality:

WAV © V") = 5 (V) @ W (1)
Wz(v*) — W_l_i<V)J_.

Conversely, any functofV, p) — (V, W) compatible with tensor products and duality is
defined by a morphisnw: G,, — G. We shall make no use of this fact, and instead
define afiltration W of G (or of the category of representations @j to be a functor
(V,p) — (V,W) defined by a morphism: G,,, — G.

Letg = Lie(G) be the space of the adjoint representatior-of

1.3.3(ReVIEW). (i) Wy(g) is the Lie algebra of a parabolic subgrouf(G) of F. ltis
the subgroup that respects the filtratidhon every representation 6f.

(i) W_41(g) is the Lie algebra of the unipotent radidal_,(G) of Wy(G). It is the
subgroup of¥,(G) which, for every representatidn of G, acts trivially onGrl (V).

(ii) The centralizerZ (w) of w is a Levi subgroup oV, (G).
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In (i) and (ii), the set of all representations @fcan be replaced by a s@t;, p;) such
that the intersection of the kerndfer(p;) is finite.
After (iii), we have ~
Z(w) = Wo(G)/W_1(G).

In particular, the composite
W : Gm — Wo(G) — Wo(G)/Wfl(G)

is central.
Letw': G,, — G define a filtrationd”.

1.3.4(ReVIEW). The filtrationsiW andW’ are equal if and only itV (G) = W (G) and
w = w'. The morphisms andw’ are then conjugate undér_,(G).

Analogous statements are true for decreasing filtrations.

1.3.5(APPLICATION). Let M andG be as before, and Igtbe the Lie algebra aof. Fix
an origino € M, and leth = h,; let K =centralizer ofh,, 0 = adh,(—i), g = ¢+ p
the corresponding decomposition, aid= ad h,(e*™/%)|p the multiplication by: on p
identified with the tangent space é ato.
The Hodge structure (relative o= M) of the adjoint representation is of typé—1, 1), (0,0), (1, —1)}.
We have

g0,0 — E(Cy g—l,l D gl,—l =pc.

Putpt = gb~tandp~ = g~"'. They are commutative Lie subalgebrasgef If (H, p)
is a representation af with finite kernel ando(e) = (—1)", F%(gc) = tc @ pT is the
Lie algebra of the parabolic subgrofy(G¢) which respects the Hodge filtration ..
Since the Hodge filtration determines the Hodge structure, the map

M =G/K — G¢/F°(Ge) (1.3.5.1)

is injective. One checks immediately that it is a holomorphic open immersiorB(ths
embeddiny If G* is the compact form ofr whose Lie algebra i ip, one shows that

G* /K 5 G¢/F°(Ge),

so that (1.3.5.1) is the embedding/df into the dual domain.

1.4 Hodge structures

DEFINITION 1.4.1 A Hodge structure of weight on a real finite dimensional vector space
H is any one of the following:
(A) a bigradation of the complexificatioH,

such thatH?? is the complex conjugate di?¢;
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(B) a finite decreasing filtratiof’ on H such that
He=FP@ Fifor p+q=n+1;

(C) an actiom: of the real algebraic gro§ = C* on H such thatr ¢ R* c C* acts
as multiplication byzr—".

One passes from one definition to the others by means of the rules:

HPa = Fr A Fo
FP = @ZZPHZJ
h(z)v = z"Pz"% for z € S(R) = C* andv € H"1.

Definition (B) makes obvious the complex structure, induced from that of the Grassma-
nian, on the variety of Hodge structures An

A polarizationy of H is a bilinear form or#, invariant undeh(U*), and such that the
form

P(x, h(=1)y)

is symmetric and positive definite. Note thidt-i)v = *~9v for v € HP9.

EXAMPLE 1.4.2 Type(—1,0) + (0,—1). A complex structure on a real vector spaée
defines an action (by homotheties)©f on H. This construction identifies the complex
structures or{ with the Hodge structures of tyg®, —1) + (—1,0). The mappingd
H¢/F°(He) is aC-linear isomorphism. A polarization df is nothing but the imaginary
part of a positive definite hermitian form. We make precise, that “hermitian” signifies for
us that

d(Ar, py) = Ap(z,y)ji.

1.4.3 Let M be a symmetric hermitian domain (1.2.9), andddie the identity component
of its group of automorphisms. Farc M, we writeu,: U' — G for the morphism (cf.
1.2.6) sending to the automorphism af#/ that fixesxz and acts on the tangent space by
multiplication by z.

One knows that the stabilizer afis equal to the centralizer af,, so that the mapping
x — u, identifiesM to the set of conjugates af,.

1.4.4 LetG be the real adjoint algebraic group with Lie algebhrdhereforeG = G(RR)?),

and letr: G; — G be a connected algebraic covering@fAssume that,, = 2 lifts to

a morphism (again denotéd.) of U into G;. The central element= h,(—1) does not
depend on the choice af It is trivial or of order2. We define the real algebraic groGp
to be the quotient 06, x G,, by {e, (¢, —1)}. The composed mapping

1:G -G xG,, — G
and the inversey, of the composed map

wy': G, — Gy x G, = G

6In the original,S is denotedS.
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fit into a commutative diagram

¢ (1.4.4.1)

The composed diagonals are trivial and
t(Im(g1, \)) = A%

Just a<y’ is the quotient ofs; x G,,, the algebraic grouf is the quotient of/! x G,,
by {e, (—1,—1)}. The morphismh,,id): U* x G,, — G; x G,, passes to the quotient
and defines

hy:S — G.

We haveth,(z) = zz andh,(A™1) = w()) for A € R*.
The mappinge — h, identifiesM also with the set of conjugates of ApunderG (or,
which is the same thing, undéft(R)°).

1.4.5 Letn be an integer. A representatign G’ — GL(H) of G’ is of weightn if
(p o wp)(A) is multiplication by A\™. Let p be of weightn. Forallx € M, poh,: S —
GL(H) defines onH a Hodge structure of weight — see (1.4.1(C)). We denote iy,
the corresponding Hodge filtration éf.. Letv: G,, — S¢ be the homomorphism such
thatz o p isz — 27! andz o ¢ is trivial. The filtration F, is the decreasing filtration
associated with o h, o ¢; it is amenable to the results of (1.3). In particul&fLie(G'))
is the Lie group of a parabolic subgroi}(G’) of G.. We write MV for the corresponding
flag manifold; it can be identified with the set of conjugatesF§fG’). The Borel map
B: M — MYis

z— F2(G).

THEOREM 1.4.6 (BOREL). The mapping3 is holomorphic. It identifies/ with an open
subspace ofl/V.

PROOF. Injectivity of j3.

For (H,p,n) as in (1.4.5) and; € M", we define a filtration”, of H: as follows:
there is &y € G'(C) such thaty = gf(z), and we sef, = gF,. This definition does not
depend on the choice gf because ifj3(z) = 3(x), g is in F2(G'(C)) and respects’,.
Fory € M, Fp, is the Hodge filtration of-),.

In particular, fory € M, F, depends only om(y). For alln and all representations
asin (1.4.5), the Hodge structyse h,, therefore depends only g¥{y). It follows thath,,
thereforey, depend only o (y).

[ is a holomorphic open immersion.
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Letz € M, g = Lie(G"), ¥ be the stabilizer of, andp the orthogonal complement of
¥ ing = Lie(G) C g’. We have thatdh,(—i) = —1 onp. The tangent space to atz
can be identified witlp, which has a complex structure. From the definitioh.gfwe have

adh,(z) - m = 2%, form € pandz € U, or

adh,(z) - 7= 2z7'nr, form € pandz € C* = S(R).

At z, d can be identified with the natural map

p—gc/F(ge). ()
We havet, = g0°, pc = o "' @ g, andg,/F°(g,) ~ g&'. The mappingil
is therefore bijective. Om./F°(g;), adh,(z) acts as multiplication byz~!. Since (*)
commutes with the action df,.(z), d3 commutes with multiplication byz—! (= € C*),
and is therefor€-linear. This completes the proof. O

n,—1

1.4.7. Let (H,p,n) be as (1.4.4). The formation of the Hodge structureh, on H is
compatible with tensor products of representations and with passage to the dual represen-
tation. Whery is trivial on G, it is purely of type(%, 2). The Hodge structurg o h, on

H therefore satisfies the following condition:

everyG, -invariant tensor in®* H @° H" is of type(m,m), m = n/2. (1.4.7.2)

PROPOSITION1.4.8 If the kernel ofp; = p|G; is finite, thenr — p o h, is a holomorphic
isomorphism ofl/ with one of the connected components of the set of Hodge structures of
weightn on H satisfying (1.4.7.1).

PROOF. If (H,p) is a faithful representation of a reductive gro@p, thenG” is the al-
gebraic subgroup ofL(H) formed of theg fixing a suitable finite set o6&”-invariant
tensors. The Hodge structures consideredioare those defined by a morphism U —
G;/ Ker(py). The conjugates of, form one of the components of this set. O

REMARK 1.4.9 Because of 1.4.8, wheh/" is identified with a space of flags if,
3: M — MY becomes identified with

(Hodge structure defined by — (Hodge filtrationF}, ).

DEFINITION 1.4.1Q Let (H, p,n) be as in (1.4.4). AG;-invariant bilinear formy) on H is
apolarizationof (H, p) if the following equivalent conditions are satisfied:

(i) foronex € M, v is a polarization of H, p o h,);

(i) forall z € M, « is a polarization of H, p o h,,).
The equivalence of (i) and (ii) results from the following formula: foe G;(R),
Y(a, hye(—0)b) = (a, ghy(—i)g~'b) = (g~ a, hy(—i)g~'b).

A polarization is(—1)"-symmetric.
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Letz € M; let o be the Cartan involutiondh(—i) of Gy, and letG\”) ¢ G, (C) be the
compact subgroup

G ={9€GI(C)|g=0(0)}
A form ) on H is a polarization if and only if the hermitian fora(a, h,(—i)b) on He is

symmetric, positive definite, ar@fl") (R)-invariant. Sinceﬁﬁ") is compact, any representa-
tion as above o€’ is therefore polarizable.

REMARK 1.4.11 Let R(n) be the lineR on which G" acts by multiplication byt"(g).
Forallx € M, R(n) is of Hodge typd —n, —n). If we regard a polarizatioty of a Hodge
structureH of weightn as being a mapping: H® HY — R(—n), then itisG’-equivariant,
and it is a morphism of Hodge structures.

REMARK 1.4.12 Fix o € M, and letg = ¢ & p be the corresponding decompositiongof
Let G* be the compact form aF with Lie algebrat @ ip. We have already defined the dual
M of M as being the quotiert¥*/ K. One can show that

M) =G"/K = G(C)/F)(G(C)) = MY,
which justifies the terminology.

1.4.13(GENERALIZATION). In the preceding discussion, we have takenGora finite
covering of G. More generally, leG; be a connected reductive real algebraic group en-
dowed with a homomorphism: G; — G whose kernel is compact. Moreover et M
and leth,: U' — G, be a lifting ofh, centralized by th&er(r). Forz = g-oin M andg
a liting of g in G;(R), puth, = gh,g". This lifting of h,is independent of the choice of
§. The construction: — h,, identifies)M with the set ofG, (R)°-conjugates of,.

The element = h,(—1) of G, is still central, and therefore is independent:ofPut
G' = Gy x G,,/{1,€}. This group fits again into a diagram (1.4.4.1) and, as in (1.4.4), one
can extend, to

hy:S — G.

As in (1.4.5), we can define a representationvefghtn of G'; for (H, p) a representation
of weightn andx € M, p o h, iIs a Hodge structure of weight on H. We define a
polarizationof (H, p) as in (4.10); every representation is polarizable.

Conversely, letG; be a connected reductive real algebraic group, ankl,let/* — G,
be a morphism such that

(a) in the representation — ad h,(z) of U' on Lie(G)¢, U' acts only through the
charactergz=1, 1, 27 '%;

(b) adh,(—1) is a Cartan involution.
Then the sef/ of conjugates of., underG, (R)° is a symmetric hermitian space, relative
to which G, is of the type considered above.

REMARK 1.4.14 Later, we shall make use of the case whérds U' x SL(2,R), and
whereh, is the mapping whose components are the identity/&hpwhich sends™ to the
rotation of angle.
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2 Cones

2.1 Homogeneous cones
(following Vinberg and Koecher)

2.1.1 LetV be a finite-dimensional real vector space. We say that a sabstt” \ {0}
is aconeif it is open and if
AC = Cforall A € RT.

Let C" C V* be the set of linear forms that are 0 on C'. Thedual C* of C' C V' is the
interior of C" \. {0}. We say that is projecting[saillant] if C* # (. We haveC C C**,
with equality if and only ifC' is projecting and convex (af' = V' ~ {0}). We say that
C'is self-adjoint if there exists a quadratic fordg > 0 on V' for which the corresponding
isomorphismr: transforms”' into C*.

2.1.2 Let C C V be a projecting convex cone with dual, and letG be the group of
automorphisms ofV, C'). Let dx and dx* be dual Haar measures Bnand V*. The
measure o,

= / e~ @) dp* = p(z)dx

is G-invariant, whence also the riemannian structyre- d?log oy on C' (to show that
g > 0, recall that

w d? log ©,d 1 wop(dlog o, - dlog ¢,)%dud
d210g/%du_fso ogpudu | 1 [f pup,(dlog ¢, - dlog ¢,) udv
[ pudu 2 I pupududv
COROLLARY 2.1.3 LetC be a connected projecting cone and detbe the Lie group of

automorphisms ofV, C'). The stabilizer ok € C in G is compact, and is a maximal
compact subgroup if’ is homogeneous.

PROOF. For the second assertion, note that every (maximal) compact subgréiipasf a
fixed point inV (argument de moyenne). O

COROLLARY 2.1.4 LetC be an open subset &f such thatC* # (), and letG be a Lie
group of automorphisms @¥/, C'). Suppose that there exists are C such thatG - e is
open. TherC' is a connected cone, homogeneous uriger

PROOF. We haveG-e C C' C C**, andC** satisfies the hypotheses of (2.1.4). This allows
us to replace” with C**, i.e., to assume thét is a connected projecting cone. Let- 0
be such that a ball of centeeand radius- (for the riemannian metrid defined byg) is
contained inG - e. Sinceg is invariant, for any sequence of pointswith e = z, and
d(x;,xi41) < r, we haver, € G - e. The result follows by noting that' is connected. [

COROLLARY 2.1.5 LetG be a connected reductive groufd/, p) a representation &fG,

e € V, andG the identity component &(RR). Assume that the stabilizer ein G is a com-
pact maximal subgroup @f, and thatG-e is open. Theld e is a self-adjoint homogeneous
cone. Conversely, the group of automorphisms of a self-adjoint cone is reductive.

"The original ha<’.
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PROOF. Let K be the stabilizer o, o the corresponding Cartan involution, aBda pos-
itive definite symmetric bilinear form oY such thato(o(g)) = p(g)~!. Consider the
Cartan decompositionsie(G) = ¢ @ p andG = K - exp(p). Letgy, g2 € G, and put
o(g2)g1 = p*k with p € exp(p). Then

(gie, ga€) = (0(ga)gie, €) = (pe, e) = (pe, pe) > 0.

When we identifyl” with V* using B, we find thatGe C (Ge)*. The cone (Ge)* is stable
underG :if z € (Ge)* andh € G, then for anyy € G,

(ge, hx) = (a(h)ge,z) > 0.

On applying (2.1.4) t¢Ge)*, we find thatGe = (Ge)*.
Conversely, ifC is a self-adjoint cone, its automorphism group is stable undertg,
and is therefore reductive. O

2.2 Appendix: Jordan algebras

(following Vinberg, Koecher, Jacobson, and Tits).

2.2.1 Recall that aJordan algebraA is an algebra with identity (not necessarily associa-
tive) whose multiplicatior» satisfies the following identities:

(1) aob=boa,and (puttings? = a o a)
(2) a*o(boa) = (a*ob)oa.

This definition is only correct when is invertible (se€lacobson 19¢9and it is nec-
essary to add to (1) and (2) the identities required to make (1) and (2) remain true after an
extension of scalars. These problems do not aridasfan algebra of finite dimension over
a field of characteristic zerave shall henceforth restrict ourselves to that case
Fora € A, we write R, for multiplication bya:

R,(x) =aoux.

Put
S(a,b,c,d) =(aob)o(cod)+ (aoc)o(bod)+ (aod)o(boc)

(symmetric ina, b, ¢, d after (1))
T(a;b,c,d) = (ao(boc)od+ (ao(cod))ob+ (ao(dob))oc

(symmetric inb, c, d after (1)).
By polarization and division bg, (2) yields

(3) S(a,b,c,d) =T(a;b,c,d),

which can also be written as
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(4) [Ra, Roc] + [Rp, Rea| + [Re, Rap] = 0.
The identity
(5) T(a;b,c,d) =T(b;a,c,d)
deduced from (3) can also be written as
(6) [Ra, Ry is a derivation.
The powers:(n > 0) of a are defined by recurrence:
a®>=1anda"™ =aoa"
It is possible to prove by induction ah= n + m that
(7) @™ oa™ = a™*t™.

If n orm equal O or 1, then (7) follows from the definition, from (1), and from the fact that
1 is an identity element. This proves (7) foK 3; for ¢ = 4, it is necessary to prove that

but this is the special cage= a? of (2). Suppose that > 5 and that (7) is true fof’ < /.
Apply (5) to (a?,af,a",a®) (p,q,7,s > 0, p+ q+r+ s = £). In view of the induction
hypothesis, we find that

a?oa™P =alod1.

Takeq = r = s = 1: one finds that (7) is true it + m = ¢ andn < ¢ — 3. Since it suffices
to prove (7) forn < m, and wher? > 5,

n<ftl—-n=— n</l-—3,
this completes the proof.

REMARK. Itis easy to deduce from this proof that an algebra with identity satisfying (1)
and (6) is a Jordan algebra if and onlyuifo a®> = a* (recall that we are in characteristic
zero).

PrROPOSITION2.2.2(VINBERG). Let A be an algebra with identity (not necessarily asso-
ciative) over a field of characteristic zero, provided with a “trace” formsuch that

(a) A satisfies (1) and (6);

(0) ¢([Ra, Ro)(c)) = 0;

(c) the formt(a o b) is nondegenerate.

ThenA is a Jordan algebra.
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REMARK. Whent(a) = Tr(R,), the condition (b) is automatic: for any derivatidn of
A, Tr(Rp.) = Tr([D, R.]) = 0.

PROOF. It suffices to prove the polarized form (4) of (2). Put
{a,b,¢,d; e} = t(([Ra, Roc] + [Ro, Rea] + [Re, Rap])(d) - €).

On writing (4) in the form (3) and applying (6) under the form (5), we find thab, ¢, d; e}
is symmetric ina, b, ¢, d. We have

{a,b,c,d;e} + {a,b,c,e;d} = t(([Ra, Rpe] + .. )(de)) =0

by (b), so thaf{a, b, ¢, d; e} is antisymmetric inl ande. It follows from this that the form
{a,b,c,d; e} is zero:

{a,b,¢,d;e} = —{a,b,c,e;d} = {a,b,d,e;c} = —{a,b,d,c;e}.
After (c), e is arbitrary, and so we have (4). O

2.2.3 Let g be a Lie algebra, and let be an involution ofg with corresponding decom-
positiong = ¢ + p. Let (V,p) be a faithful representation gf and lete € V/, Suppose
that

t is the stabilizer ok and the mapping — e of p into V' is bijective. *

Define onp the composition law by the rule:
mor -e=7(m-e). (2.2.3.1)
Lete be the element gf such that - e = e. The lawo satisfies the following identities:
ron =xom. (2.2.3.2)
Indeed,(r o7’ — 7' o) - e = [m,7']e =0, becausér, 7’| € ¢.
e is an identity element. (2.2.3.3)
Indeed;mr o ¢ - e = me. Forv € V, we havesv = v.
The identity (6) (2.2.3.4)

One checks, in fact, that
(R, Rw] = ad[m, 7']. (2.2.3.5)

2.2.4 Conversely, if an algebra with identity4, o) satisfies (1) and (6), anf) is the
algebra of derivations aofl, it is possible to mak&®(A) = D @ A into a Lie algebra by
putting

— ford,d € D, [d,d']isin D, and equals the usual bracket;

— ford € D,anda € A, [d,a]isin A;itis d(a);
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— fora, b € A, [a,b]isin D;itis [R,, Ry).

The involutiono: (d,a) — (d, —a) is an automorphism, and’(A) acts on A by the
rules:

This representation is faithful: the derivation®f A respect: d(e) = 0; if (d + a)z is
identically zero, one finds on putting= e thata = 0; thatd = 0 is then clear. The system
(L2(A), A, p,e, o) is therefore of the type (2.2.3), and the construction (2.2.3) applies to
the system givegA, o).

2.2.5 Let 7 be the unique bilinear form o1(2) such that
(8) [a’7 [b7 CH = T(a’7 b)C - 7—(07 a)b

We have
7(a,b) = 2 x (trace of the matrix - b);

7 is an invariant symmetric bilinear form. Fdra Jordan algebra and the Lie algebra of
its derivations, we put
L(A)=Ddsl(2)® A.

We can makeC(A) into a Lie algebra by putting

— onD,][,]is the usual bracket;

— ford € D, u € sl(2), anda € A, we have

[d,u®a]l =u® d(a);

— foru,v € s1(2), and ap € A, we have

[u®a,v® b = 7(u,v)[Ra, Rp) + [u,v] ® (a0b).

Itis clear that ford € D, add is a derivation. The Jacobi identity is therefore truesfor
y, orzin D, and it remains to check it for a triple: ® a, v ® b, w ® ¢). We have

[u®a7 [U®ba w®c]] = _T(U7 U})U@ [Rb7 RC]<a) + [u7 [Uu U}HCLO (bOC) +T<U, {U7 w])[RG«? Rb]
The Jacobi identity then results from the following:

— 7(u, [v,w]) is invariant under circular permutation®fv, w (this expresses
its invariance) and satisfies (4);

— o satisfies (1) and satisfies (8).
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For ¢ the algebra of diagonal matricesdf{2, R), we can identify£%( A) with
Dot AcC L(A)

by
(d,a) — d+ (1/2) ((1) Y ) ®a.

The action of£%( A) on A can be identified with the adjoint action of this subalgebraion

identified with a subalgebra by— n ® a,n = ( 8 (1) > .
2.2.6 Take for base fieldR. Let V' be a real vector space of finite dimensiegh,C V a
homogeneous self-adjoint open cone, and C'. Let g be the Lie algebra ofut(V, C),
t the stablizer ofy, p its orthogonal complement, anrdthe involution ofg havingt and
p as its eigenspaces with eigenvalues and —1. The system(g, V, e, o) satisfies the
hypotheses of (2.2.3), andis a Cartan involution; for a suitable positive definite quadratic
form onV, ¢ is the restriction tgg C End(V) of u — —'u.

The construction (2.2.3) provideswith a lawo satisfying (1) and (6), and the identity
element: acts by scalars ol

2.2.7 Lett be the linear form
t(r) = (mwe,e) onp.

Then
t([Ra, Rol(c)) = ([[a, 0], c] - e, €)
= {(c-e,|a,ble)
= (c-e,0)
=0,

by thet-invariance of(, ). In addition, ifr # 0,
t(rom) = (mome,e) = (wme,e) = (mwe, me) > 0.
The form¢ satisfies the hypotheses of (2.2.2), énb) is a Jordan algebra.
2.2.8 Conversely, letA be a Jordan algebra equipped with a linear forsnch that

t(xo(yoz)—(xoy)oz)) =0, and
t(z?) > 0forz # 0.
Let D be the algebra of derivations dfrespecting, andL*(A) the subalgebr®* ¢ A
of £°(A) provided with the induced involutioa. It acts onA through the representation

p of (2.2.4). The involutiory is a Cartan involution, because relative to the quadratic form
t(z%) on A, we havep(A\?) = —p()\). Itis clear that\ € D, and for)\ € A, we have

t(x - (A\y)) =t((xA) - y)
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by hypothesis. After [?] the orbit afunder the group of the Lie algebfd(A) is therefore
a self-adjoint homogeneous cone.
The conel' is the set okxp(p(a)) - e, or the set of

exp(R,) -e,a € A.

After (7), the subalgebra generateddig associative, anekp( R, ) - e isexp(a), calculated
in this subalgebra:
C = {exp(a)| a € A}.

In A, the subalgebra generated by an element is commutative, associative, and without
nilpotent elements (becausg:?) # 0 for = # 0) and such that? + y2 # 0 if x,y # 0
(becausd(z?) > 0). It is therefore a product of copies &, and in A, the exponentials

are the squares of invertible elements. The cOnie therefore also the set of squares of
invertible elements im; its closure is the set of all the squares.

2.2.9 The classification of self-adjoint homogeneous cones therefore coincides with that
of the Jordan algebras ovRrfor which there exists & A — R satisfying the conditions
(2.2.8).

Complements on Jordan algebras

(A). By induction onn, definea™ (¢ = 1, a'! = a), and show that”a? depends only
onp+q (p,q > 0); itis a?™9.
[Proof illegible.]
(B). [Rur, Rad] = 0.

PrROOF. We have
[Rap, Raatr] + [Raa, Rar+0] + [Rar, Rapta] = 0.
ForA, = [Ru, R.n—»], this gives
Q) ifp+rg+2=nA,+A,+4A, =0;
(i) A, = A,

A: Z/nZ — A, thereforeA = 0. O

2.3 Cones inR?

(following Hirzebruch and Mumford).

2.3.1 Let L be a free oriente@-module of rank 2, and let € A2L be the class of the

orientation. Let
Vo=L®Q
V=L®R,

and letCy C Vg be such that
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(a) J},yGC@ — :c—l—yGC’@;
(b)) 2€Co, e QA>0 = Iz € Cy;
(c) there exists a linear forms 0 on Cy;

(d) Cp # 0, and is not reduced to half-line.

Let C be the cone of linear combinations with real coefficient8 of the elements of
Cy. We haveCy = C' N Lg; C is the angular sector bounded by two half-lifgsand
ly; if ¢; C C, ¢; is rational. We are interested in the locally finite decomposition§' of
into rational angular sectors. We shall identify such a triangulation to the following locally
finite set& of elements ofL. N C: if L is the set of half-lines bounding the said angular
sectors, and, fof € L, ¢, is the generator of N L, £ is the set ok;.

Index £ by an interval (finite or infinite)Y of Z, thee; turning in a positive direction
wheni increasese; A e;,1 = ae with a > 0. The intervall has a smallest (resp. largest)
element if and only if the first (resp. second) sidef C'is rational;/ N L is then generated
by e;.

We say that the triangulatiofiis smooth{lisse] if e;ne; 1 = e. We shall consider only
smooth triangulations, and we shall call them simpigngulations

2.3.2(CoNSTRUCTION). (i) If £ is a triangulation and,7 + 1 € I, we obtain a new
triangulation by adjoining; + ¢; ., to £ (blowing upthe sectore;, e;,1)).

(i) The conditionse; = ¢;,_1 + e;41 ande;_1r¢;.1 = e are equivalent. If they are
satisfied, one says thatis exceptional One obtains then a new triangulation by omitting
e; from & (thecontractionof e;).

A triangulation is said to beninimalif it has no exceptional element.

PROPOSITION2.3.3 The half-lines; ande;; are not simultaneously exceptional.
PROOF. Otherwiseg;,, — e; ande; — ¢; 1 will be in £, andC will not be projecting. [

PROPOSITION2.3.4 If C'is bounded by a basigy, e;) of L with egre; = ¢, then every
triangulation& of C' can be obtained fronfey, e; } by a finite sequence of blowing ups.

PROOF. Because the sides 6f are rational £ will be finite.
(@) Ifeg+ e ¢ &, thenE = {eg, e1}.
Let f andf’ be the elements & which immediately precede and follow + e;:

[ =2Xeo+per, A= p+1;
fr=Neg+pler, N <
Inff=e, (e, —Npu=1).

Since\y/ — Npu > N+ p+ 1, it follows that ' = p = 0andey = f,e; = f'.

(b) Continue by induction on the number of element£oflf £ = {ey, e}, we win.
Otherwise, we write” andC” for the cones bounded Ky, ¢y + 1) and(ey + e, e1),
and apply the induction hypothesis@®n & andC” N &. O
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COROLLARY 2.3.5 If £ and &’ are two triangulations with€ C &', £’ can be obtained
from &£ by a locally finite sequence of blowing ups.

THEOREM2.3.6 The cone”' has a unique minimal triangulatiofi(C'). Every triangula-
tion of C' containsE(C').

PROOF. (a) If C is rational, therC' admits a triangulation.

We assume that’ is bounded by, ande;, and we prove (a) by induction on the
integera > 0 such thaiegre; = ae. If a > 1, there exists arif € L in the interior of the
parallelogram bounded by, ande;, and we apply the induction hypothesis to the cones
bounded by(eq, f) and(f, e;) respectively.

(b) C admits a triangulation.

Itis clear thatC admits a not necessarily smooth triangulation. The refinement provided
by (a) proves (b).

(c) For alli € I, there exists a finite interval = [i, k| (resp. [k, i]) such that for every
triangulationg” C £, one of thee; for j € Jisin&'.

It suffices to proved the nonresp. assertion. Endlowith a euclidean structure. For
J1 <1 < jo, the angled betweere;, ande, satisfiess < 6 < m — ¢ for a suitable= > 0.

If e;, Nej, = e, e, is therefore of bounded length, apdruns over a finite subset af It
suffices to takeé: larger than thes.

(d) The intersection of two triangulations is a triangulation.

Let the triangulations b&” and&”. The proof of (b) shows that there exists a triangu-
lation £ containingg’ and&”. After (2.3.5),E’ (resp.£”) is deduced frong by a sequence
(perhaps infinite) of contractions “remowg,)” (resp. “removee;.(,) (a > 0). According
to (2.3.3), wher; (o) # €7 (0), €ir(a) IS NOL ClOSE t@;1 (o). From this,E — e (o) , £ — e (o),

&" are again three triangulatiors, — e;» () can be obtained froréi — e;+(o) by a sequence
of contractions “remove; )" (with e;»(o) excluded in case of failure) artl’ can be ob-
tained from& — e;» () by a sequence of contractions “remaye,,” (¢ > 0). The sequence
of contractions “remove by turns:,) ande; )" results in&’ N £” which, after (c), is
therefore a triangulation. O

THEOREM (2.3.6).8Let D be the convex envelope 6fN L, and£(C) = 0D N L. Then
£(C) is the unique minimal triangulation @f, and any triangulation af’ containsE (C).

REMARK 2.3.7. LetC~ (e) (resp.C'*(e)) be bounded by and the first (resp. second) side
of C. If e € £(C), thenE(C*(e)) = £(C) N CE(e).

COROLLARY 2.3.8 Let& be atriangulation of”'. The following conditions are equivalent:
(@) & is minimal,
(b) if 7 >7+1, ene; = ae, witha > 2;
(c) fori nonmaximalg; .1 —e; ¢ C.

It is clear that (c}= (a), and, after (2.3.5), that (&)= (b). That (a)=> (b) results
from (2.3.7) and from the following applied ©* (¢;).

8The original numbers both theorems 2.3.6 — perhaps this theorem is not meant to be included.
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COROLLARY 2.3.9 Suppose that the first side ©6fis rational, bounded by,. Thee; of
the minimal triangulation of” are defined by recurrence by

€inCit1 = 1, €i+1 € C, and €; ¢ C.

Let e; be defined by these formulas. Thenis not exceptional ifey} U £(C(eq))
which is therefore a (the) minimal triangulation©f and we conclude by recurrence.

COROLLARY 2.3.10Q If C and D have the same second sifle £(C') and £(D) coincide
in a neighbourhood ofs.

It suffices to consider the case in which C D and the first side of” is rational,
bounded by,: C' = D (ep). Let€ = E(DT(eg)) U E(D~ (ep)). We shall show thaf (D)
is obtained front by afinite number of contractions. It is possible to contraabnly after
having contracted the; betweere; ande (e, included) and, after (2.3.6) (cf. 2.3.6(c)), the
process must stop.

2.3.11 If r is a real number, we writ¢r} for the smallest integer such thét} > r.
Definer; anda; inductively,

ry=r;
a; ={r;i},i>1;
Tit1 = 1/al-—?"l-,z' Z 1.

Stop ifa; = r;. With Hirzebruch, we will call(ag, a4, ...) the continued fraction expansion
of r. Take care that it is not the classical notion. We have

r=ap—1/ay—1jas —---

a; > 2 fori > 0, and thes; can not be all equal to 2 far> i, becaus@ — 1/2 —1/---
=1.

PROPOSITION(ALSO 2.3.11.).Let (eg, 1) be a basis of. with egre; = e, letr be a real
number, and lef be a half-line which can be written in the basis

C:x4+ry=0,2<0.

Let C' be the cone bounded key and/, £(C) = (ey, e, ...) the minimal triangulation of
C, and define:; by
€;i—17€ir1 = Qi€ (Z 2 1)

Then(ay, as, ...) is the expansion (2.3.11) ofas a continued fraction.

C

e2 el

e0
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We apply (2.3.9). Since; Ae; = 1, we can writee, = —eg+aeq, aje = eANey = ae; a
is the smallest integer suekey + ae; € C;in other termsg; = {r}. In the basige, e;),
the equation of is x + roy = 0, and we continue by induction.

COROLLARY 2.3.12 Two numbers andr’, with continued fraction expansios,, as, ...)

and (a}, @), ...), can be transformed into each other by means of a substitutien ‘;:IS

with ( Z Z ) € SL(2,Z), ifand only ifa;, .1, = aj, ., for suitablei,; andi,.

PROOF. This is a translation of (2.3.10). ]

PROPOSITION2.3.13 The following conditions are equivalent:

(a) the group of automorphisms 0f. orientated C') is nontrivial (it is then cyclic of
infinite order);

(b) there exists a rational indefinite quadratic foxghnot representing such thatC' is
one of the two connected component§af 0.

PrROOF. (b) = (a): Follows from the Dirichlet unit theorem for the real quadratic field
attached ta).

(a) = (b): The sides of”' are eigenvectors for every automorphism Therefore,
their direction coefficients are the roots of a quadratic equation. Moreover, they can not be
rational. O

2.3.14 Suppose that the equivalent conditions of (2.3.13) are satisfied. The minimal
triangulation&(C) is stable for all automorphisms @f., C'); the numbers:; such that
ei1 N e;y1 = ae therefore form a periodic sequence. After (2.3.10) and (2.3.11), the
period can be calculated as follows:

(a) In any oriented basis df, write the equation of the line supporting the second side
of C'in the formz + 1y = 0.

(b) Form the continued fraction expansi@n, by, . . .) of r. Fori sufficiently large, the
sequence,, ;, is periodic; it has the same period as the sequenag of

COROLLARY 2.3.15 The expansion of a irrational quadratic number as a continued frac-
tion is periodic, except for the initial terms.

REMARK 2.3.16 If (a4, ...,qa,) is the period of the sequenc¢e;), the generatos of the
group of automorphisms df_ oriented,C) such thatre; = e;,,. has for matrix relative to
the basigey, e; ), the product

-1 o -1 oo -1
1 o 1 a 1 a, /°
If o; is defined by, (e;_1) = e; ando;(e;) = e;11, we have, in fact,

0 =0r,00,-10-"-001

ando; and (
1 aq

-1 ) relative to the basiée;_1, ¢;).
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3 Study at infinity
3.1 Roots

(following Harish-Chandra; ciHelgason 1962Chapter VIII)

3.1.1 Let M be a symmetric hermitian domain (1.2.9) of ranid.1.22), and let, G, G;,
andG’ be as in (1.4.13). Fix € M. The pointo definesh, : U! — G,. We writes for the
Cartan involutiomadh,(—i). Let g andg,; be the Lie algebras @ andG, and let

g=tdp, =DM

be the decompositions gfandg; defined byo. The algebréa; is the Lie algebra of the
centralizerK; of h,, andp can be identified with the tangent spacée\foat o. Its complex
structureJ is adh,(e>™/®)|p. The morphismn,, defines a Hodge structure of weighbn
the spacey, of the adjoint representation. When we put = F'(gc) andp™ = pT,

pc=p"@p .
3.1.2 We write h°" for the morphism
AL U' — SL(2,R), € — rotation of angle.
Lets > 0, and writehVSt (or, if this notation is ambiguou,”S“) for the map
RUSL U — U x SL(2,R)*, 2~ (x, A" (x),...).

3.1.3 Leta be a maximal commutative subalgebrgofThe following theorem, which is
fundamental for the study of Cayley transformations, will be proved in (3.1.19).

THEOREM3.1.4 There exists a morphism
@ : U x SL(2,R)" — G,
such that

(a) dyinduces anisomorphism of the standard Cartan subalgebs&®fR )" (diagonal
matrices) witha;

(b) h, = po hYSY,
REMARK 3.1.5 We have
de(sl(2,R)") = a+ Ja+ [a, Jal;

this can be checked by reduction to the case of the gidup SL(2,R)".
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3.1.6 The irreducible real representations(6f are the following:
po: the trivial representation df !;
pr (k > 0): the representation of dimension two©t, whose complexification is the
sum of the representations of dimension one with charactemadz* °
Let o, be the obvious (two-dimensional) representatiorsbf2, R) and leto, be its
k™ symmetric power. The irreducible real representation$IgR, R) are theo;, (k > 0).
These representations are absolutely irreducible. Every real irreducible representation of
U' x SL(2,R)" can therefore be written as an external tensor product

Pi 05 Q- 0j,.

We decompose the adjoint representatjoimto irreducible representations 6f' x
SL(2,R)". On the space of the representatignthe subgrouf/! of SL(2, R) acts by the
characters?z? (p +q =r,p > 0, ¢ > 0), that is, by the charactet$ (—r < i <r,r =i
mod2). SinceU' acts ongc only through the characterg, 1, 22, the representations
pi ® 0j, ® ... ®0o;, which occur ing satisfy

i+> ji=0or2.

They are among the following:

@) po @ (00 ® ... ® 02 ® ... ® 09) (02 inthei™ place,1 < i < 7).
Let g; be the image byip of the Lie algebra of the" factor of SL(2,R). Theng; C g is
the unique subrepresentationgbf this type: if there were another then the vectors of
v fixed bya would be inp, anda would not be a maximal commutative subalgebra.

(b;;) po ® (o1 in thei™ and;™ places withoy's elsewhere).

(c;) p1 ® (oy in thei™" place andry’s elsewhere).

(d) po ® (trivial).

() po @ (trivial).

Let R be a system of roots. A roetin R is said tolongif, for all roots 3 in the same
irreducible component aR asa, we havel| || < ||«]|.

COROLLARY 3.1.7. If M is simple, then the relative root systemgdt of typeC or BC.
The long roots correspond to the C g.

PROOF. Let +a; be the roots ofi in g;. There exist in the image by of the ;™ factor
SL(2,R) an elementv that normalizes, transformsy; into —«;, and respects the; for
j # 1. Lets; be the reflectiomdw of a. Thens; belongs to the Weyl group/. Theq; are
therefore orthogonal to each other. After (3.1.6), the other roots are among the following:
(b);; gives the roots; (+a; + o;);
(c); gives the rootst1 ;.
The Weyl groupV is generated by the reflexions with respect to the roots, and therefore
by thes; and by the symmetries which interchange two roots and fix the others. Since
is simple,W acts irreducibly oru. After Lemma 3.1.8 belowi}' contains the symmetric
group acting ona by permuting the they;. From this, we see thdl’ is the group of

9 T cos kO  sin k6
Thusp: € — ( —sin kO cos k6 |-
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automorphisms af respecting the set of theq;, the%(ia@- + «;) are all roots, and either
none of thei%ai is a root, or all thei%ai are roots. In the first case, the relative root
system is reduced, and admits for simple roots

1 1
(a1 —ag),...,=(ap_1 — ), ...

2 2
It is of type C'. In the second case, half the long roots (theare again roots, and it is of
type BC. ]

LEMMA 3.1.8 Let L be a finite set, and let’ be a set of transpositions df. If all the
elements of. are equivalent for the equivalence relation generated by “the transposition
(a,b) isinT”, then T' generates the symmetric groupiaf

PROOF. The proof is left to the readéy. O

3.1.9 We denote bysS" the morphism

w: G,, — SL(2,R), \m— ( g\ )\91 )

Fors < r, we denote by, : G,, — G; the composite map
wy = po (Lw™ ., w e, .. e)

(wS" occurss times), and we writglV for the corresponding filtration o, (1.3). These
notations are only useful fav/ simple,to which case we now restrict ourselv&¥e have

(o0, = 2if i < s
@i Ws) =N 0if i > s

so thatw, Kills all the simple roots (3.1.7), exce@(as — ayq) (for0 < s < r) ora, (for
s =2). For0 < s <r, ,W(G,) is therefore a maximal parabolic subgroupaf and each
conjugacy class of maximal parabolicsGn is obtained in this way exactly once.

The groupG’ is a quotient ofG,, x G;. We writew’, for the morphismv’.: G,, — G
defined byr — (271, wy(z)): G,, — G,, x G;. We again write,J¥ for the corresponding
filtration of G'.

DEFINITION 3.1.1Q A filtration W of G’ (1.3) is said to b&ayleyif for all representations
(V, p) of weightn of G’ and allz € M, (V, F,,, W) is a mixed Hodge structure.

Let IV be afiltration ofG’, defined byw': G,, — G'. If W is Cayley, thertw’ is A — A2,

i.e.,w = wy 'w' takes its values i;. One sees this by testing (3.1.10) &) (1.4.11).

If (R(1), F, W) is a mixed Hodge structure, th&{1) is in fact purely ofiV/-filtration —2.
Let (V;, p;) be a family of representations Gf, and letn; be the weight of V, p; ).

ProPOsITION3.1.11 Suppose that the intersection of the kerriets(p;) is finite. If for
onex € M, the(V;, F,,, W) are all mixed Hodge structures, thé¥ is Cayley.

10(T) contains all the transpositions.
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PROOF. (a) Independence of € M. SupposgV, F,, W) is a mixed Hodge structure;
we shall prove that for ally € M, (V,F,,W) is again a mixed Hodge structure. The
parabolic subgroup?,(G) acts transitively onM (becaus€ G = Wy(G) - K with K
compact maximal). There therefore exigts W,(G) such thaty = gx. ThenF, = gF,,
and g respectd¥; ¢ induces an isomorphism ¢fr}" (V), Gr}V (F,)) with (Gr}V(V),
GrlV(F,)). That(V, F, W) is a mixed Hodge structure signifies that, foral(Gr}" (V),
Gr}Y(F)) is a Hodge structure of weightand assertion follows.

(b) Let& be the set of isomorphism classes of representatiins) such that H, ., W)
is a mixed Hodge structure. It follows from the lemmas below that

) mdnel < ne& nek;
2) el nel—=n0neclrecl=1"€¢
)y ef (n>0)=rT1€ckl.

It follows formally from these stabilities that, if thé;, p;) are in&, then every representa-
tionisiné&. O

LEMMA (3.1.12.1).Let F; be a filtration of the complexification of a vector spdée
i =1,2. Then(V; & V4, F} @ Fy) is a Hodge structure of weightif and only if the (V},
F;) are.

PrOOE Obvious. O]

LEMMA (3.1.12.2.).Let (V}, F;) be as above, witly; £ {0}. Then(V; ® V3, F} ® F3) is
a Hodge structure of weight if and only if the(V;, F;) are Hodge structures of weight
for some integers with; + n, = n.

PROOF. If a vector spaceX is endowed with two filtration§s; andGs,, then there always
exists a bigradatiodk*® of X such thatG¥(X) = @eca X and G} (X) = @pcs X 0.
Apply this fact to(Vjc, F;, F}); the hypothesis assures us that th’é'r’f #0 andVQC’d # 0,
we havea + b + ¢ + d = n. From this, Wheri/f’b £ 0, a + b has a fixed value;, and a
similar statement holds fdr;. The lemma follows. nzl O

LEmMA (3.1.12.3.).Let (V4, Fy) and (V5, F») be as above, and 1&V; be an increasing
filtration of V;. Then(V} @ Va, F} & F», W, & W) is a mixed Hodge structure of weight
if and only if the(V;, F;, W,) are.

PROOF. Obvious because of (3.1.12}4) O
&

LEMMA (3.1.12.4.).Let (V;, F;, W) be as above, witly; # {0}. Then(V; ® Vs, Fy
F>,, Wi ® W,) is a mixed Hodge structure if and only if, for a suitable(V;, Fy, Win])
and(Va, F,, W3[—n]) are mixed Hodge structures.

ProoOF. This follows from (3.1.12.2F, and completes the proof of Proposition 3.1.11]

"The original hadV%(G).
12The original has 3.1.11.1.
13The original has 3.1.11.2.
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PROPOSITION3.1.13 Suppose thal/ is simple. The Cayley filtrations & are the con-
jugates of the filtrationgl¥ of (3.1.9).

PROOF. We first prove thatW is a Cayley filtration. Defingy: U x SL(2,R) — G; to
be the composite of

onU': (id,e, ..., e, K%, ... hSY)

L(2,R
Ur x SL(2,R) on SL: (e,id,...,id,e, ... ¢€)

— U; x SL(2,R)" % @

(on SL, s copies ofid, r — s copies ofe). Write wYSt for the morphism(1, wS"): G,, —
U' x SL(2,R); then we have

spohYSt=h, and

s o wYSt — w,.
This reduces the problem to the case of the groipx SL(2,R). We shall apply the
criterion (3.1.11) to this group and to the representations of weigldf the corresponding
groupG’ whose restrictions t&/'! x SL(2,R) are respectively,

(a) p1 ® op: here the spac® of the representation is purely &F-filtration —1, and
(V, F,) is a Hodge structure of weight1.

(b) po @ o1: here(V, F, W) is a mixed Hodge structure, of tygé—1, —1), (0,0)}.

This expresses that (V') # F°(V) (these are one-dimensional subspaces, one real
and the other not), and $& (V)N FO(V) = 0 andW (V) + FO(V) = V.

Conversely, letV be Cayley filtration, defined by’: G,, — G'. Letw = w'w;': G,, —
G;. After replacinglV by a conjugate filtration, we can assume that the imageisfin the
splittorus ofA of the Lie algebrai. Let« be along root oA\, and letg® C g, g* ~ sl(2), be
the corresponding subalgebra. Consigles a representation 6f' x SL(2, R)" (by adyp);
theng® is a direct factor ofg. After (3.1.12.3),(g*, F,,, W) is therefore a mixed Hodge
structure. The Hodge structufe of g is of type(—1,1), (0,0), (1, —1); if & = (o, w),
then eitherk = 0 or the nonzerdr}” (g*) correspond tov = k, 0, or —k, and are of
dimension one. The Hodge numbeérs of (g, F,,, W) therefore satisfy the equations:

> =1 (p=-1,0,1)

q
dt=1 (t=-k0,k).

p+q=t

This forcesk = £2. We therefore havéy, w) = 0 or £2, andw is conjugate to one of the
W. O

3.1.14(CANONIFICATION). Let W be a Cayley filtration ofs’. SinceG = K - ;W(G),
W is then conjugate to afiV by an element of<. There exists therefore: G,, — G,
which definedl” and is such thatm(dw) C p (the conjugates of); by & € K have this
property). In other words,

ow=w'. (3.1.14.1)
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This w is unique; moreover, it follows thdl’_;(g) N p = {0} (the elements op are
semisimple). Thisw, andh, factor canonically through/* x SL(2,RR): there exists a
uniqueypy rendering the following diagram commutative:

Ul

ho
BUSL

U' x SL(2,R) 25 @

G

3.1.15 Since(g, Fy) is a Hodge structure of typg(—1,1), (0,0), (1,—1)}, the nonzero
Hodge number?? of the mixed Hodge structurg, Fy, W) satisfy|p|, |¢| < 1. In partic-
ular, if g’ is the gradation of defined byw, theng = &;<»g’. We put:

g = @g* = centralizer ofw(—1);
g/ =lg*.97°] andg, = g ® g} @ g*;
g, = the orthogonal complement gf in g°.

One checks thad, is a Lie subalgebra of. Sinceg, C g¢°, we havelg;, g°] C g°. The
invariance of the Killing formB shows that

B(lgn, ¢°],97%) = B(gn. [8>.97°]) = B(gn. 97) = 0.

Since B putsg’ in duality with g~¢, we have[g,, g?] = 0. Likewise, [g,g7%] = 0, and
thereforelgy,, g;] = 0.

The algebray; is stable undes, therefore reductive, and it is generated by its nilpotents,
therefore semisimple. Its centralizer is therefore contained in its orthogonal complement,
andg; is the centralizer of;, in g°. In particular, it is a Lie subalgebra gf This proves
the assertion (i) of the following proposition. The verification of (ii) is left to the reader.

PROPOSITION3.1.16 (i) The algebrag®®"= g, x g, (isomorphism of Lie algebras).
(i) dpw sends the Lie algebra 8.(2, R) (resp.U?) into g; (resp.gy).

We will see later thag; corresponds to a symmetric hermitian tube domain.

3.1.17 We now examine the relation between the absolute and relative systems of roots
of G. As in (3.1.6}4, we write g; for the image byy of the Lie algebra of the™ factor
SL(2,R) of U' x SL(2,R)".

Lett; = [a, Ja] = €N @g,;, and lett C ¢ be a maximal commutative subalgebra
containingt,. The complexifications of andt; are both Cartan subalgebrasd§;. They
are therefore conjugate by an elemenof o (SL(2,C)) C G¢: cacc™t = t;¢. Conjugation
by ¢ transforms the set of roots afinto the set of nonzero restrictions tpof the roots of
t.

14The original has 3.1.3.
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We read off from (3.1.3) thabg, is the sum ofi and the radicial subspacesgifelative
to the long roots ofi. The analogous statement for= cac~! shows thatbg; is determined
by t;, and therefore is normalized by the normalizettof In particular, they; are stable
undert. Let +a; be the corresponding roots. Théfy, is in g;, therefore int; anda; is
zero on the orthogonal complementgfin t. We havec(«;) = +a;|t;. In the adjoint
representation af; on g, the representatios, of g; occurs only onceg; C g), and thes,,
(k > 2) not at all. After (3.1.18) below,q; is a long root. They; are long and orthogonal
in pairs, therefore strongly orthogonal. They are noncompact (not roois f.

LEMMA 3.1.18 Let gc be a complex semisimple Lie algebta,a Cartan subalgebra of
gc, and @ the root system of-. For o € @, let g, be the subalgebra: s((2,C) of gc¢
generated by the radicial subspacgsande_,. Thena is long if and only if, in the adjoint
representation ofi,c on g, the representation, appears only once (faf.c C gc) andoy,
(k > 2) not at all.

It suffices to check this in the rarikcase, where it can be done case by case.

3.1.19 ProOF 0F3.1.4%¢ Let t be a Cartan subalgebra bflt contains the image afh,
and is a Cartan subalgebragtbecause the centralizer of the imagelbfis ). Let ¢ be
the root system fot¢ acting ong, and define:,,, g.c as in (3.1.6)[?].

Let ®, &=, ® c & be the roots occurring ip*, p~, €. Sincep™ is commutative,
in T, orthogonality is equivalent to strong orthogonality. lfoe ®*, g, = g N gac IS
isomorphic tosl(2, R).

For each rooty € ®*, chooseF, € e,, and putX, = E, + E,. Itis a generator of
the complex subspace of dimension ofge p C p.

LEMMA (3.1.19.1).ConsiderA’ c &' and lets = #A’. The following conditions are
equivalent:

() The X, (o € A’) commute in pairs, and the centralizeraddf= &R X, in p is the
sum ofa’ and of the centralizer abg,, in p.

(i) The centralizen of ' in g is the sum o’ and of the centralizer abg,, in g.
(i) The o € A’ are long roots, orthogonal in pairs.
PROOF. lItis clear that (iii}=>(ii)=-(i). Admit (i). From
[Xa, Xp] = [Ea, E_g] + [E_a, Eg] = 0,
we see thalg,, gs] = 0. There exists therefore,
¢': SL(2,R)* — G

such thatly’ identifiess((2, R)* to &g,. The Hodge structure afi(2, R) induced by that
ong comes from
R':U' — SL(2,R)* (diagonal),

15The original has 3.1.5.
16The original has 3.1.1
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and there exist® extendingy’:
B': U' x SL(2,R)* — G

satisfying the condition (b) of (3.1.1). Decompgseas in (3.1.6}". The hypothesis (i)
ensures that the representation (&)(3.1.6) appears only once, therefore that the repre-
sentatiorr, of g, appears only once, ang (k > 2) not at all. By (3.1.18)q is long, and
(i) =(iii).

Consider the condition

A’ satisfies the equivalent conditions(8f1.7[97].1). *)

If A" C &7 satisfies (*), we have = dim(a’) < r. We shall prove in (3.1.19.3) below
that, if A’ is maximal, therns = 2. The preceding proof then shows (3.1.4). m

LEMMA (3.1.19.2.).Let A’ C &7 satisfy (*), and letQ be the set of rootg € o+
(strongly) orthogonal tad\’ andj € Q. If A U {3} does not satisfy (*), there exists dna
subsystem of roots of typB, as follows:

beta

A inQ
< > in phi0
v in phi-

In particular,5 is shorter than any other root 6f, and is not minimal irQ) for any ordering
of the roots.

PROOF. Let 3 be the centraliser ab,ca/g. in gc. By (*), under the form 3.1.19.1(i), the
hypothesis or is equivalent to:

- in the representatiopof gg, there is a nontrivial irreducible representatio 3 of
odd dimension other thagy C 3. Moreover, sincé normalize;, we may suppose thats
stable undet. If E, is the dominant vector of ((Ej, E.,] = 0), the situation is necessarily
that described in the lemma. O

LEMMA (3.1.19.3.).The maximal subsetd C ®* satisfying (*) haver elements.

PrROOF. After (3.1.19.2), it suffices to show that hass < r elementsQ # (0. The
centralizer ofa’ in p in fact strictly containgi, sincedima’ = s < r. The centralizer of
@g. Iin p is therefore nontrivial. The corresponding roots arg)in O

COROLLARY 3.1.2Q The maximal subsets C ®* satisfying (*) are conjugate under the
Weyl grouplV of tin €. If M is simple, every permutation &f is induced by an element of
W.

The original has 3.1.3.
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PROOF. Lett C £ be maximal, and leA C ®* be a maximal subset satisfying (*). Giving
A is equivalent to giving; = t N @g,: £A is the set of long roots which are zero on
the orthogonal complement of. If a is a maximal commutative subalgebradg, N p,
thent, = [a, Ja]. Since the maximal commutative subalgebraf p is unique up tok-
conjugationga determineg; in K, andt, determines up to conjugation by the centralizer
of t;, (t,t;), and therefordt, A), is unique up toK-conjugation. This proves the first
assertion.

The normalizer ofr in K normalizest;; since thet containingt; are conjugate under
the centralizer ok in K (t = t; + t{-, with t{ a maximal torus in its centralizer), the
normalizer ofa andt in K maps onto the We¥ group ofa. It permutes the,,, therefore
also thex € A, as it permutes the pairs of opposite long roots,@nd the second assertion
follows from (3.1.4)[?]. O

3.2 Study ofSL(2,R)

3.2.1 In this number we make explicit the fundamental case wiéris the unit disk.

LetV be areal vector space of dimensidrThe set of complex structures dhhas two
connected components; two complex structures are in the same component if and only if
they define the same orientationdf and they are then conjugate under the grsupl).
We choose one of the components, and denote Xbyrhe complex structures iX will
be said to be positive, and others negative.

Let G be the connected Lie groifSL(V), let G be the algebraic groupGL(V'), and
let G; be its double coverin§L(V). Let J, be a positive complex structure dhand let
ug: U' — G be the morphism sendingto the image irG(R)* of multiplication by+/=
(relative to.J,). Via ug, U' acts ongc = Lie(G)¢ only through the characteis z, z; the
centralizer ofug is reduced tauy(U') and G/uy(U") is therefore a symmetric hermitian
domainM.

The square:? of v, lifts to a homomorphisnt,: U' — SL(V') sendingz to multipli-
cation by:z (relative to.J,). The groupG’ of (1.4.4) is hereGL(V).

The mapr — h,, identifies)M with a set of Hodge structures &hof type{(—1,0), (0, —1)}
or, what comes down to the same thing (1.4.2), to a set of complex structufiés e
denote by the point of M that defines:, and.J,. We have

(a) M is identified with the set of positive complex structuresign
(b) the Hodge filtratior¥’ defined by a complex structurkis characterized by
FO(V)={a+ib|abeV,a+ Jb=0}.

We haveV’ ! = FOV andV~—1° = FOV 2 The dual domainV/V of M is the
complex projective line whose points are the lined/in and the Borel embedding
(1.4.6,1.4.9) is: — FO(V).

8The original has Weil.
VY SV /FY, a— a+i0; ia = ia+ (Ja — ia) = Ja.
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Write My for the real projective line whose points are the line§jnthat are equal to
their conjugates (that is, the complexification of a lindQf An element: of MV defines
a Hodge structure of typé(—1,0), (0,—1)} on V if and only if it does not lie onV/y:
for z nonreal,Ve = F? @ F?. The real lineMy cuts the riemann spher®" into two
half-planes: one)/, corresponds to the positive complex structures, and the dtherto
the negative complex structures.

3.2.2 Letzin MY correspond to a lin& in V, and letV be the unipotent radical of the
parabolic subgroup &L (V) respectingX:

ne€ N <= (nX = X andz acts trivially onV/X.
The pointsy # x of MY form a principal homogeneous space 16r

3.2.3 Let z andy be points ofM, and lety be defined by the Iiné_?;)(V). Thenz andy
are respectively i/ andM . In particular,z # g. After (3.2.2) applied t®, for z in M
(or more generally for # 0), there is therefore a unique elemeiit) in £} (g) such that
© = exp(p(2)) - 0.

Write this in coordinates. Let™ be a generator of, (1), and lete~ be its complex

conjugate. Relative to the basis", e~) of V-, F!(g) is the set of matrices, = ( ?\ 8 )

A € C, and the image byxp(n,) of the line F°V is generated by™ + Ae™. This line is
real if and only if there exists a such that
et + e =ple™ +xe”)” = pule” + Xet) = Apet + pe,

thatis, if [A\| = 1. If MV is identified, using, to the one-point compacification &f (g),
and F(g) is given the coordinate, then the subsetf, of MV is identified with the
circumference of the unit circle\| = 1. The interior|\| < 1 of the circle corresponds to
M (because in M corresponds to. = 0) and the exterior td/~. In this model ofMY,
F}(G) acts by translations, and’(G) acts by affine transformations; the stabilizémof o
in G acts by rotations:

(3.2.3.1)
The circle isMy, M~ is the exterior, and is at infinity.

Application: the Harish-Chandra embedding

Let M be a symmetric hermitian domain, and debe the identity component of its group
of automorphisms. Fix a poimtin M, and letF" be the corresponding Hodge filtration on
gc. The parabolic subgroups’G and F°G are opposite, and the map

n i+ exp(n) - h,
is a holomorphic isomorphism df*(g) with the largest cell of\/¥ = G(C)/F°(G(C)).
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THEOREM 3.2.5(HARISH-CHANDRA). The setV is contained in the largest cell Gf V.
The map )
¢: M — F'(g), hw nsuchthath = exp(n)- h,

identifies)M with a bounded open subsetBt(g).

PROOF. We return to the notations of (3.1.1). Sing€ = exp(p) - h, andp is the union

of thekak™' (k € K), it suffices to prove that fot in a, exp(a) - h, is in the largest cell
and that the: for which exp(«) - h, = exp(n) - h, are bounded. Theorem 3.1.4 reduces
this theorem to the case 8f.,(R): write a = dp((0, oy, g, ..., ) ). From the study made
above ofSL,(R), we know there exist; in F'(sly(R)) such thatexp(a™!) - exp(n;) €
FY(SLy(C)) and|n,| < 1 for a suitable norm. Take = dp((0,ny, ..., n,)). O

COROLLARY 3.2.6 For z,y € M, the parabolic subgroupg?(G) and F?(G) are oppo-
site.

3.2.7. Return to the notations of (3.22) The nontrivial Cayley filtrations aff correspond
to the filtrationsiV of V such thatGr}" (V') # 0 for i = 0, —2. They are all conjugate. For
x € M, the mixed Hodge structur@’, F,., W) is of type{(0,0), (—1,—1)}.

The lineW_,(V') defines a pointv € M. We writew’ for the symmetric point with
respect tw. We haveo’ = h,(+i)(w). Return to the figure (3.2.3.1).

omega
A A

N

omega’

(3.2.7.1)

On the spheré/Y, the three circles (or linegl', o, w, 6), (0, A,0, A", (W', A,w, A") are
orthogonal.

On the riemann spherg, the two configurationg = (v, 72,73) formed of three
orthogonal circles are isomorphic. By reduction to the standard case, we deduce that if
0 € 1 Ny, there exists a unique one parameter grp(p) (= € U') of automorphisms of
S leaving~y; N7, and~s stable, and acting on the tangent spacead multiplication by:.
We call it thegroup of rotations arouna.

Letc: U! — G be the group of rotations arount (relative to the three circumferences
(3.2.7.1)). Lift¢? toc: U' — G, and pute = c(e>™/8). It is the Cayley transformation
relative too andW'. It cyclicly permutes.’, o, w, o, fixes A and A’, and transformg/ into
the half-plane bounded k', o, A, 6) and containingv.

20That is, to the unit disk
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3.2.8 After (3.2.2),M" — {w} is a principal homogeneous space undér,(G¢). Like-
wise, M ~\ {w} is a principal homogeneous space undén,(G).
Let NV be the element dfl’_5(g) such thakxp(N) - ' = A.

PROPOSITION3.2.9 (i) exp(iN) - w = h,.
(i) M = {exp(AN) - ' | Im(A\) > 0} = {exp((A — i)N)h, | Im(X) > 0}.
(i) M = {exp(Ac(N) - ho| || < 1}.

PROOF. The Cayley transformation mapsto co = &, !, andexp(NN) into the translation
which sends, to A. It therefore transformexp(:/V) into the translation which sends
to w. Sincec sendsv’, h, ontoh,, w, this proves (i).

The other assertions are verified similarly. O

PrROPOSITION3.2.1Q Let(H, p) be a representation ai’ of weightn, 1) a polarization
of H , andW the weight filtration off. Let

Pt c Gr)Y,(H) be the kerel ofN*: Gr)Y,(H) — Gr,",(H),

and again write) for the pairing betweetr)" ,(H) and Gr)”" ;(H) defined byy. Then,
for z # 0in P, .
Y(N'z,x) > 0.

PROOF. TakeH = V. That is a polarization signifies that is alternating and that
(x, — Jox) >0

for .J, the complex structure defined byc M. Sincehg(e*™/%) permutegw, A',w’, A)
cyclicly, the lines which define, A’, w’, A and the transvectio®V, which fix w and send
w' onto A, are as in the following figure:

omega’
N g

<« A

omega '>
i

The assertion follows. The general case can be deduced by taking tensor producfs.

3.2.11(VARIANT). Starting from the groug; = U' x SL(2,R), leth'St : Ut — G, be
asin [?], letwVst: G,, — G; asin[?], and leG’ be as in [?]. Let,: S — G’ be deduced
from hYSt as in [?], and letv’ be deduced fronwVSt as in [?].
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For any representatiof¥, p) of G, p o h, is a Hodge structure oH. Let F, be the
Hodge filtration, andV the increasing filtration defined byo «w'. Then(H, F,, V) is a
mixed Hodge structure; this follows easily from the criterion [?].

The morphismp o w’ defines not only¥/, but also a gradation of/, and hence an
isomorphism off with Gr" (H). Via this isomorphism, the Hodge structure@f!” (H)
is defined by the action of the factér! of G,. Write C for the Weil operator:(—i) on
Gr' (H); itis p((—i,e)).

Let N € W_5(sl(2,R) as in [?], relative tdh°" andw. Keep the notations of [?]. i
is a polarization off, we again have

Y(N'z,Cz) > 0for o € P"™, x #0.

3.3 Cayley transformations

3.3.1 Let M be a symmetric hermitian domai@; the identity component of its group of
automorphisms, and” a Cayley filtration.

Choose € M and letw: G,, — G be the morphism defining” and such thatw = w
(0 = ad h,(£17)). Letpy : U x SL(2,R) — G be asin [?].

We apply the results of (3.2) to the groSf.(2, R) endowed withh5" andwSt. Let
c € SL(2,R) be the Cayley transformation, and Igtc W_,(s[(2,R)) be as in [?].

The parabolic subgroud’,(G) has for Levi subgroup the centralizérof w, and the
decompositios® = g? @ g, can be integrated into an isogeny

7 x 7, — Z.

The decompositiog®¢"= g, ® g, can be integrated into an isogeny

Gy x Z, — G®°"

The morphismpyy lifts to G; x Zy; it sendsU! into Z, andSL(2, R) into G;. Note that”
(resp. [?]) is the intersection @{(R) (resp. [?]) withG.

3.3.2 SinceW?(G) is a parabolic subgroup d (the centralizer ob € M), which is
compact and maximal, we haVE’(G) - K = G. We also have

W) NK =W (G)Noe(WYG)NK =ZNK,
which implies thaty — g - o identifiesM with W°(G)/(Z N K).
LEMMA 3.3.3 The pointc~'o = exp(—iN)o of M" is fixed byZ,.

PROOF. Ong,, the filtrationsF and/ are deduced from>" andwS" via the adjoint rep-
resentation oBL(2, R). Indeed g, commutes withpy, (U*). After (3.2), we have therefore
on g,

e ' (F) = exp(—iN)(F) = a(W).

Sinceo is fixed underF°(Ge), ¢ o is fixed unders(W°(g,)), and in particular, is fixed
underg?.
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Forg € Z,, we have therefore

g-o=g-exp(iN)-exp(—iN)-o
= exp(i (adg)(N))g exp(—ilN) - o
= exp(i (adg)(N) — iN) - o.

In particular, the maximal compact subgrodpn K of Z; is the centralizer ofV in the
adjoint representation df, on W_5(g). O

LEMMA 3.3.4 TheZ;-orbit of N is open.

PROOF. In any representation &.(2, R), g; is the sum of: adjoint representations and of
¢ trivial representation, for someand/. As Z, N K is the intersection of the centralizers
of w and N, it is the centralizer oBL(2,R). Thereforedim(Z; N K) = ¢. Moreover,
W_s(g) = g; % is of dimensionk, anddim g? = k + ¢. Therefore,

dim(W_5(g)) = dim(Z;) — dim(Z; N K)
and (3.3.4) follows. O

3.3.5 Apply [?]. The Z,-orbit of N is a self-adjoint con&' C W_,(g). The coneC is
again the orbit ofV for the adjoint action ofV°(G) onW_,(g), becauséV_,(g) is central
in W_4(g) and commutes witt¥,,. The coneC' therefore depends only div, and not on
the origino € M chosen. We have

M=WG)- o
=W_(G)-Zy-Z -0
=W_1(G) - Zp, - exp(iC —iN) -0
= exp(W_i(g) +iC —iN) - Zj, - o.

Taking account of the stabilizer of we therefore have the following result.
THEOREM3.3.6 The mapping
x,g+—exp(z)-g-o
identifies(W_1(g) +iC — iN) x (Zy/Z, N K) with M.
This theorem is an avatar of the theory of Cayley transformations.

3.3.7. The subgrou, N K of Z, is the centralizer opy |U': Ut — Z,,. Via py, U! acts
on Lie(Z;,)c only by the characters™'z, 1, 227!, andadyy () is a Cartan involution.
The quotientM, = Z,,/Z), N K is therefore a symmetric hermitian domain.
The projectionr : M — M., made plain by (3.3.6) can be described as follows.
First description: Identify Z;, with a subgroup otVy(G)/W_,(G). Forz € M, h,
andWW define
by Ut x SL(2,R) — G,
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and the image of/! is in W, (G); its image inWy(G)/W_,(G) is even inZ,, whence we
get a morphism

hﬂ(x)l U1 - Zh.
The domain)M, can be identified with the set of conjugates of this morphism,ard
hr ) is the projection ofl/ onto M.

Second description:Let G; andG’ be as in [?]. For a representatibhof G’ with finite
kernel, and for any representation®f, M/ can be identified to a space of Hodge structures
onV. The graded spad@ry, (V') is a representation o¥/,(G')/W_,(G’), and the Hodge
structureGry (F,) on Grw (V) (z € M) is defined byh,(,: the mapping/ — M., can
be identified with the mapping that associates with a Hodge filtrafjoof V' (= € M) the
Hodge filtrationGry, (F..) of Gry (V). This description makes clear thats holomorphic.

3.3.8 Put
M(W) = W_l(Gc) M c M.
In the description above, it is the set of filtratioAson V' conjugate undef’(C) to a
filtration F,, (x € M), and inducing or&zry, (V') the same filtration as son#é. The map
7 extends to
T M(W) — My,

and m makesM (W) fibre in homogeneous spaces undir,(G¢). The stabilizer in
W_1(Gc) of x € M(W) is the subgroup

W_1(Ge) N F°(Ge)
with Lie algebrar®(W_,(gc)).
3.3.9 PutM (W) = M(W)/W_5(Gc), whence we have a factorizationof
M(W) L MW MEN (00).
Forz € M(W), the imageF®(Gry; (gc)) of FO(W_1(gc)) in W_1(gc)/W_a(ge) depends
only onm(z). The projectionr, therefore maked/ (1)’ into principal homogeneous space
over M (co), with groupGr"} (g@)/F,?l(I> (Gr¥(ac)).
The projectionr, makesM (W) a principal homogeneous space owé(V)’ for the
group W_s(gc). For eachy € M (W), the intersectionM N 7, '(y) is a translate of
W_s(g) +iC.

For eachw € M., Gr"% (g) is equipped with a Hodge structure, and, in particular, an
operatorh, (—1i).

THEOREM3.3.1Q For u € Gr"(g), we have
[u, hy(—i)u] € —C.
The bracket is nonzero unlegs= 0.
PROOF. We use [?], and the fact thatB is a polarization ofy. Forxz = 7(0) we have
—B([N, oul, hyo)(—t)ou) > 0, for v # 0, or
—B(N, olu, hy@)(—i)u]) > 0.

COROLLARY 3.3.11 W_,(g) is the centre oiV_,(g).
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3.3 Tube domains

21

3.3.1 Let M be a simple symmetric hermitian domain of ranland letG be the identity
component of its group of automorphisms. Keep the notations of (1.3.2), (1.3.5) (with
G' = G), (3.1.2) and (3.1.13). The@ is the real adjoint algebraic group with Lie algebra
g. We write D for the Dynkin diagram o6¢. SinceG is an inner form of its compact form,
complex conjugation acts o by the opposite involution. The morphisrhs: U! — G
extend to morphism&,, — G¢. As was explained in [?], the conjugacy class of this
defines a vertex of D.

PrROPOSITION3.3.2 The following conditions are equivalent:

(i) eis fixed by the opposite involution 6, i.e.,» and»~! are conjugate undef(C);
(i) G(R) is disconnected;
(i) |U! is trivial;

(iv) GrlY (Lie(G)) = 0;

(v) the relative system of roots @fis of typeC.

PrRoOF. The equivalence of (i) and (ii) results from the more precise statement that follows.
O

ProPOSITION3.3.3 (i) If e is not fixed by the opposite involution, the(R) is connected.

(ii) If eis fixed by the opposite involution, théAR) has two components. The elements
of the connected component not containing the identity transfoimo a G-conjugate of
ht.

Recall that a real linear algebraic grodpis said to becompactif K (R) is compact
and each connected componentafC) has a real point.
We shall use the following facts:

(a) K — K(R) is an equivalence of categories from the category of real linear algebraic
groups to the category of compact Lie groups.

(b) If the involutiono of a real connected reductive algebraic gr@lipduces orlie(G)

a Cartan involution, then the algebraic subgréupf G of fixed points ofs is compact, and
K(R) is a maximal compact subgroup GfR). In particular,m(K) ~ mo(G(R)).

Let K’ be the centralizer dfi(—:) in G. It is compact, andk’(R) is a maximal compact
subgroup of5(R). SinceK’ normalizes the centre ¢’ (R)°, k' € K’ fixesh or conjugates
itto htl.

The centralizer o, in G is connected, because it is the centralizer of a torus. The
centralizer ofh in G(R) is a compact form, and so is also connected; iUis

h andh~! are conjugate unde¥(C) is and only ife is fixed under the opposite involu-
tion; from that:

21The original numbers both subsections 3.3.



3 STUDY AT INFINITY 44

REMARK 3.3.4 One verifies on 3.1.3 that, far 0, r, one never ha€'r: (Lie G) = 0.

REMARK 3.3.5 Let Z € g be an infinitesimal generator éfU'). The conditions of
3.[?].2 are also equivalent to:
(vi) Z is contained in a simple subalgelyraf rank3 of g.

It is clear that (iii) =-(vi). Admit (vi). The subalgebra is stable undepr. It can
not be int becauseZ would not then be central. There therefore existg 0 in s N p.
We may suppose (after conjugation) thatce a. We then haveZ = Az, Jx], whence
Z € la, Ja] C do(sl(s,R)"), whence (iii)??

3.3.6 When the equivalent conditions of [?] are satisfied, Theorem [?] furnishes an iso-
morphism betweeft/ and the tube domai’_(g) + iC' C W_s(gc).

22The following was deleted from the original. Suppagksatisfies the equivalent conditions of 3.2.2.
There then exists
v: SL(2,R) - G

such that

(@) Lethg: U' — SL(2,R): e ~rotation byd. Thenh = o hy.

(b) Letwy: G, — SL(2,R): A — ( ) Then the filtratioriV,. of G is defined bypwy.

©p(-1) =e.
Until the end of this number, we will keep the preceding notations (and abandon those of 1.3.2), and we will
simply denotdV,. by W. Write g’ for the gradation of defined bypw.

A
)\71
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4 Quotients

4.1 General Remarks

4.1.1 Let M be a symmetric hermitian domain, I6tbe its group of automorphisms, and
letI" C G be an arithmetic subgroup. We are interested in the casé&'fiais noncompact.
There then exists a semisimple grobg over@Q, and an isomorphism @ with the group
deduced fronG, by extension of scalars @, such thaf’ is commensurable witk(Z)
(for any integral structure ofig). We shall assume in the following th@t, is Q-simple.

4.1.2 1 do not know of arma priori proof of the following facts, which can be checked by
inspecting the Dynkin diagrams.

(a) WhenFy is a maximal parabolic o&, then Py is a product of maximal parabolic
subgroups of the simple factors @f In particular, Pz corresponds to a Cayley filtration
Ww.

(b) The decompositio®z / R, (FPgr) ~ Z, x Z; (isogeny) is defined oveD.

4.1.3 Fix Fy as above, and let

Ip=INPR)
I'p =Ker(Tp — Z;).

The quotientV (W) /T'L is without doubt always in a natural way an algebraic variety
(cf. the following number). We have in any case:

(@) The quotientV/,,/TL, of the symmetric hermitian domaih/,, by the arithmetic
group that is the image dfL in Zj,, is an algebraic variety. Assume tHais sufficiently
small so thal'}, acts freely onV/,.. Then we have:

(b) M (W) /T} is a fibre bundle ovel/,,, /T'}. Itis a principal homogeneous space for
the fibre space of complex tori,

Grly (T\Grly(9)/F,) (Gri(g))

(Ff is a holomorphic function of on M_.). This last is polarizable: after [?], any rational
linear form onV_,(g), positive onC' defines a polarization of it. It is therefore an abelian
scheme.

To give M (W)’ /T, an algebraic structure, it suffices to construct a multisection; such
a section will define a trivialization of a power of the principal homogeneous space consid-
ered. We construct it as follows:

(o) Takew : G, — G which definesV;

(8) Takeo € M such that ad,(—i)(w) = w™!. The theorem [?] then shows that there
is a mapping

M, /TH N {centralizer ofw} — M (W) /T’

that defines the multisection sought.

(c) M(W) /I, is a fibre bundle over (W)’ /T"; in fact, a principal homogeneous
space for the torus (= product of copies®f,). Here, defining the algebraic structure
poses a problem that | have not resolved.
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4.2 Example: Siegel

4.2.1 Let H; be afre€Z-module of rankg and lety) be an alternating from of discriminant
one onHy. Let M be the space of Hodge structures of tyge-1,0), (0, —1)} on Hy, for
which ¢ is a polarization. It can also be described as the set of complex structues
Hy = Hyz ® R such thatyy is the imaginary part of a positive definite hermitian form
([?])- The quotientV / Sp(Hz) is the space of moduli of polarized abelian varieties in the
principal series.

4.2.2 The weight filtrations are here defined by the isotropic filtration& gf the form
{0} C W_Q(HZ) C W_l(Hz> C Hy

(with W_, andV_; orthogonal complements of each other). Bixand putdim Gr", (H;) =
290.

4.2.3 The formv induces onGr",(Hyz) an alternating form) of discriminant one. We
have:

(a) M, is the space of Hodge structures of tyfge-1,0), (0, —1)} on Gr"(Hz) for
which v is a polarization.

(b) M (W) is the space of maximal isotropic subspaééof He = Hz @ C such that
(Hz, F, W) is a mixed Hodge structure andis a polarization of7r", (F).

4.2.4 LetT' C Sp(Hz) be the subgroup respecting the filtratidhand acting trivially on
Gry¥ (Hz) (@andGr'%,(Hy)). We propose to give a modular interpretation of the quotient
M(W)/T. PutX = Gr{¥ (Hz). The quotient\/ (W) /T classifies the objects consisting of:
(a) a mixed Hodge structur@’z, W, F) of type {(—1,—-1),(—1,0),(0,—1), (0,0)}
with V7 of rank2g.
(b) an isomorphisnX = Gl (Vz,).
(c) an alternating formy on V7, such that
(c;) W_, andWW_, are orthogonal to one another;
(c;) FV is maximal isotropic;
(c3) v induces a polarization @fr"; (Vz, F).

4.2.5 After [?], an object (a), endowed with (b), can be identified with a two-term complex
k: X =G

whereG is an extension of an abelian varietlyof dimensiong, by a torus7. Via this
identification, (c) becomes an isomorphisibetween the one-motive and its Cartier
dualx*, such thaty = —¢, and which induces a polarizatignon A.

Note that the isomorphism identifies7” with the torus whose character groupXs
The systenx, ) is determined by the following data:

() the principally polarized abelian scherfé, ¢);

(6) the mapd: X — A (deduced fromX — (). This map defines the extensichof
A=z A*byT = Hom(X,Gy,);
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(v) the lifting §: X — G of §; this lifting is required to satisfy the symmetry condition.
Foré, a permitted lifting, the other liftings can be writtép- s for

s: X — Hom(X, G,,)
defined by a symmetric bilinear form ox with values inG,,,.

4.2.6 The objecty 4, @, §,6) of (4.2.5) are purely algebraic, add (/) /T is, in the ana-
lytic category, their coarse moduli space. Their coarse moduli spacé)agean algebraic
variety overQ admitting M (1W)/T" as its set of complex points.

4.2.7. The “dévissage” [?] is also algebraic:

(@) The mapping from A (W) /T to the coarse moduli scheme of principally polarized
abelian schemes of dimensiap sends(A4, @, 5,0) to (4, ¢).

(b) The quotient M (1W)'/T') classifies thé A, ¢, §) andr is (A, ¢, 6,6) — (A, @, 6).

4.2.8 The groupGL(X) acts onM (W)/T" by transport of structure via its action on
X: o0 € GL(X) acts by

A,5,0,0)— (A, 3,00, 00 ").
@ @
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