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1. Au!,o9ual-ilv

Let C be a pro j  ect ive sraoo th curve over a f ield k, with

choson rat ional point 9.. .  The Jacobian of C is an abelian

var iety A def ined over k,  such that  fon any f ie ld extenslon K

of  k we get  a 1 -  1 conrespondence

f  points of  A wi tLn r l ( - rat ional  d iv ison )
t i ialues in K 

-)<_-> 
{ "r*rsos 

of degreo o on cJ

Alternat iveJ-y,  i f  P ic C is  the Picard scheme of  C,  then

Pic C = A 0 Z and A = PicoC = the connected component  of

P ic  C .

Suppose that  C has genus g.  Then dim A = gr  fn fact ,

let SBC be the g-f old syrnmetric product of C. SBC is by

de f in l t i on  the  quo t ien t  o f  Cx . . . xC(g- fac to rs )  under  the

obvious action of the syrnrnetr ic Soup on g-lette:rs. f t  is a

non-singula:r cornplote variety of dimension g. Using the

chosen point  Von C,  def  j .ne a map

f :  s8c

the  d iv isoxn c lass  o f  (P . *P"* . . .nPg-  g  .  g )  .  f t  fo l lows f rom

the Riemann-Roch theorem on C that f .  is a birat ional

morphism.

I f  i :C

the us.ual map t = f oi: C

o f  (P-g ) .

lqgpos i t i on :  (A r t )  i s  the  A lbanese  var ie ty  o f  :  (Crg ) .  Tha t

is ,  i f  B is  any abel ian var iety and h:C

such that  h($ = the or ig in of  B;  then there exlsts a uniqrre



-2 -

morphism of abel ian va:: iet ies i l :  A

foLlowing diagram comnutes :

B

h,/' ? fi '
,/

c t--t A

Pro-o-f: [hene is a morphism sEtr:s8c

g iven  by  (S%)  (p l r . . . , t * )  =  h (Pr )  * . . . *  t r (Pe)  (add i t i on  
-on  the

abelian variety B) .  Since A and SBC are birat ional ly equiva-

1ent, thero is at least a rat ional map fr:  A ----) B making

the d iagram cornmute.  AIso f i  (or ig in of  A)  = h(cr)=or lg in of  B,

and by the theory of  abel ian var iet ies (  c f  .  .  Lang . t51)  f i  is

a homorcorphism of abel ian variet ies.

I f  A is  any abel ian var iety,  le t  
' i  

i -P ic o A = td iv isors

algebraical ly eo,u ivalent to O\ /  {Oivisors l inearly equi.valent

to 0] .  Then Pic and 4 are contravar iant  func bors.

TJLeqreIn (Autoduali ty for the Jacobian of a curve) :  Let A

be the  jacob ian  o f  C.  The map b :  C

t :  A  =  P icoA

Sketeh of p{qqf :  One f ir .st shows that Pic oA : Pic oSBC ( t 'pic

is  a birat ional invar iant,  rr)  Now there is a map

Pic  s8c

sheaf L on C, i t  determines in a canonical  way an lnvent ible

sheaf SBt on SBC having the property that i ts pu1,3. back to

Cx . . . . xC (g - fo ld  p : roduc t )  i s  n r  t  8 . . .8  n ;b ,  where  p i !Cg->  C

is the l - th pro ject ion.  Thus -  there is  a map t t l



f nom P ic  C  - )  P i c  SoC.
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That  i s :

P ic

U

A

C x .  .  . X C
,

Tr "L

U

Plc

U

A

,A

v

P ic 'SoC

t/t -zA . /Aa
A A

This shows that  A = A 0 ker  t .  S inco A is  connocted,  i t  suf  f  i .ces

to prove ker t  f ini te. tr 'or use here and later we invoke ths

fo l lowing conseguence of  the theorem of  tho square:

Deeq Resull i  Suppose L is an inventible sheaf on the abelian

var lety A.  Considen the three maps AxA

( f ins t  p ro jec t ion ) ,  P" (  second  p ro jee t ion ) ,  and  S  (sum)  .  Then  L

is algebraical ly eguivalent to 0 <:> s;L : P-xL I P-:I .

(Barso t t i  [2 ]  )  .

Now consider the commutativo diagram

{-rr rr#
r J J \ r . . J \ l r -- - ' '  '  ' - : - - )  

. n l i . . . ? l ^

sBc sum ( g- fo ld pnoduats )

tr ,/
A/

Suppose t is an invert ible sheaf on A algebraical ly equivalent to

zero. Then i t  fol lows from the deep result,  appl ied to the above

d lagnam tha t  L  pu I1s  back  to  t ; r (1 , )  &  . . .  I  t l ' f l )  on  cx . . . xoe
r '  8 '

where t, ,  = P, o t .  Thus i f  L e ken 4,t that is t  pul ls back
L L

tr ivial ly to c ,  then 
"r-"r-: t1l,)  

is tr ivj .al .  Now the raap



Cx. . .xC f r - ; "  sBC is  f in i te ,  and o f  o rder  g !  ,  and so  i t

f  o1lows

sheaf  on

on  s8c :

frorn a usual norm

s8c such that  n 'b

argument that i f

i s  t r i v ia l ,  then

F is an invert ible

, ,&Ef  .  ,F -o ' i s  t r i v ia l

- l r  -

annihi lates ker whence ker actual ly zero,,

2,  I4terpretat igq of  .A ?s Ext  (Serre [ tOJ,  Ch.  VI I )  .

Def in i t ion:  A sequence G

algebr.aic groups over a f ield is an exlgn sion of A by G if

E

Isomonphism classes of  extensions of  A by G form a

group Ext  |  (A,  G) under the usual  Baer mul t ip l icat ion.  Tho

zer.o of Ext t  (A, G) is the rrspl i t  extensionrr G->GxA->A .

Theorem: ( Serre ) Let  G = Gm, let  A be an abel ian vanietv,

and let G

of  germs of  sect ions A

group G. Thus the il lapping

f  l  Ex t l  (A ,G)
4

with irnage A.

Pqo_ol: (  see Serre [10] ,  Ch. VII no.  5 ,  L5,  and 16) .

a)  f  i s  i nJec t i ve .  I f  G

such tha t  g  i s  the  t r i v ia l  sheaf ,  then there  is  a  regu la r

g lobaI  sect ion S:  A

a homomorphism l ies in l {aps (Axe,  G) ,  which consists of

cons tants,  s ince AxA ls  cornplete and G is  af  f  ine .  Thoref  one

The:ref  ore (  f  
*L)  Sg!  i ,  t r iv ia l ,  which shows that  et

an extension.  Then the sheaf  g

E is  a pr inc ipal  f ibre space wi th

E f-> g def ines a mapping

= P lcA.  T i l i s  map is  ig iec t i ve

t  i sJ.
v ,

i f  wo choose s  such tha t  s (0O)= OE,  S  must  be  a  homomorph ism.



b) Inage f  g

f i r s t  p ro joc t ion ,

/t
A:

and

fi

t 2 '

Let  S ,P_ ,P_ :  AxA ->  A  be  sum,' L ' ?

second pro  jec t ion .  ITor^ r  Ex t l  (G,A)  i s

rci th

the

de ta i l s .

cons id e:r

biadd i t ive  functor :  Ext l (G,AxA)  =  Ext l (G,A)0 Ext t (G,A)  and

s ' ) ts  =  p ;h+p E in  Ext t (GrA) .  Therefore  s tE =  prE & p tb  fon
1  2  

-  
L -  

' P -

the  sheavos .  The t rDeep Resu l t r r  s ta ted  oar l ie r -shorvs  tha t
/'\

is  a lgebraical ly  equivalent  to zeror  so E e A.

c)  Image f  = t .  Let  F be an invert ib le sheaf  on A.

Let  E be the "pr i .nc ipal  f ibre spece for  G*t '  got ten by removing
m

the zero sect ion f rom the l ine bundle assoclated to F.  l t re

must  s l ron that  i f  F is  a lgebraical ly  equivaient  to zero,  then

E can be given the str"ucturo of an algebnaj.c gr3oup so that

Gm

Suppose F is  a lgebraical ly  equivalent  to zero.  As in

par t  (b )  we have StF  =  pr } -  o  p rTn,  so  a lso  u"b= p :b  I  p -b .- 1  ' 2 '  - I  - 2

Cons ider  the  pro jec t ion  d iagram
ExE:3E

l ,  ,  - l '
AxA

wo get a map ExE - 1

S "(E) -" E we get a map ExE -_> E ' , ' lhich def ines

required group structure. See Serue. soc. 15 f on

The point  of  the last  theorem is that  we can

the autoduality A : f as a duality bebureen A and

Ext |  (A, G*) .  The catego:ry o f conmutative group s chernes of

f  in i te tpe over k is  an abel ian categorJr ,  so Ext i  (A,  Gm) can

be d ef  ined f  or .  a l l  i . .  I f  k  ls  a lgobnaical ly  c losod,  then

Ext* (ArGxx)  =  0  fo r  i

i. J*^ l-"- ,Jur- r i ;r ,)

g
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these resul ts  and standard resul ts  on

fol lowing table:

Le t  f :C

Ho(crGm) =  I , t ' ;  tha t  i s ,  t r%,

be the

G
*Y

The

Hom

G... aro the f ollor,iing:
m

=0 i fq

=oi fq

al

A;  Ex t  o (a ,G* )  =  0  i f  q'm-

=G:
m-

=0 ;

ExtQ (%,  G*)

Ext  t  (A,  G*)  X

t3 l  fo r  de r i vod  ca tegon ies ) :

f f f  ,$* "-) R Fom'(A.ir.$*rS;) .

(  G.l  is the complex with G. ln dimenslon one and zeros olse-. .m-m_

where) .  Section I below makes thls vier^rpoint more procise

in a more general sett ing, ,-n-J,-:.' ,..-7 !L.rl. 
''i 

( ;

f'
l ' - , , 1 - f i  - ' " ' '  - ,  ) , / r " ' - '

Let C be a complote smooth curve over k with functlon

f ie ld  K  =  k (C) .

Def in i t ion:  The loca1 idole group at  a c losed polnt

P of  C is  I *= Wr?/1t+ i r ,  n)  ,  (This is  a s l ight ly  non-stdard
rv

def in i t ion . )  Thore  is  an  exac t  sequonce

Rtfr , .G* = Plc C = A 0 T,'r rrrc

al

R=f_ 'g_^  =o l f  q
, I  I IJC

Exts of  these groups into

(Gm, Gm) = z, i F'a,tqt o*, e*)

Hom ( 4 G*)

Hom (A, Gm)

3. Ide los .

In othen word s, the same tenms appear j .n the vanious Exts as

in the f i rs t  var iablo.  I t  is  therofore reasonable to expect

that al l  of these facts should be comblned in an isomorphism,
i : - . , . , ,  i ' r , . .  ,  r  t -  . . ;  ) r ' . . ' . ,  r - - ; i  r  r ' r , '  

' t  
'

in a suitable denived category; as f ol lor,rs ( See Ha:rtshorne

G*, lre can make the

s tru cture morphism. Then:

I ,  r " ; 1 - t t  l ? ' t (  L " \

i ' - | }  
l l  i r  

.)1. t l  i  . . ' .  .  .
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o

mul t ip l i ca t i ve  g roup o f  the  res idue c lass  f ie ld  o f  C a t  P .

Det' i_nlt1_o_41 The (global) idele gpoup I of C is the restr icted

direct product of the I* t  * with respect to the subgroups
p

k(P)". In othelr words f . S Ip is tho subgroup of vectors

r^  \  'n  
"  

T .  o  e  k(P)  r i -  for  a l l  but  a  f in i ts  number  of  P.\.b, , *p_ *p, _p

Thene is a canonical lniection
rr-

6rt -;, I given by f -2 (?n) , where ?n is the i:nage of f

in f t7{t+ t,n). Tho relevant informatLon can bo coLlected

ln a wonder"ful cowd[tative square:

.. i-,. ;
. k1 +  ,  I  t _

,  , ,  *  
' -  

,  $- f -1  
;  - i l  -> I  - ->D -> :  (Tate) ,

\. io''-'. + '\ I L**--;rf 
fi _> .1 _1 ligQ

uhero all rows and columns are short exact sequencos;

u = l l r<1r) 
-" '  

iu thu group of *unit  icjefes';  D = divisor group

of C, De. = divisors llnearly equivalent to zelo, and -:"-i' is

(by def init ion) the igg}g glgt* .troup of c.

4,_Paininq:

Suppose that  v  is  any d iscrete valuat ion of  K,  wi th

valuation r ing Rv, maximal id ea1 M"i and res iduo clas s

f  i e ld  Ru /  m v  
=  k (v )  .

-!a

Def_i:ri_t_i-o!! If frg eJC", define the 1ocal FyrnPgI

( f  ,g )v  t  k (v )  "  t y  ( f  ,8 )v  =  res idue  c lass  o f  ( -1 ) * f  / {  mod \ r

r rhere  m =  v ( f ) ,  n  =  v  (g )  .  Fon  p roo fs  see  Sorye  [10 ] ,  Chap .

I f I ,  sec  l+ . )
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Easy Plopgn.tiesJ

(1 )  ( t r t " rB )u  =  ( t r . , * )u ' ( f r ,B )u

(  2)  r f^ f  is  a uni t  in  uu ,  (  f ,  g)  v  
;  fn  mod f f iv .

(3 )  (  ,  )u t  i ( ; xK*

a pair ing Iu x  Iu  -  r  > '  t r  (u ) t t  . i t )  ( ,  ) :  O . , ,  *  O i '  - r  k (v ) - ' r

is  the t r iv ia l  pai r ing.

I t {a in  Fonnru la {4ar .  }

suppose K c Kt  is  a f in i te a lgebraic extension,  and

that  v l ,  .  ,  .  I  v t  are the valuat ions of  I (  I  ly lng over v .
1 -  

' T

Suppose- f  s  I ( t t ( - ,  g  e  K ' : i .  Then

(N ic  t  /6 ( f  ) ,  g )  v  
=  

t {  N} ,c (v i )  
/u (v ) (  

f  ,  B )  v . ,  where  N  deno tes  the

norm mapping.

Product Formulal

r f  K  =  k(c) ,  and f ,g  e  I i " - ,  then IT  ( f ,g )_ ,  =  1 .
P eC 'b/

( Pnoof :  This f  ol lows eas i ly frorn the above f ormul-a. One

checks the f  or tnula d i rect ly  f  o l  the pro ject ive l ine,  and then

applies the Main Formula to the nlap g! C

k(Rt )  c  k (c ) . )

One de f ines  a r rg loba l  s lnnbo l t ro r  pa i r ing  o f  the  ide le

gf oup as f olIows:

r f  c ,ger ,  thenq.arF)=# Nx(  p) /Lt (on,gn) .  (Tho

factors are a lmost  a l l  1) .  By ( [ )  above u c r  is  sel f  -

orthogonal, so from the wonderful square we got a paining

UxD

so we also have a pair ing Ki i-  x C,
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Final ly  we noto the fo l lowing expl ic i t  consequence of

the pr-oduct formula:

Suppose that  d = :  , iP i  is  any d iv lsor

f  (d )  -  
. f  

*o (pa  )  /u t ( r t )  
v i .  Then  i f  f  and  g

Let  Y bo a reduced noethenian scheme. Let  f  :  [ * ;  Y

be a pro ject ive roorphism, f 14.t,  with f  ibres pure of dimension

one and froo of enrbedded conponents.

(o .g .  X  =  C ,  Y  =  Spec  k  as  in  p rev ious  sec t ions . )

Assumo that f  *9i 
= try universal ly, ol3 equivalently ( since

X
J ^)t

Ir,Ie work in the categony on )i def ined by the Zariski

topology on X x yl where Yt ----r> Y is any covorj.ng of finite
g

tyBg with y I  f ' ,egaqeQ . Alternatively, an ttopen s et fr  of X is

a pai r  (  Yl  rU I  )  ,  where Yt

and gt ls Zasiski-open in ; t  = ) i  x Yl,  i r ' Ie consider functors
Y

on this category which are sheaves for some appropriate

topotogy ( dtaf e or smooth, say . Theso two are in f  act

equivalent) .

Def in i t ion !  The (  d ta fe )  sheaf  o f : re lat ive rat ional  funct ions

w is  g iven by Rt iut )  = te le

on X.  Ue de f ine

have d is  jo in t

\  ! . r 5 . g r q ' .  ; , t  i  f r r . ; ; 1 1

\ r
Y 'e 

Y ', ,**, ' i*.. '-. '( .

W .-  t ,  , , . .  7-  ; .  t  r t l ' .  ,

f t  p r r i , . 1  I  t , \

i 
": 

^ .,. ,n 
',,

L 7 ' ; . r r .  t f , , , v ,  y  ' , ,

t  1 '  a -  A  
'  

Z  i ,  l 1 r ; j t

I ' i r * . r *

5It zr" v *,. [r. 
"-

i l*r'Y*: rf,1 
1 I t1

on

X t ;  and there is  an open subsot

and V n Ur--  is  dense in t l t - ,  foryv

a natlonal function on

Ur  such that  g  e  Gm(V)

y  e  Yf  l .

t s

vg
all
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Suppose  x  e  X ,  so  tha t  f  ( x )  i s  i t s  i r nage  i n  Y .

Suppose  P_  D  D  a re  the  gener i c  po in t s  o f  t he  componen ts
J - t ,  ? t . . .  

t L - t

of  the  f  ib re  Xr  ( * )  i , rh ic i r  pas  s  th rough x .  Then the  s ta lk  o f
-\,- rr. T -:,-

R" at  x  (  for  the Zar isk i  topology)  is  R;  = iE,  6t ,p i  .

Rough ly  speak ing ,  R- l i  1s  the  sheaf  o f  func t ions  on  X

whose div isors contain no components of  f ibres of  the map

f :  X

fn  o the r  words ,  t he

d iv i so r  o f  a  func t i on

; i
g  o  R"  shou ld  be  t t ho r l zon ta l r l

De f i n i t i on :  The  shea f  D  o f
v

hor izon ta l  Car t ie r  d iv isors  o f

=  p iS$/y ) ,  the  ' r re la t i ve  p icard

\r
./!

Y

d i v i so r
o fg

,t

Xl \  is  def ined as the cokerne l  o f  G*
-t'-

sequence  0

Propos, i t ion :  The fo l lo r , r ing sequence o f  e i ' ta le  sheaves on Y

is exact: ' "'l'* 4't=t y '' lr<"-',,/*o "-'*'oiil' )
' rQo  I  r , -

0
*,+

By def  in i t ion,  R t  t . ,Gmx

f unc to r .  l l

iJe def ine the cornplex P'  = {0 *>p o -> P I

P'  = t0

ob ject  of  the der j -ved 
"" regot- , ) r  

of  the category of  abel ian

Sta te  sheaves  on  Y.  (See l la r tshorne t3J  ,  Chapter  I )  .  Le t

f r t_*-%, denote the obiect  of  the der ived category got ten by

truncating Rf ,,.% above d inens ion 1 . Then ( almos t by

def inition ) we h ave P 
' : frr -,.9"- .

t t t
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Def ini t ion ! f f  x is a point of l l  r ,  the loca1 ry19-Ulve i{e_}_e

.sr,93P, ].s

r" = njr/( r+ *")

hle have an exact  sequence for  every x2

o -> k(x;  i3  *> r - --xx

where  D- -  i s  the  s ta lk  a t  x  o f  the  sheaf  o f  re la t i ve  Car t ie rx

d iv i so rs .

De f in i t i on :  T i re  shea f  o f  re la t i ve  un i t  i de les  i s  de f ined

by  U(V)  =  I1  k (x ) - ; t  fo r  every  open  se t  v  c  x t .
xeV

Note that u ( v) c i ]  r- ,  .  l r te arso have n rf( 
v) c f l  r--.

" -gv  
x  \ - '  - *gv  ) r

Def iq i t ioq :  ?he sheaf  U o f  re la t i ve  ide les  is  the  subsheaf
J>

t l

of  l l  f_  generated by R "  and IJ .
x '/\

As in Sect ion 3 we have a cornmutat ive square ( th is  t ime,

of  sheave"/X )  , i

Y *- e-z t----i-4 .

i^rhere al l  ro l . rs and columns are exact and t- ,  is by d ef  ln i t ion

the  shea f  o f  re la t i ve ,  i de le  g las ,sgs  on  -W,

l ,e lmg3 U is  acyc l ic  for  fz  X

G*,m

0

l r l e  de f i ne  the  con ip lex  U '=  {0  ->  Uo
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to be t0

U. '  =  f r r . .c* r  so t l la t  U '  :  P '  in  the der ived category of  sheaves- l i  m-

on Y,

Some Auxil=iaqv ,F.4eavqs. .on ,Y.

Consj .den the sequence

0 m

Go =  shea f  o f  un i t  i de les ,  Go(y t  )  =  fT  k (y r  1 - ) i  ,  and  g r
yeY t

=  sheaf  o f  ide le  c lasses  wh ich  is  by-de f in i t ion  6o /G^,

Def ine f - ,J*  = f .  He want  to def ine a pai r ing I  x  I  -> Go-rr' A

as fo l lows:  Suppose arpe l .  I t  w i l l  su f f i ce  to  res t r i c t  o rF

to each f iber: X-. and def ine a pair ing there. lr l r i te
+tr

\  
= 

,4_ 
uiCl (as a cycle on X) ,  where C_. is an i .r"reducible

-  l = L  
L  L  I

curve. Horo v, denotes tho length of the local r inE Oj.
" .)(,, ^

J r - 4

(- .  :  r r , . . - r . ' . , "1,  t - .  t , r  r

- .  of X_ at the gen€ric point c_. of C,. There is a pair lng, \  \ . .  4 , , . 1  .  y  -  -  1  L

. . - , r f  r . , , ,  r - , . r r . , t  <.  ,  > i  on C- by the previous r , rork on curves. We def ine

t  , , f t  L-  ( . n
<o,  F

'  1 = 1

where now d, i  is  the restr ic t ion of  o to c i .  l . Ie  g lue these

local palr. ing together to get a sheaf map f x f

Since the Iocal  uni t  ideles and rat ional  funct ions are sol f -

o r thogona l  ( see  Sec t ion  3 ) ,  f  x  f

uo  x  g t

g l  x  P o  -  r )  G o .

Thes e pairings give a cornn',utative d iagram

s.9
l r / ' tT j ,
g t
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Define a bicomplex bySome notat ion:

(Note the s ign change in P

Le t  Hom' (  p ' ,  G '  1 )  be  the

bicomplex looXs l ike

and the d imension shi f t  in  G.  )

associated tota l  complex.  The

I logp"Ql  r '  r  G '  1)  =  H.q to  (  p-pr  GQ- 
t )

o o  (Po ,Go)  (po ,Gt )

-1  o  (p t rco )  (p r rc t )

and the associated tota l  complex is

Hogo(P ' rG" )  -  Hog  l r t r co l

H .omt (p ' rG" )  =  ggg  (porGo)  e  g% (p t rGt )

(We negtect  HoSP, )  The boundary openator  is

d  =  Egg (dp . rGo)  o  Ho_$ (P t ,dG.  )  where  un .  and dG.  a re  boundary

operators f  or" P' and G' .  ble have already def ined rnaps

uo

u'
gr  I  >  49*  (P t rGt )  and a  commuta t ive  d iagram

-- t ' ! l*  t ,  r .o, d. ) U.o

r , ,  +  I  |  - .  \  Hom(p t^d  ' l
V  V  

Hom(P l 'dG 'J
', ,ui- r-!-:. 

' 

"" 
(" i

gt  Q->  Hom(p t rGt )

Suppose for" a moment that we have constructed the

r-equired map., so that we have a map of complexes

u'

t l om ' (P ' rG" )  -  ' - )  n  Ho*  (P ' rG '1 )  ( in  the  der i ved  ca tegorx ) ,

rY..,^.p i; 
'

I

i",

!t n-.t ,r

f i V ' t  o r

r - h
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we have

u '  :  Rf , , -Grr,  p 'x Rrr,grr ,  ar:d g 'r '  :  G*1={0 ->0 
r tcro

(a l l  comp lexes  t runca ted  a t  d imens ion  two) .  The re fone :

(r )
Theorem.  There ex is ts  a  map

Rf *9*
dimension two. fn part icular,  there exists a map

Pic (x/y)

dual i ty  for  a  eurve i f  Y  =  Spec k .

Remelkp_l 1. The truncations at dimension two are possibly

superf luous . fn any case, Rf ,$* is probably acycl ic in

d imen s ion

2.  The t t in  par t icu larr r  par t  of  the theorem

fol lows in t r^ro steps.  F i rs t  the rnap in the der ived category

gives the map

I-is 6/\)
in  der ived category theory.  Then in the case Y = Spec k

th is  map o f  ( representab le )  func tors  g ives  a  rnap o f  schemes

A

the one in  Seet ion  1 ,  i t  su f f i ces  to  check  th is  on  to rs j .on

points of  A,  and th is  can be done using known expl ic i t

fo rmu las  o f  l t re i I  ( c f  .  i de i l  l f f  1 ,  Lang  [5 ] ) .

3. The map Pic X/\ -> EIL! 
t  need not be an

isomorphi .sm, even on the connected component  of  Pic,  when

the f ibres of ) i /y are singular. However, w€ wil l  see an

important  case in the next  sect ion i ' rhere i t  is  an

j.s omorph ism,
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Fina1ly, we skotch the constnuction of tho map

ut

or  (  ide le  c lasses  on  X)  x  (d iv isors  on  X)

on  Y) .

suppose g,  is  an idole on xr_ d a d iv isor  on x.  suppose

xd,  and suppose g is  a 1ocal  equat ion f  or  d at  x .  r f  g is

regula:r at x, define

, t * ta)  =  d imu(x) (**J6) ,  r^ rhere y  = f (x)  ,  
"y  

is  the f ibre,

and A is  the rest r i6 t ion of  g  to  Xy.

suppose s,  is a uni t  idere at x,  thqt is,  c*ek( x) 
-" '  

.

Then set

cr (d)x  = Nr(  x)  /k /v)  % 
I 'x (d)

and

(d) . ,= n a(d)- -  ex(y)  t i'  'Y  
f1  x )=y  

-x

when these de f in i t ions  are  poss ib le .

i i fe  have now def ined a map, (ord)  - ; '  o(d)  under.  cel l ta in

special eondit ion on s, and d. This map can actual ly be

extended to give the desired pair" ing g t x p l

is  g iven an idele cJ-ass a and a d iv isotr  d,  one can chooso a

good idele nepresentative q" and map ( 6, d ) -> image of

o( d ) in G t .  i . fe omit the detai ls .

5.  Apql icgt ions .

Supposo y ls a reglt lar one-dimensional scheme , X is a

regular bv'ro dimensional scheme and f: f,-; Y has one

dimensional f ibers. We also assume that the generic f ibre
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is  a hoh-stng;1ar.  curve wi th rat ional  point .  The basic

exarnple is gotten as f ol lows (I(oclaira f l+l ,  Lichtenbaum [ 6] ,

Nenon  [B ] ) :

Let  C be a complete noh-s ingular  curve ovor the f ie ld K,

and ]-et K = k(Y) be an algebnaic function f ield in one

var iable wl th constant  f  ie ld k.  Let  X be a minimal  nof i -

s ingu la r  mode l  fo r  the  f ie ld  K(C)  over  k .  Then X is  a

sur face  and the  f ie ld  j .nc lus ion  K c  K(C)  lnduces  a  p ro jec t ion

f :  X

and at  a point  y  e Y whero C has t rgood neduct iontr  the f iben

X--  is  jus t  the redu ced curve .  I f  C has bad nedu ct ion at
v - :

Xl ,  t he  *y  can  be  an  e labo ra te  conca tena t i on  o f  r "a t l ona l

cltrve s .

Let f  :  / ' , -2 Y be any morphism sat is fy ing the condit lons

above,  and le t  C be the gener ic  f  j .ber .  Let  A be the Jacobian

of  C .  Then there ex is  ts  a  canonica l  t tbes t r r  group s  cheme

N(A ) -1 Y (  the Nenon mi.nimal ,  modol)  .  The f  ol lowing pro-

pos i t ion  descr lbes  P ie  (X /Y)  .

3g9pgi1!9g1 Let Picotxlu) = tthose j.nvertible sheaves

which have dogree 0 on the genenic f  iber" ]  so that

Pic (X/ Y) = Pic o (V Y) o 7L Then the:re is a sequence of group

functor:s ( and of group schemes /y i f  the residue f ields are

separate ly c losed) O

A is  concentrated on the f ibers of  X over degenerate points

of  Xr  and i f  a  f in i to ly  generated group at  each of  thoso.

The general auto-duali ty theo:rem gives a map

e! Pic o 1x/v)
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g is  an isomorphism for  sheaves in the smoo th

topology over Y.

The proof  u€os expl lc i t  doscr" ipt ions of  Yoneda oxtor?-

sions and expl ici t  formulas for painlngs.

Open Qqest io4s:  Show that  in  a sui table context

Ex tq (P ieo(x /y ) ,G* )  =  o  (q

(q

As a f inal  appl icat ion lot  0 be the r ing of  in togers

of an algobraic numbe:r field K, and let Y = Spec I, Let C

be a curve of genu s g

rat ional over I( .  Then there exis ts a oorl-s ingular proper

model  f  o: :  C .  That  is ,  there is  a 2-d imonsional  regular

scheme X and a proper morphism f: X

f iben. Fl lr ther"mone X ls uniquely d etenmined i f  there are no

ttexceptional cu:3vos " on X ( t ichtenbaum t6] ) .

Class f ie ld theory can be interpreted as the statement

tha t  Y  is  a  r rcohomolog ica l  
l -man i fo ld r r .  (See Ar t in -Verd ie r

[  1]  ,  or  Mazur t  7 l  )  .  Thenef  ore 
'X 

should be a r rcohomological

5-mantfoLd.rr  Using the autodual i ty ,  one obta ins

Theore4 (Artin-it{azur) : Le t p = rr- th :roo ts o f uni.ty, lvith

(Zrn) - 1 or -K total ly imaginary. Then there is a pair ing

HP(x, p) x Hf '?(x,  pu)

duali ty, where the cohomology is taken uri th respect to tho f lat

topologies on X and Y.

| . . t . - t . -L  .  c f \1

l--,1.*.^_-. r,- .

{-r t'i ,^ I r ' r - l '
I T

t l
t ,

f t  '  :+L- ,  . '

, ! 
t i.r,f .l -_ ;,

i , l
'fo* -'* 

f-<- 
t- i '- 4t !

",'A- 
,n, f rtLt-u

\

n r

,fa r, \ ix f'u,
*-----71 y ,  ' i r ,^)  ' r :

n { a
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