50 CHAPTER I. ABELIAN VARIETIES: GEOMETRY

PROOF (OF THEOREM [10.15)) Lemma|[I0.16|shows that the map
74 ® Hom(A, B)— Hom(T; A, T; B) &)

has torsion-free cokernel.
We next show that it is injective in the case that A is simple and B = A. The elements
of Zy ® End(A) are finite sums

Zci ®a;, ci€”Zy, a;<End(A),

and so it suffices to show that the map Z; ® M — End(TyA) is injective for any finitely
generated submodule M of End(A). Let eq,...,ey be a basis for M; we have to show
that Ty(e1), ..., Ty(em) are linearly independent over Z; in End(7y A). Let P be the poly-
nomial function on End®(4) such that P(«) = deg(x) for all @ € End(A4). Because A
is simple, every nonzero endomorphism ¢« of A is an isogeny, and so P(«) is an integer
> (0. The map P: QM — Q is continuous for the real topology because it is a polynomial
function, and so U = {v|P(v) < 1} is an open neighbourhood of 0. As

(QM NEnd(4)) NU C End(4) N U = 0,

we see that QM NEnd(A) is discrete in QM , and therefore is a finitely generated Z-module

(ANT 4.15). Hence there is a common denominator for the elements of QM N End(A):
(*) there exists an integer N such that N(QM N End(A)) C M.

Suppose that Ty(e1), ..., T¢(em) are linearly dependent, so that there exist a; € Zy, not all

zero, such that ) a; Ty(e;) = 0. For any n € N, there exist n; € Z such that £"|(a; — n;)

inZ foralli. Then )_ n; Ty(e;) is divisible by £ in End(7; A), and so Y _ n;e; is divisible

by ¢ in End(A4) (by[10.16). Hence N (3" nje; /¢") € N(QM N End(4)).

When 7 is sufficiently large, |n;|¢ = |a;i|¢ and |Na;|g > 1/£" for some i with a; # 0.
Then |Nn; /0", = |Nailg - €" > 1, and so Nn; /€" ¢ Z. Therefore N (D_nje; /€") does
not lie in M, which contradicts (*). This completes the proof that () is injective when
A = B is simple.

For arbitrary A, B choose isogenies [ [; A; — Aand B — [] ; Bj with the 4; and B
simple. Then

Hom(A4, B) — ]‘[i,j Hom(A4;, B;)

is injective. As Hom(4;, B;) = 0if A; and B; are not isogenous, and Hom(4;, B;) —
End(A;) if there exists an isogeny B; — A;, the natural map

([T, , Hom(4:. B))) ® Z¢ — [ ], Hom(T¢4:. T¢B))

is injective. It follows that (@) is injective for A and B. O



