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ABELIAN VARIETIES 1

INTRODUCTION

The easiest way to understand abelian varieties is as higher-dimensional analogues
of elliptic curves. Thus we first look at the various definitions of an elliptic curve.

Fix a ground field k& which, for simplicity, we take to be algebraically closed.
0.1. An elliptic curve is the projective curve given by an equation of the form
Y27 =X+ aXZ+b2° AL 4aP +270° £ 0. (%)
(char # 2, 3).

0.2. An elliptic curve is a nonsingular projective curve of genus one together with
a distinguished point.

0.3. An elliptic curve is a nonsingular projective curve together with a group
structure defined by regular maps.

0.4. (k= C) An elliptic curve is complex manifold of the form C/A where A is a
lattice in C.

We briefly sketch the equivalence of these definitions (see also my notes on Elliptic
Curves, especially §85,10).

(0.1) =(0.2). The condition A # 0 implies that the curve is nonsingular; take
the distinguished point to be (0:1:0).
(0.2) =(0.1). Let oo be the distinguished point on the curve E of genus 1. The
Riemann-Roch theorem says that
dim L(D) = deg(D) + 1 — g = deg(D)
where
L(D)={fek(E)| div(f)+ D > 0}.

On taking D = 200 and D = 300 successively, we find that there is a rational function
x on F with a pole of exact order 2 at oo and no other poles, and a rational function
y on F with a pole of exact order 3 at oo and no other poles. The map

P (z(P):y(P):1),00+ (0:1:0)
defines an embedding
E — P2
On applying the Riemann-Roch theorem to 6oo, we find that there is relation (*)

between x and y, and therefore the image is a curve defined by an equation (*).

(0.1,2) =(0.3): Let Div"(E) be the group of divisors of degree zero on FE, and let
Pic®(E) be its quotient by the group of principal divisors; thus Pic’(E) is the group
of divisor classes of degree zero on E. The Riemann-Roch theorem shows that the
map

P+ [P] — [o0]: E(k) — Pic®(E)
is a bijection, from which F(k) acquires a canonical group structure. It agrees with

the structure defined by chords and tangents, and hence is defined by polynomials,
i.e., it is defined by regular maps.
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(0.3) =>(0.2): We have to show that the existence of the group structure implies
that the genus is 1. Our first argument applies only in the case k = C. The Lefschetz
trace formula states that, for a compact oriented manifold X and a continuous map
a: X — X with only finitely many fixed points, each of multiplicity 1,

number of fixed points = Tr(a|H*(X,Z)) — Tr(a|H (X, Z)) + - -

If X has a group structure, then, for any nonzero point a € X, the translation map
t,: x — x + a has no fixed points, and so

Tr(t,) £ S(=1)' Tr(t,|H (X, Q)) = 0.

The map a +— Tr(t,): X — Z is continuous, and so Tr(¢,) = 0 also for a = 0. But ¢,
is the identity map, and

Tr(id) = > (—1)" dim H*(X,Q) = x(X) (Euler-Poincaré characteristic).

Since the Euler-Poincaré characteristic of a complete nonsingular curve of genus g is
2 —2g, we see that if X has a group structure then g = 1. [The same argument works
over any field if one replaces singular cohomology with étale cohomology.]

We now give an argument that works over any field. If V' is an algebraic variety
with a group structure, then the sheaf of differentials is free. For a curve, this means
that the canonical divisor class has degree zero. But this class has degree 2¢g — 2, and
so again we see that g = 1.

(0.4) =(0.2). The Weierstrass p-function and its derivative define an embedding
2 (p(2) 1 ¢'(2) 1 1) : C/A — P2,

whose image is a nonsingular projective curve of genus 1 (in fact, with equation of
the form (*)).

(0.2) =(0.4). This follows from topology.

Abelian varieties. Definition (0.1) simply doesn’t generalize — there is no simple
description of the equations defining an abelian variety of dimension! ¢ > 1. In
general, it is not possible to write down explicit equations for an abelian variety of
dimension > 1, and if one could, they would be too complicated to be of use.

I don’t know whether (0.2) generalizes. Abelian surfaces are the only minimal
surfaces with the Betti numbers

1,4,6,4,1

IThe case g = 2 is something of an exception to this statement. Every abelian variety of dimension
2 is the Jacobian variety (see below) of a curve of genus 2, and every curve of genus 2 has an equation
of the form

Y274 = o XS+ 1 X°Z 4+ -+ fs Z5.

Flynn (Math. Proc. Camb. Phil. Soc. 107, 425-441) has found the equations of the Jacobian
variety of such a curve in characteristic # 2,3,5 — they form a set 72 homogeneous equations of
degree 2 in 16 variables (they take 6 pages to write out). See: Cassels, JW.S., and Flynn, E.V.,
Prolegomena to a Middlebrow Arithmetic of Curves of Genus 2, Cambridge, 1996.
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and canonical class linearly equivalent to zero. In general an abelian variety of di-
mension g has Betti numbers

L(%)Ww(%)WWL
1 r

Definition (0.3) does generalize: we can define an abelian variety to be a nonsingular
connected projective? variety with a group structure defined by regular maps.

Definition (0.4) does generalize, but with a caution. If A is an abelian variety over
C, then

A(C) ~ C9/A

for some lattice A in CY (isomorphism simultaneously of complex manifolds and of
groups). However, when g > 1, for not all lattices A does C?/A arise from an abelian
variety. In fact, in general the transcendence degree over C of the field of meromorphic
functions CY9/A is < g, with equality holding if and only if C9/A is an algebraic (hence
abelian) variety. There is a very pleasant criterion on A for when C9/A is algebraic

(§2).

Abelian varieties and elliptic curves. As we noted, if F is an elliptic curve over
an algebraically closed field &, then there is a canonical isomorphism

P [P] —[0]: E(k) — Pic®(E).

This statement has two generalizations.

(A). Let C be a curve and choose a point @) € C(k); then there is an abelian variety
J, called the Jacobian variety of C, canonically attached to C', and a regular map
¢ : C'— J such that ¢(Q) = 0 and

Y P X n; o(P): Div®(C) — J(k)

induces an isomorphism Pic’(C) — J(k). The dimension of J is the genus of C.

(B). Let A be an abelian variety. Then there is a “dual abelian variety” A" such
that Pic’(A) = AY(k) and Pic°(AY) = A(k) (we shall define Pic® in this context
later). In the case of an elliptic curve, EY = E. In general, A and A" are isogenous,
but they are not equal (and usually not even isomorphic).

Appropriately interpreted, most of the statements in Silverman’s books on elliptic
curves hold for abelian varieties, but because we don’t have equations, the proofs are
more abstract. In fact, every (reasonable) statement about elliptic curves should have
a generalization that applies to all abelian varieties. However, for some, for example,
the Taniyama conjecture, the correct generalization is difficult to state®. To pass from
a statement about elliptic curves to one about abelian varieties, replace 1 by g (the
dimension of A), and half the copies of E by A and half by AY. T give some examples.

2For historical reasons, we define them to be complete varieties rather than projective varieties,
but they turn out to be projective anyway.

3Blasius has pointed out that, by looking at infinity types, one can see that the obvious general-
ization of the Taniyama conjecture, that every abelian variety over Q is a quotient of an Albanese
variety of a Shimura variety, can’t be true.
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Let E be an elliptic curve over an algebraically closed field k. For any integer n
not divisible by the characteristic the set of n-torsion points on F

E(k)n ~ (Z/nL)?,
and there is a canonical nondegenerate pairing
E(k)n x E(k)n — pn(k) (Weil pairing).

Let A be an abelian variety of dimension g over an algebraically closed field k. For
any integer n not divisible by the characteristic,

A(k)n ~ (Z/nZ)*,
and there is a canonical nondegenerate pairing

A(K)p x AY (k) — pn(k) (Weil pairing).

Let E be an elliptic curve over a number field k. Then E(k) is finitely generated
(Mordell-Weil theorem), and there is a canonical height pairing

E(k) x E(k) > Z

which becomes nondegenerate when tensored with Q. Let A be an abelian variety
over a number field k. Then A(k) is finitely generated (Mordell-Weil theorem), and
there is a canonical height pairing

A(k) x AY(k) — Z

which becomes nondegenerate when tensored with Q.

For an elliptic curve E over a number field k, the conjecture of Birch and
Swinnerton-Dyer states that
[T'S(E)][Disc]

[E(k)tors]?
where * is a minor term, T'S(E) is the Tate-Shafarevich group of E., Disc is the
discriminant of the height pairing, and r is the rank of F(k). For an abelian variety
A, the Tate generalized the conjecture to the statement

[7°'S(A)]|Disc]
[ACE) tors [AY (F) tors]
We have L(A,s) = L(AY,s), and Tate proved that [T'S(A)] = [T'S(AY)] (in fact the

two groups, if finite, are canonically dual), and so the formula is invariant under the
interchange of A and AY.

L(E,s) ~ % (s—1)"as s —1,

L(A,s) ~ %

(s—1)"asr— 1.

REMARK 0.5. We noted above that the Betti number of an abelian variety of
dimension g are 1, (fg), (39), .y (39), ..., 1. Therefore the Lefschetz trace formula implies
that (—1)""1(%) = 0. Of course, this can also be proved by using the binomial

theorem to expand (1 — 1)9.

EXERCISE 0.6. Assume A(k) and AY(k) are finitely generated, of rank r say, and
that the height pairing

(,): A(k) x AY(k) - Z
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is nondegenerate when tensored with Q. Let ey, ..., e, be elements of A(k) that are
linearly independent over Z, and let fi, ..., f, be similar elements of A" (k); show that

| det({es, f5))]
(A(k) : SZe;) (A (k) : SZ.f;)

is independent of the choice of the e; and f;. [This is an exercise in linear algebra.]

The first part of these notes covers the basic theory of abelian varieties over arbi-
trary fields, and the second part is an introduction to Faltings’s proof of Mordell’s
Conjecture.

Some Notations. Our conventions concerning varieties are the same as those in my
notes on Algebraic Geometry, which is the basic reference for these notes. For exam-
ple, an affine algebra over a field k is a finitely generated k-algebra A such that A®;k*
has no nonzero nilpotents for one (hence every) algebraic closure &% of k. With such
a k-algebra, we associate a ring space Specm(A) (topological space endowed with a
sheaf of k-algebras) and an affine variety over k is a ringed space isomorphic to one of
this form. A variety over k is a ringed space (V, Oy) admitting a finite open covering
V' = UU; such that (U;, Oy |U;) is an affine variety for each ¢ and which satisfies the
separation axiom. If V' is a variety over k and K D k, then V(K) is the set of points
of V' with coordinates in K and Vi or V)k is the variety over K obtained from V' by
extension of scalars. Occasionally, we also use schemes.

We often describe regular maps by their actions on points. Recall that a regular
map ¢: V — W of k-varieties is determined by the map of points V (k*) — W (k)
that it defines. Moreover, to give a regular map V' — W is the same as to give maps
V(R) — W(R), for R running over the affine k-algebras, that are functorial in R (AG
3.29 and AG p135).

Throughout, k is an arbitrary field. The symbol k*P denotes a separable closure
of k, i.e., a field algebraic over k such that every separable polynomial in k[X] has a
root in AP, For a vector space N over a field k, NV denotes the dual vector space
Homy (N, k).

We use the following notations:

X and Y are isomorphic;
X and Y are canonically isomorphic (or there is a given or unique isomorphism);

X is defined to be Y, or equals Y by definition;
X is a subset of Y (not necessarily proper).

SRS
N & 1R &
<R

References. Lang, S., Abelian Varieties, Interscience, 19509.
Lange, H., and Birkenhake, Ch., Complex Abelian Varieties, Springer, 1992.

Milne, J.S., Abelian varieties, in Arithmetic Geometry (ed. Cornell, G., and Sil-
verman) ppl03-150 (cited as AV).

Milne, J.S., Jacobian varieties, ibid., pp167-212 (cited as JV).
Mumford, D., Abelian Varieties, Oxford, 1970.

Murty, V. Kumar, Introduction to Abelian Varieties, CRM, 1993.
Serre: Lectures on the Mordell-Weil theorem, Vieweg, 1989.
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Silverman, J., The Arithmetic of Elliptic Curves, Springer, 1986.

Silverman, J., Advanced Topics in the Arithmetic of Elliptic Curves, Springer,
1994.

Weil, A., Sur les Courbes Algébriques et les Variétés qui s’en Déduisent, Hermann,
1948.

Weil, A., Variétés Abéliennes et Courbes Algébriques, Hermann, 1948.

Mumford’s book is the only modern account of the subject, but as an introduction
it is rather difficult. It treats only abelian varieties over algebraically closed fields;
in particular, it does not cover the arithmetic of abelian varieties. Weil’s books
contain the original account of abelian varieties over fields other than C. Serre’s notes
give an excellent treatment of some of the arithmetic of abelian varieties (heights,
Mordell-Weil theorem, work on Mordell’s conjecture before Faltings — the original
title “Autour du théoreme de Mordell-Weil is more accurate than the English title.).
Murty’s notes concentrate on the analytic theory of abelian varieties over C except
for the final 18 pages. The book by Lange and Birkenhake is a very thorough and
complete treatment of the theory of abelian varieties over C.

Whenever possible, use my other course notes as references (because they are freely
available to everyone).

GT: Group Theory (Math 594).

FT: Field and Galois Theory (Math 594).

AG: Algebraic Geometry (Math 631).

ANT: Algebraic Number Theory (Math 676).

MF': Modular Functions and Modular Forms (Math 678).
EC: Elliptic Curves (Math 679).

LEC: Lectures on Etale Cohomology (Math 732).

CFT: Class Field Theory (Math 776).
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Part I: Basic Theory of Abelian Varieties

1. DEFINITIONS; BASIC PROPERTIES.

A group variety over k is a variety V together with regular maps
m:V xp V. — V (multiplication)
inv: V..— V  (inverse)
and an element e € V (k) such that the structure on V(k*!) defined by m and inv is
a group with identity element e.
Such a quadruple (V,m,inv, e) is a group in the category of varieties over k. This

means that

¢ Y9 av,a s a oYY axe "G

are both the identity map (so e is the identity element), the maps
id X inv
G—2>Gx, G2 0x.G2>a

inv x id

are both equal to the composite
G — Specmk = G

(so inv is the map taking an element to its inverse) and the following diagram com-
mutes (associativity)

GxpGxpG 2 G x, G
Imx1 lm
GxpG i G.
To prove that the diagrams commute, recall that the set where two morphisms of
varieties disagree is open (because the target variety is separated, AG 3.8), and if
it is nonempty the Nullenstellensatz (AG 1.6) shows that it will have a point with
coordinates in k.
It follows that for every k-algebra R, V(R) acquires a group structure, and these
group structures depend functorially on R (AG p76).
Let V be a group variety over k. For a point a of V with coordinates in k, we
define t,: V' — V (right translation by a) to be the composite

V - VxV B W
x — (r,a) +— za
Thus, on points ¢, is  + xa. It is an isomorphism V' — V' with inverse tiny(q)-

A group variety is automatically nonsingular: as does any variety, it contains a
nonempty nonsingular open subvariety U (AG 4.21), and the translates of U cover
V.

By definition, only one irreducible component of a variety can pass through a non-
singular point of the variety (AG p63). Thus a connected group scheme is irreducible.

A connected group variety is geometrically connected, i.e., remains connected when
we extend scalars to the algebraic closure. To see this, we have to show that k is



8 J.S. MILNE

algebraically closed in k(V) (AG 9.2). Let U be any open affine neighbourhood of
e, and let A =T'(U,Oy). Then A is a k-algebra with field of fractions k£(V'), and e
is a homomorphism A — k. If k were not algebraically closed in k(V'), then there
would be a field ¥ D k, k' # k, contained in A. But for such a field, there is no
homomorphism k" — k, and a fortiori, no homomorphism A — k.

A complete connected group variety is called an abelian variety. As we shall see,
they are projective, and (fortunately) commutative. Their group laws will be written
additively. Thus ¢, is now x — x + a and e is usually denoted 0.

Rigidity. The paucity of maps between projective varieties has some interesting
consequences.

THEOREM 1.1 (Rigidity Theorem). Consider a reqular map a: V- x W — U, and
assume that V is complete and that V x W is geometrically irreducible. If there are
points ug € U(k), vo € V(k), and wy € W (k) such that

a(V x{wo}) = {uo} = a({vo} x W)
then a(V x W) = {ug}.

In other words, if the two “coordinate axes” collapse to a point, then this forces
the whole space to collapse to the point.

PROOF. Since the hypotheses continue to hold after extending scalars from & to k%,
we can assume k is algebraically closed. Note that V' is connected, because otherwise
V X, W wouldn’t be connected, much less irreducible.

We need to use the following facts:

(i) If V is complete, then the projection map ¢: V x, W — W is closed (this is
the definition of being complete AG 5.25).

(ii) If V' is complete and connected, and ¢: V' — U is a regular map from V into
an affine variety, then ¢(V') = {point} (AG 5.28).

Let Uy be an open affine neighbourhood of wy. Because of (i), Z 4 q(a (U - Ty))
is closed in W. By definition, Z consists of the second coordinates of points of V' x W
not mapping into Uy. Thus a point w of W lies outside Z if and only a(V x {w}) C U.
In particular wy lies outside Z, and so W — Z is nonempty. As V x {w}(= V) is
complete and Uy is affine, a(V x {w}) must be a point whenever w € W — Z: in fact,
a(V x {w}) = a(vg,w) = {ug}. Thus « is constant on the subset V x (W — Z) of
VXxW. AsV x (W — Z) is nonempty and open in V x W and V x W is irreducible,
V x (W —Z) is dense V- x W. As U is separated, a must agree with the constant
map on the whole of V' x W. O

COROLLARY 1.2. FEwvery reqular map o: A — B of abelian varieties is the compos-
ite of a homomorphism with a translation.

PROOF. The regular map « will send the k-rational point 0 of A to a k-rational
point b of B. After composing o with translation by —b, we may assume that «(0) = 0.
Consider the map

p:AxA — B,
pla,d’) = ala+d)—ala)—ald).
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By this we mean that ¢ is the difference of the two regular maps

Ax A-ls A
\LO&XO& \LO&
B x B> B,

which is a regular map. Then p(A x 0) =0 = ¢(0 x A) and so ¢ = 0. This means
that a is a homomorphism. O

REMARK 1.3. The corollary shows that the group structure on an abelian variety
is uniquely determined by the choice of a zero element (as in the case of an elliptic
curve).

COROLLARY 1.4. The group law on an abelian variety is commutative.

Proor. Commutative groups are distinguished among all groups by the fact that
the map taking an element to its inverse is a homomorphism. Since the negative map,
a— —a, A — A, takes the zero element to itself, the preceding corollary shows that
it is a homomorphism. O

COROLLARY 1.5. Let V' and W be complete varieties over k with k-rational points
vy and wg, and let A be an abelian variety. Then a morphism h: V x W — A such
that h(vo, wo) = 0 can be written uniquely as h = fop+ goq with f: V — A and
g: W — A morphisms such that f(vg) =0 and g(wp) = 0.

PROOF. Set
f=nhlV x{we}, g=h[{ve} xW,
and identify V x {wo} and {vo} x W with V and W. On points, f(v) = h(v,wp) and
g(w) = h(vy,w), and so k ap - (f op+ goq) is the map that sends
(v,w) — h(v,w) — h(v,wy) — h(vy, w).
Thus
E(V x {wo}) =0 =k({ve} x W)

and so the theorem shows that k£ = 0. O

2. ABELIAN VARIETIES OVER THE COMPLEX NUMBERS.

Let A be an abelian variety over C, and assume that A is projective (this will be
proved in §6). Then A(C) inherits a complex structure as a submanifold of P"(C)
(see AG §13). It is a complex manifold (because A is nonsingular), compact (because
it is closed in the compact space P"(C)), connected (because it is for the Zariski
topology), and has a commutative group structure. It turns out that these facts are
sufficient to allow us to give an elementary description of A(C.)
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A(C) is a complex torus. Let G be a differentiable manifold with a group structure
defined by differentiable maps (i.e., a real Lie group). A one-parameter subgroup of
G is a differentiable homomorphism ¢: R — G. In elementary differential geometry
one proves that for every tangent vector v to G at e, there is a unique one-parameter
subgroup ¢,: R — G such that ¢,(0) = e and (dp,)(1) = v (e.g., Boothby, W., An
Introduction to Differentiable Manifolds and Riemannian Geometry, Academic Press,
1975, 5.14). Moreover, there is a unique differentiable map

exp: Tgt (G) — G
such that
t — exp(tv): R — Tgt (G) — G
is ¢, for all v; thus exp(v) = ¢,(1) (ibid. 6.9). When we identify the tangent space
at 0 of Tgt,(G) with itself, then the differential of exp at 0 becomes the identity map
Tet.(G) — Tet.(G).

For example, if G = R*, then exp is just the usual exponential map R — R*. If
G = SL,(R), then exp is given by the usual formula:

exp(A) =1+ A+ A%/20 + A*/31 +--- ) A€ SL,(R).

When G is commutative, the exponential map is a homomorphism. These results
extend to complex manifolds, and give the first part of the following proposition.

PROPOSITION 2.1. Let A be an abelian variety of dimension g over C.

(a) There is a unique homomorphism
exp: Tgto(A(C)) — A(C)

of complex manifolds such that, for each v € Tgto(A(C), z +— exp(zv) is the
one-parameter subgroup ¢,: C — A(C) corresponding to v. The differential of
exp at 0 s the identity map

Tgto(A(C)) — Tgto(A(C)).

(b) The map exp is surjective, and its kernel is a full lattice in the complex vector
space T'gto(A(C)).

ProoF. We prove (b). The image H of exp is a subgroup of A(C). Because
d(exp) is an isomorphism on the tangent spaces at 0, the inverse function theorem
shows that exp is a local isomorphism at 0. In particular, its image contains an open
neighbourhood U of 0 in H. But then, for any a € H, a+U is an open neighbourhood
of a in H, and so H is open in A(C). Because the complement of H is a union of
translates of H (its cosets), H is also closed. But A(C) is connected, and so any
nonempty open and closed subset is the whole space. We have shown that exp is
surjective.

Denote T'gto(A(C)) by V, and regard it as a real vector space of dimension 2g. A
lattice in V' is a subgroup of the form

L="7e +-+Ze,

1By differentiable I always mean C'°°.
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with ey, ..., e, linearly independent over R. Recall that a subgroup L of V' is a lattice
if and only if it is discrete for the induced topology (ANT 4.14), and that it is discrete
if and only if 0 has a neighbourhood U in V such that U N L = {0} (ANT 4.13).
As we noted above, exp is a local isomorphism at 0. In particular, there is an open
neighbourhood U of 0 such that exp |U is injective, i.e., such that U N Ker(exp) = 0.
Therefore Ker(exp) is a lattice in V. It must be a full lattice (i.e., 7 = 2g) because
otherwise V/L ~ A(C) wouldn’t be compact. O

We have shown that, if A is an abelian variety, then A(C) ~ C9/L for some full
lattice L in C9. However, unlike the one-dimensional case, not every quotient C9/L
arises from an abelian variety. Before stating a necessary and sufficient condition for
a quotient to arise in this way, we compute the cohomology of a torus.

The cohomology of a torus. Let X = V/L, where V is real vector space of
dimension n and L is a full lattice in R™. Note that X regarded as a differentiable
manifold and its point 0 determine both V' and L, because V = Tgt,(X) and L is
the kernel of exp: V' — X. We wish to compute the cohomology groups of X.

Recall from algebraic topology (e.g., Greenberg, Lectures on Algebraic Topology,
Benjamin, 1967).
2.2. (a) Let X be a topological space, and let H*(X,Z) = &,H"(X,Z); then
cup-product defines on H*(X,Z) a ring structure; moreover
a"Ub'=(-1)"bv’ud, a" € H'(X,2), b° € H*(X,Z)
(ibid. 24.8).
(b) (Kiinneth formula): Let X and Y be topological spaces such that H"(X,Z) and
H*(Y,Z) are free Z-modules for all r, s. Then there is a canonical isomorphism

H™(X X Y,Z) = @, 4sm H(X,Z) @ H*(Y,Z).
The map H"(X,Z) ® H*(Y,Z) — H (X x Y,Z) is
a® b p*aUq*b (cup-product)
where p and ¢ are the projection maps X xY — X, Y.
(c) If X is a “reasonable” topological space, then
HY(X,Z) = Hom(m (X, z),Z)
(ibid. 12.1; 23.14).

(d) If X is compact and orientable of dimension d, the duality theorems (ibid. 26.6,
23.14) show that there are canonical isomorphisms

H"(X,7)~ Hy ,(X,Z) = H""(X,Z)"
when all the cohomology groups are torsion-free.

We first compute the dimension of the groups H"(X,Z). Note that, as a real

manifold, V/L ~ (R/Z)" ~ (S*)" where S! is the unit circle. We have
H"(S',7) = 7,7,0, respectively for r = 0,1, > 1.

Hence, by the Kiinneth formula,

H*((SY,Z2)=17,7% Z, 0,...

H*((SY),Z2)=17,73 73, 7, 0,...
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H*((SY\Z)=17,7Z 75 7' Z, 0,.....
The exponents form a Pascal’s triangle:

dim H"((SY)",Z) = ( . ) .

Recall from linear algebra (e.g., Bourbaki, N., Algebre Multilinéaire, Hermann,
1958) that if M is a Z-module, then A" M is the quotient of ®" M by the submodule
generated by the tensors a; ® - -+ ® a, in which two of the a; are equal. Thus,

Hom(A"M,Z) = {alternating forms f: M" — Z}

(a multilinear form is alternating if f(ay,...,a,) = 0 whenever two a;’s are equal). If
M is free and finitely generated, with basis ey, ..., eq say, over Z, then

{61/\.../\6“’ 1 < lg < .- <ir}
is a basis for A" M; moreover, if M" is the Z-linear dual Hom (M, Z) of M, then the
pairing
/\Mv X /\M —Z, (A ANy, A A Ty) = det(y(z))
realizes each of A" MY and A\" M as the Z-linear dual of the other (ibid. §8, Thm 1).

THEOREM 2.3. Let X be the torus V/L. There are canonical isomorphisms
N\ H'(X,Z) - H"(X,Z) — Hom(/\ L, Z).
PROOF. For any manifold X, cup-product (2.2a) defines a map

NH'(X,Z) = H'(X,Z), arr...rnap = a1 U ... Ua,.

Moreover, the Kiinneth formula (2.2b) shows that, if for all r this map is an isomor-
phism for X and Y, then the same is true for X x Y. Since this is obviously true
for S*, it is true for X & (S')". This defines the first map and proves that it is an
isomorphism.

The space V' ~ R" is simply connected, and exp: V' — X is a covering map —
therefore it realizes V' as the universal covering space of X, and so m(X,z) is its
group of covering transformations, which is L. Hence (2.2c)

HY(X,Z) = Hom(L, 7).
The pairing
AL < NL—=Z, (fir..n fre1n..ner) = det (file)))

realizes each group as the Z-linear dual of the other, and LY = H'(X,Z), and so

/r\ HY\(X,7) 5 Hom(/r\ L,7).
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Riemann forms. By a complex torus, I mean a quotient X = V/L where V is a
complex vector space and L is a full lattice in V.

LEMMA 2.4. Let V' be a complex vector space. There is a one-to-one correspon-
dence between the Hermitian forms H on'V and the real-valued skew-symmetric forms
E on 'V satisfying the identity E(iv,iw) = E(v,w), namely,

E(v,w) = Im(H(v,w));
H(w,w) = E(iv,w)+iE(v,w).

ProOOF. Easy exercise. O

ExAMPLE 2.5. Consider the torus C/Z+Zi. Then

=/

E(x +iy, 2’ +iy)) =2y —ay', H(z,2') = 22

are a pair as in the lemma.

Let X = V/L be a complex torus of dimension g, and let E be a skew-symmetric
form L x L — Z. Since L& R =V, we can extend E to a skew-symmetric R-bilinear
form Egr: V xV — R. We call £ a Riemann form if

(a) Er(iv,iw) = Er(v,w);
(b) the associated Hermitian form is positive definite.

Note that (b) implies the E is nondegenerate, but it is says more.

EXERCISE 2.6. If X has dimension 1, then A2L ~ Z, and so there is a skew-
symmetric form E: L x . — 7Z such that every other such form is an integral multiple
of it. The form E is uniquely determined up to sign, and exactly one of +F is a
Riemann form.

We shall say that X is polarizable if it admits a Riemann form.

REMARK 2.7. Most complex tori are not polarizable. For an example of a 2-
dimensional torus C?/L with no nonconstant meromorphic functions, see p104 of
Siegel 1962 (listed below p15).

THEOREM 2.8. A complex torus X is of the form A(C) if and only if it is polar-
1zable.

PROOF. (Brief sketch.) =: Choose an embedding A — P" with n minimal.
There exists a hyperplane H in P" that doesn’t contain the tangent space to any
point on A(C). Then AN H is a smooth variety of (complex) dimension g — 1 (easy
exercise). It can be “triangulated” by (2g — 2)-simplices, and so defines a class in

2
HQQ—Q(Aa Z) = H2(A7 Z) = Hom(/\ L: Z):
and hence a skew-symmetric form on L — this can be shown to be a Riemann form.

<=: Given FE, it is possible to construct enough functions (in fact quotients of
theta functions) on V' to give an embedding of X into some projective space. O

We define a category of polarizable complex tori as follows: the objects are polar-
izable complex tori; if X = V/L and X' = V'/L’ are complex tori, then Hom (X, X")
is the set of maps X — X’ defined by a C-linear map «: V' — V' mapping L into L'.
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(These are in fact all the complex-analytic homomorphisms X — X’). The following
theorem makes (2.7) more precise.

THEOREM 2.9. The functor A — A(C) is an equivalence from the category of
abelian varieties over C to the category of polarizable tori.

In more detail this says that A — A(C) is a functor, every polarizable complex
torus is isomorphic to the torus defined by an abelian variety, and

Hom(A, B) = Hom(A(C), A'(C)).
Thus the category of abelian varieties over C is essentially the same as that of polar-
izable complex tori, which can be studied using only (multi-)linear algebra.

An isogeny of polarizable tori is a surjective homomorphism with finite kernel. The
degree of the isogeny is the order of the kernel.

Let X = V/L. Then
Vi=A{f:V—=C| flav) = af(v)}
is a complex vector space of the same dimension as V. Define

L' ={f e V' (L) C Z}.

Then L* is a lattice in V*, and XV 4 V*/L* is a polarizable complex torus, called
the dual torus.

EXERCISE 2.10. If X = V/L, then X,,, the subgroup of X of elements killed by
m, is m~'L/L. Show that there is a canonical pairing

X X (XYY — Z/mZ.
This is the Weil pairing.

A Riemann form on F on X defines a homomorphism A\g: X — XV as follows: let
H be the associated Hermitian form, and let Ag be the map defined by

vi— H(v,-): V= V™,

Then Ag is an isogeny, and we call such a map Ag a polarization. The degree of the
polarization is the order of the kernel. The polarization is said to be principal if it is
of degree 1.

EXERCISE 2.11. Show that every polarizable tori is isogenous to a principally po-
larized torus.

A polarizable complex torus is simple if it does not contain a polarizable subtorus
X, X' #£0, X.

EXERCISE 2.12. Show that every polarizable torus is isogenous to a direct sum of
simple polarizable tori.

Let E be an elliptic curve over Q. Then End(F) ® Q is either Q or a quadratic
imaginary extension of Q. For a simple polarizable torus, End(X) ® Q is a division
algebra over a field, and the possible pairs arising in this fashion from a simple abelian
variety have been classified (mostly by A.A. Albert).
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Notes. There is complete, but very concise, treatment of abelian varieties over C in
Chapter I of Mumford 1970, and a more leisurely account in Murty 1993. The classic
account is:

Siegel, C., Analytic Functions of Several Variables, Lectures TAS Fall
1948; reprinted 1962.

Siegel first develops the theory of complex functions in several variables. See also
his books, Topics in Complex Function Theory.See also his books, Topics in Complex
Function Theory.

3. RATIONAL MAPS INTO ABELIAN VARIETIES
Throughout this section, all varieties will be irreducible.

Rational maps. We first discuss the general theory of rational maps.

Let V' and W be varieties over k, and consider pairs (U, ¢y) where U is a dense
open subset of V and ¢y is a regular map U — W. Two such pairs (U, py) and
(U', pur) are said to be equivalent if oy and @y agree on U N U’. An equivalence
class of pairs is called a rational map ¢:V -->W. A rational map ¢ is said to be
defined at a point v of V' if v € U for some (U, py) € ¢. The set U; of v at which
¢ is defined is open, and there is a regular map ¢1: Uy — W such that (Uy, 1) € ¢
— clearly, Uy = U,4,)eoU and we can define ¢; to be the regular map such that
01|U = ¢y for all (U, ¢p) € .

The following examples illustrate the major reasons why a rational map V' --> W
may not extend to a regular map on the whole of V.

(a) Let W be a proper open subset of V; then the rational map V' - -> W repre-
sented by id: W — W will not extend to V. To obviate this problem, we should
take W to be complete.

(b) Let C be the cuspidal plane cubic curve Y? = X3. There is a regular map
Al — O, t — (t?,¢3), which defines an isomorphism A' \ {0} — C ~\ {0}. The
inverse of this isomorphism represents a rational map C' - -> A! which does not
extend to a regular map because the map on function fields doesn’t send the
local ring at 0 € A! into the local ring at 0 € C'. Roughly speaking, a regular
map can only map a singularity to a worse singularity. To obviate this problem,
we should take V' to be nonsingular (in fact, nonsingular is no more helpful than
normal).

(c) Let P be a point on a nonsingular surface V. It is possible to “blow-up” P
and obtain a surface W and a morphism «: W — V which restricts to an
isomorphism W ~ a™!(P) — V ~ P but for which a~*(P) is the projective line
of “directions” through P. The inverse of the restriction of @ to W ~ a™'(P)
represents a rational map V' - -> W that does not extend to all V', even when V'
and W are complete — roughly speaking, there is no preferred direction through
P, and hence no obvious choice for the image of P.

In view of these examples, the next theorem is best possible.

THEOREM 3.1. A rational map ¢: V -->W from a normal variety to a complete
variety is defined on an open subset U of V' whose complement V —U has codimension
> 2.
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PROOF. (Sketch). Assume first that V' is a curve. Thus we are given a nonsingular
curve C' and a regular map ¢: U — W on an open subset of C' which we want to
extend to C'. Consider the maps

U —- CxW-—=CC

u — (u,p(u)), (c,w) — c.

Let U’ be the image of U in C' x W, and let Z be its closure. The image of Z in
C' is closed (because W is complete), and contains U (the composite U — C' is the
given inclusion), and so Z maps onto C'. The maps U — U’ — U are isomorphisms,
and it follows easily that Z — C'is an isomorphism (this uses that C' is nonsingular).
Now the restriction of the projection map C' x W — W to Z(~ C') is the extension
of ¢ to C' we are seeking.

The general case can be reduced to the case of a curve. [For the experts on scheme
theory, let U be the largest subset on which ¢ is defined, and suppose that V' — U
has codimension 1. Then there is a prime divisor Z in V' — U. Its associated local
ring is a discrete valuation ring Oz with field of fractions (V). The map ¢ defines
a morphism of schemes Spec k(V) — W, which the above argument shows extends
to a morphism Spec Oz — W, and this contradicts the fact that Z lies outside the
largest set of definition for ¢.] O

Rational maps into abelian varieties.

THEOREM 3.2. A rational map a: 'V ---> A from a nonsingular variety to an
abelian variety is defined on the whole of V.

Proor. Combine Theorem 3.1 with the next lemma. O

LEMMA 3.3. Let ¢: V - -> G be a rational map from a nonsingular variety to a
group variety. Then either ¢ is defined on all of V' or the points where it is not defined
form a closed subset of pure codimension 1 in'V' (i.e., a union of prime divisors).

PROOF. Define a rational map
VXV -->G, (2,y)— o) oy)".
More precisely, if (U, py) represents ¢, then ® is the rational map represented by
UxUPX"GxG " a2 a.

Clearly @ is defined at a diagonal point (x, x) if ¢ is defined at x, and then ®(z, z) =
e. Conversely, if ® is defined at (x,z), then it is defined on an open neighbourhood
of (x,x); in particular, there will be an open subset U of V' such that ® is defined
on {x} x U. After possible replacing U by a smaller open subset (not necessarily
containing ), ¢ will be defined on U. For u € U, the formula

p(x) = 0(z, u) - (u)
defines ¢ at x. Thus ¢ is defined at x if and only if ® is defined at (z, z).

The rational map ¢ defines a map

0" Oge — k(V x V).
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Since @ sends (z,x) to e if it is defined there, it follows that ® is defined at (z,x) if
and only if

Im(OG,e) C OVXV,(;U,;U) .

Now V' x V' is nonsingular, and so we have a good theory of divisors (AG §10). For
a rational function f on V x V, write

div(f) = div(f)o — div(f) oo,
with div(f)o and div(f)s effective divisors — note that div(f)e = div(f™')o. Then
Ovuvaz) ={f € k(V x V)| div(f)s does not contain (z,z)} U {0}.

Suppose ® is not defined at x. Then for some f € Im(¢*), (z,z) € div(f)w, and
clearly ® is not defined at the points (y,y) € ANdiv(f)s. This is a subset of pure
codimension one in A (AG 7.2), and when we identify it with a subset of Vit is a
subset of V' of codimension one passing through x on which ¢ is not defined. O

THEOREM 3.4. Let a: V x W — A be a morphism from a product of nonsingular
varieties into an abelian variety, and assume that V x W s geometrically irreducible.

If
a(V x{wo}) = {ao} = al{vo} x W)
for some ag € A(k), vo € V(k), wo € W(k), then
a(V-x W) = {ao}-

If V' (or W) is complete, this is a special case of the Rigidity Theorem (Theorem
1.1). For the general case, we need two lemmas.

LEMMA 3.5. (a) Ewvery nonsingular curve V' can be realized as an open subset of
a complete nonsingular curve C'.
(b) Let C be a curve; then there is a nonsingular curve C' and a regular map C" — C
that is an isomorphism over the set of nonsingular points of C.

PROOF. (Sketch) (a) Let K = k(V). Take C to be the set of discrete valuation
rings in K containing k£ with the topology for which the finite sets and the whole set
are closed. For each open subset U of C', define

T(U,0c) =N{R | R e C}.

The ringed space (C, O¢) is a nonsingular curve, and the map V' — C' sending a point
x of V to Oy, is regular.

(b) Take C’ to be the normalization of C'. O

LEMMA 3.6. Let V' be an irreducible variety over an algebraically closed field, and
let P be a nonsingular point on V. Then the union of the irreducible curves passing
through P and nonsingular at P is dense in V.

PROOF. By induction, it suffices to show that the union of the irreducible subvari-
eties of codimension 1 passing P and nonsingular at P is dense in V. We can assume
V to be affine, and that V' is embedded in affine space. For H a hyperplane passing
through P but not containing Tgt,(V), V N H is nonsingular at P. Let Vi be the
irreducible component of V' N H passing through P, regarded as a subvariety of V,
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and let Z be a closed subset of V' containing all V. Let Cp(Z) be the tangent cone
to Z at P (see AG §4). Clearly,

Tet p(V) N H = Tgtp(Vir) = Cp(Vir) € Cp(Z) € Cp(V) = Tgt p(V),

and it follows that Cp(Z) = Tgtp(V). As dimCp(Z) = dim(Z) (ibid. p79), this
implies that Z = V' (ibid. 1.22). O

PROOF. (of 3.4). Clearly we can assume k to be algebraically closed. Consider
first the case that V' has dimension 1. From the (3.5), we know that V' can be
embedded into a nonsingular complete curve C, and (3.2) shows that « extends to a
map a: C' x W — A. Now the Rigidity Theorem (1.1) shows that & is constant.

In the general case, let C' be an irreducible curve on V' passing through vy and
nonsingular at vy, and let C’ — C' be the normalization of C. By composition, «
defines a morphism C' x W — A, which the preceding argument shows to be constant.
Therefore a(C' x W) = {ap}, and Lemma 3.6 completes the proof. O

COROLLARY 3.7. Ewvery rational map o: G ---> A from a group variety to an
abelian variety is the composite of a homomorphism h: G — A with a translation.

PROOF. Theorem 3.2 shows that « is a regular map. The rest of the proof is the
same as that of Corollary 1.2. O

Abelian varieties up to birational equivalence. A rational map ¢: V -->W
is dominating if Im(py) is dense in W for one (hence all) representatives (U, pr) of
¢. Then ¢ defines a homomorphism k(W) — k(V'), and every such homomorphism
arises from a (unique) dominating rational map (exercise!).

A rational map ¢ is birational if the corresponding homomorphism k(W) — k(1)
is an isomorphism. Equivalently, if there is a rational map ¢: W — V such that po1)
and v o o are both the identity map wherever they are defined. Two varieties V' and
W are birationally equivalent if there exists a birational map V' - -> W; equivalently,
if (V) =~ k(W).

In general, two varieties can be birationally equivalent without being isomorphic
(see the start of this section for examples). In fact, every variety (even complete and
nonsingular) of dimension > 1 will be birationally equivalent to many nonisomorphic
varieties. However, Theorem 3.1 shows that two complete nonsingular curves that
are birationally equivalent will be isomorphic. The same is true of abelian varieties.

THEOREM 3.8. If two abelian varieties are birationally equivalent, then they are
isomorphic (as abelian varieties).

PRrROOF. Let A and B be the abelian varieties. A rational map ¢: A --> B extends
to a regular map A — B (by 3.2). If ¢ is birational, its inverse 1 also extends to a
regular map, and the composites ¢ o9 and ¥ o ¢ will be identity maps because they
are on open sets. Hence there is an isomorphism a: A — B of algebraic varieties.
After composing it with a translation, it will map 0 to 0, and then Corollary 1.2 shows
that it preserves the group structure. 0

LEMMA 3.9. Ewvery rational map A' - -> A is constant.
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PROOF. According to (3.2), @ extends to a regular map on the whole of Al. Af-
ter composing « with a translation, we may suppose that a(0) = 0. Then « is a
homomorphism,

alz +y) = a(z) + ay), all z,y e A'(k*) =k
But A! — {0} is also a group variety, and similarly,
a(zy) = a(r) + a(y) + ¢, all z,y € A (k™) =k,
This is absurd, unless « is constant. O
A variety V over an algebraically closed field is said to be unirational if there is a
dominating rational map A" -->V with n = dim V; equivalently, if £(V') can be

embedded into k(Xi, ..., X,,) (pure transcendental extension of k). A variety V over
an arbitrary field k is said to be unirational if V. is unirational.

ProproOsITION 3.10. Ewvery rational map o: 'V — A from a unirational variety to
an abelian variety is constant.

Proor. We may assume k to be algebraically closed. By assumption there is a
rational map A" - ->V with dense image, and the composite of this with o extends
to a morphism 3: P! x ...xP! — A. An induction argument, starting from Corollary
1.5, shows that there are regular maps 3;: P! — A such that 3(x1,...,x4) = X 5;(x;),
and the lemma shows that each [; is constant. O

4. THE THEOREM OF THE CUBE.

We refer the reader to (AG §11) for the basic theory of invertible sheaves. For a
variety V', Pic(V) is the group of isomorphism classes of invertible sheaves.

Statement and Applications. Roughly speaking, the theorem of the cube says
that an invertible sheaf on the product of three complete varieties is trivial if it
becomes trivial when restricted to each of the three “coordinate faces”.

THEOREM 4.1 (Theorem of the cube). Let U, V., W be complete geometrically ir-
reducible varieties over k, and let ug € U(k), vo € V(k), wo € W (k) be base points.
Then an invertible sheaf L on U x V x W 1is trivial if its restrictions to

UxV xA{we}, Ux{ve} x W, {ug} xV xW

are all trivial.

We defer the proof until later in this section.

COROLLARY 4.2. Let A be an abelian variety, and let p;: A x A x A — A be the
projection onto the it factor (e.g., p2(z,y,2) = y), let pij = pi+pj (e.g., pas(x,y,2) =
y+2z), and let p1og = p1+p2+ps (so that pras(x,y, z) = x+y+2z). For any invertible
sheaf L on A, the sheaf

ProsL @ Pro LT @ s L™ @ Pl LT @ pi L @ pyL @ piL

on A is trivial.
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PROOF. Let m, p, ¢ be the maps Ax A — A sending (z,y) to z+y, x, y respectively.
The composites of

(x,y) — (2,9,0): AxA— Ax Ax A

with pio3, p12, P23, . .., P2, p3 are respectively m, m, q, ..., q,0. Therefore, the restric-
tion of the sheaf in question to A x A x {0} (= A x A) is

MLIMLIRQCLTRP LTI RP LR GL R Oa,

which is obviously trivial. Similarly, its restrictions to A x {0} x A and A x A x {0}
are both trivial, and so the theorem of the cube implies that it is trivial. O

COROLLARY 4.3. Let f,g,h be reqular maps from a variety V into an abelian
variety A. For any invertible sheaf L on A,

(fHg+hLO(f+9) L' RG+hNLTR(f+R)' LR LRGLDNL
15 trivial.
PROOF. The sheaf in question is the inverse image of the sheaf in (4.2) by the map
(fig,h): V — Ax AxA.
O

For an integer n, let ny: A — A be the map sending an element of A to its n'”
multiple, i.e., na(a) =a+a+ -+ a (n summands). This is clearly a regular map;
for example, 24 is the composite

mult

A-SsAxA™ 4
The map (—1)4 sends a to —a (it is the map denoted by inv at the start of §1).
COROLLARY 4.4. For any invertible sheaf L on an abelian variety A,
ni Lo LT g (1) L2,
In particular,
nyL =~ cv if L is symmetric, i.e., (—=1)4L ~ L.

nyL ~ L"if L is antisymmetric, i.e., (—1)5L ~ L7

PROOF. On applying the last corollary to the maps na, 14, (—1)a: A — A, we
find that
MALem+ D)5 @M - 1D)L @ (AL L (—1)4L
is trivial. In other words
n+DAL~n)5L @M -1 LT Le (—1)5L (*)

We use this to prove the isomorphism by induction on n. For n = 1, the statement
is obvious. Take n =1 in (*); then

ML~ L2RLR (-~ L (1)L
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as predicted by the lemma. When we assume the Corollary for n, (*) proves it for
n + 1, because

(n+12+n+1)]/2 = (R®+n)—[(n—1>*+n-1)]/2+1
(n+1)*=(n+1)]/2 = (0" —n)—[(n—-1)" = (n—1)]/2+1.

THEOREM 4.5 (Theorem of the Square). For any invertible sheaf £ on A and
points a,b € A(k),

W LRL~ELRtL.
PROOF. On applying (4.3) to the maps x — z, x +— a, x — b, A — A, we find
that
e LOLTRGLT®L
is trivial. O
REMARK 4.6. When we tensor the isomorphism in (4.5) with £72, we find that
CLOL mELOLT)® L L.
In other words, the map
a—t LR L1 A(k) — Pic(A)
is a homorphism. Thus, if a1 + a2 + -+ + a, = 0 (in A(k)), then
LR, LR - @t, L~L"

REMARK 4.7. We can restate the above results in terms of divisors. For a divisor
D on A, write D, for the translate D+ a of D. Unfortunately, £(D,) = t* ,L(D), but
the minus sign doesn’t matter much because a +— —a is a homomorphism® (that’s
what it means to be abelian!). Therefore, for any divisor D on A, the map

a— [D, — D]: A(k) — Pic(A)

is a homomorphism, where [*] denotes the linear equivalence class of x. Hence, if
ai+ay+---+a, =0, then Y D, ~nD.

For example, let A be an elliptic curve, and let Fy be the zero element of A. Let
Dy be Py regarded as a divisor of degree 1 on A. For any point P on A, the translate
Dp of Dy by P is just P regarded as a divisor (i.e., Dy + P = Dp). Therefore, in this
case, the last map is

P [P — Bl: A(k) — Pic(A)
as in EC 4.7 or Silverman 1986, III 3.4d.

5In fact, in this version of the notes, we ignore the sign. Thus, there are some sign differences
between when we express things in terms of divisors and in terms of invertible sheaves.
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Preliminaries for the proof of the theorem of the cube. We list some facts
that are required for the proof of the theorem of the cube.

4.8. Let a: M — N be a homomorphism of free modules of rank 1 over a com-
mutative ring R. Choose bases e and f for M and N, and set a(e) = rf, r € R.
If « is surjective, then r € R*, and so « is bijective. Consequently, a surjective
homomorphism £ — L’ of invertible sheaves is an isomorphism (because it is on
stalks).

4.9. Let V be a variety over k, and consider the structure map «: V' — Specm k.
Because Specm k consists of a single point, to give a coherent sheaf on it the same
as to give a finite-dimensional vector space over k. For a sheaf of Oy-modules M on
V, axM =T(V, M). For a vector space M over k, a*M = Oy ®; M; for example, if
M =ke &P key, then &M = Oye; @ --- B Oye,.

4.10. Consider a map R — S of commutative rings. For any S-module M, there
is a natural S-linear map

SQ@rM — M, s ®@m +— sm.

Similarly, for any regular map a: W — V and coherent Oy -module M, there is a
canonical map a*a,M — M. For the structure map a: V' — Specm k, this is the
map

Oy @ I'(V,M) = M, f@m— f&(m|U), f €U, Ov).

4.11. Consider a homomorphism a: M — N of R-modules. For each maximal
ideal m in R, a induces a homomorphism «(m): M/mM — N/mN of R/m-vector
spaces. If a(m) is surjective, then the homomorphism of Ry-modules ay: My — Ny
is surjective (by Nakayama’s lemma).

Consider a homomorphism a: M — N of coherent Oy-modules. For each v € V,
this induces a homomorphism a(v): M(v) — N (v) of k(v)-vector spaces, and if these
are surjective for all v, then Nakayama’s lemma shows that « is surjective. If further
M and N are invertible sheaves, then (5.1) shows that « is an isomorphism.

4.12. Let V be a complete variety over k, and let M be a locally free sheaf of
Oy-modules. For any field K containing k, M defines a sheaf of Oy, -modules M’
on Vi in an obvious way, and

Vg, M) =T(V,M) @ K.

If D is a divisor on a smooth complete variety V', and D’ is the inverse image of D
on Vi, then

L(D") = L(D) ®; K.
Here
L(D)={f € k(V)* | divo(f)+ D >0} =T(V,L(D))
(AG pl46).

4.13. Let V be a complete variety, and let £ be a locally free sheaf on V. If £
becomes trivial on Vi for some field K D k, then it is trivial on V.
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PrROOF. Recall (AG 11.3) that an invertible sheaf on a complete variety is trivial
if and only if it and its dual have nonzero global sections. Thus the statement follows
from (4.11). O

4.14. Consider a regular map V' — T of varieties over k. For any t € T', the fibre
of the map over t is a variety over the residue field k(t):

v Vi L Vi X Specm(k(t))
Lo A 1wt
T A " = Specm (k(t)).

If k is algebraically closed, then k(t) = k. We can think of the map V' — T as a
family of varieties (V;) parametrized by th e points of 7T

Now let V' and T be varieties over k, and consider the projection map ¢q: V xT — T
Thus we have the “constant” family of varieties: the fibre V; = Vj is the variety
over k(t) obtained from V' by extending scalars. Let £ be an invertible sheaf on V' x T
For each t € T', we obtain an invertible sheaf £; on V; by pulling back by the map
Vi = V xT. We regard L as a family of invertible sheaves (£;) on “V” parametrized
by the points of T. When £k is algebraically closed, V; = V', and so this is literally
true.

4.15. Let a: V — T be a proper map — for example, a could be the projection
map q: W x T — T where W is a complete variety (see AG 5.25; AG pl07). For any
coherent sheaf M on V| a, M is a coherent sheaf on T'.

Now consider an invertible sheaf £ on V' x T', and assume that V is complete so
that ¢.L is coherent. The function

t — dimy) I'(Vi, £y)

is upper semicontinuous (it jumps on closed subsets). If it is constant, say equal to
n, then ¢.L is locally free of rank n, and the canonical map (¢.L)(t) — ['(V;, L) is
an isomorphism.

PROOF. It is quite difficult to prove that ¢.L is coherent — for a proof in the
language of schemes when V' is projective, see Hartshorne 11.5.19. [We know that for
any complete variety V over k, I'(V, Oy ) = k, which is certainly a finite-dimensional
vector space. When we allow a finite number of poles of bounded order, we still get
a finite-dimensional vector space, i.e., for any divisor D on V', dimy, L(D) is finite.
When V' is nonsingular, this says that I'(V, £) is finite-dimensional for any invertible
sheaf £ on V.|

Note that, if we assumed that (¢.£)(t) had constant dimension then it would follow
from (AG 11.1) that ¢.L was locally free of rank n. However, our assumption that
I'(V;, £¢) has constant dimension is easier to check, and more useful.

We omit the proof. See Mumford 1970, I1.5. O

The seesaw principle. If an invertible sheaf £ on V x T is of the form ¢*N for
some invertible sheaf N” on T', then L; is the inverse image of the restriction of N to
t, and is therefore trivial. There is a converse to this statement.
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THEOREM 4.16. LetV and T be varieties over k with V' complete, and let L be an
wnwvertible sheaf on V- xT'. If Ly is trivial for all t € T, then there exists an invertible
sheaf N' on T such that L ~ ¢*N .

PROOF. By assumption, £, is trivial for all ¢ € T', and so I'(V;, £;) =~ I'(V;, Oy) =

k(t). Therefore (4.14) shows that the sheaf A 4 ¢«(L) is invertible. Consider the
canonical map (4.9)

a: N =q*q.L — L.

Look at this on the fibre V; — Specm k(t). As L; ~ Oy, the restriction of « to V; is
isomorphic to the natural map (see 4.8, 4.9) o : Oy, @) I'(Vz, Ov,) — Oy, which is
an isomorphism. In particular, for any point in w € V;, the map

a(w): (¢"N)(w) — L(w)
of sheaves on w is an isomorphism. Now (4.10) shows that « is an isomorphism. [

COROLLARY 4.17. Let V and T be varieties over k with V' complete, and let L
and M be invertible sheaves on V. x T. If L; =~ M; for all t € T, then there exists
an invertible sheaf N' on T such that L~ M & ¢*N .

PROOF. Apply (4.15) to L ® M. O

COROLLARY 4.18 (Seesaw principle). Suppose that, in addition to the hypotheses
of (4.16), L, = M, for at least one v € V (k). Then L ~ M.

PRrROOF. The previous corollary shows that £ ~ M ® ¢*N for some N on T.
On pulling back by the map t +— (v,t): T — V x T, we obtain an isomorphism
L, =~ M, Rq¢N,. As L, ~ M, and (¢*N), = N, this shows that N is trivial. O

The next result shows that the triviality of £; in the theorem needs only to be
checked for ¢ in some dense subset of T.

PROPOSITION 4.19. Let V' be a complete variety, and let L be an invertible sheaf
onVxT. Then {t € T'| Ly is trivial} is closed in T

PROOF. It is the intersection of Supp(q.L) and Supp(g.L") (see AG pl43 and
11.3). 0

Proof of the theorem of the cube. After (4.12), we may assume that the ground
field k is algebraically closed. Because L|U x V' x {wy} is trivial, the Seesaw Principle
and Proposition 4.18 show that it suffices to prove that £|z x W is trivial for a dense
set of z in U x V. The next lemma shows that we can assume that V' is a curve.

LEMMA 4.20. Let P and Q) be points of an irreducible variety over an algebraically
closed field k. Then there is an irreducible curve C' on V' passing through both P and

Q.

ProoF. If V itself is a curve or P = @), then there is nothing to prove, and so
we assume that dim V' > 1 and P # Q. Chow’s lemma (Mumford, Introduction
to Algebraic Geometry, 1966, p115) says the following: For any complete variety V,
there exists a projective variety W and a surjective birational morphism W — V.
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If we can prove the lemma for W, then clearly we obtain it for V', and so we may
assume V' to be projective.

By induction on dim V, it suffices to find a proper closed irreducible subvariety
Z of V passing through P and Q. Let ¢: V* — V be the blow-up of V' at {P,Q}.
Thus the restriction of ¢ to V*\ ¢ 1{P,Q} is an isomorphism onto V' \ {P,Q}, and
the inverse images of P and @) are disjoint divisors on V*. The variety V* is again
projective — we choose a closed immersion V* < P" with n minimal. Bertini’s
Theorem® states that, for a general hyperplane H in P*, H N V* will be irreducible
— here “general” means “for all hyperplanes in an open subset of the dual projective
space”. Choose such an H. Then

dim H N V* 4+ dimp ' (P) =2dimV — 2 > dimV,

and so (H NV*) N ¢ (P) is nonempty (AG 7.23). Similarly, (H N V*) N~ 1(Q) is
nonempty, and so the image of H N'V* in V is a proper closed irreducible subvariety
of V passing through P and Q). O

Thus we can now assume that V' is a complete curve, and (by passing to its nor-
malization) a complete nonsingular curve. Now the proof requires nothing more than
what we have proved already and the Riemann-Roch theorem for a curve, and so
should have been included in the notes (Mumford, Abelian Varieties, p57-58).

Restatement in terms of divisors. We can restate the above results in terms of
divisors. Let V' and T' be nonsingular varieties over k£ with V' complete, and let D be
a divisor on V' x T'. There is an open subset of ¢ € T for which, for each prime divisor
Z occurring in D, Z N'V; has codimension one in V;, and, for such ¢, intersection

theory defines a divisor D; dp. Vi. If Dy ~ Dy (a constant divisor on V') for all ¢ in
some open subset of T', then

D~DyxT+VxD

for some divisor D" on T'. (This is the original seesaw principle — see Lang p241).

Let V and W be complete varieties. A divisorial correspondence between V and
W is a divisor D on V' x W. A divisorial correspondence is said to be trivial if it is
of the form V x D + D' x W where D and D’ are divisors on V and W. The seesaw
principal gives a criterion for triviality.

5. ABELIAN VARIETIES ARE PROJECTIVE

Some history. We defined an abelian variety to be a complete group variety, and
in this section we prove that it is projective. Of course, we could have avoided this
problem by simply defining an abelian variety to be projective, but this would be
historically incorrect.

In 1940 Weil announced the proof of the Riemann hypothesis for curves over finite
fields, based on a theory of Jacobian varieties of curves over finite fields that did

6Jouanolou, J-P., Théoremes de Bertini et Applications, Birkhiuser, 1983, 6.3; also
Grothendieck’s EGAS5.
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not at the time exist” . Weil developed the theory of abelian varieties and Jacobian
varieties over fields other than C in the 1940’s. At the time he couldn’t prove that
his Jacobian varieties were projective. This forced him to introduce the notion of
an “abstract” variety, i.e., a variety that is not embedded in projective space, and
to completely rewrite the foundations of algebraic geometry. In particular, he had
to develop a new intersection theory since the then existing theory used that the
variety was embedded in projective space. In 1946 he published his “Foundations of
Algebraic Geometry”, and in 1948 his two books on abelian varieties and Jacobian
varieties in which he proved the Riemann hypothesis for curves and abelian varieties.

For me, his work during these years is one of the great achievements of twentieth
century mathematics, but its repercussions for mathematics were not all good. In his
foundations he made little use of commutative algebra and none of sheaf theory. Be-
ginning in about 1960 Grothendieck completely rewrote the foundations of algebraic
geometry in a way so different from that of Weil that a generation of mathematicians
who had learnt algebraic geometry from Weil’s Foundations found that they had to
learn the subject all over again if they wanted to stay current — many never did.

About the same time as Weil, Zariski was also rewriting the foundations of alge-
braic geometry, but he based his approach on commutative algebra, which leads very
naturally into Grothendieck’s approach. Unfortunately, Zariski did not complete his
book on the foundations of algebraic geometry, but only (with the help of Samuel)
his volumes on Commutative Algebra (“the child of an unborn parent”).

Barsotti (1953), Matsusaka (1953), and Weil (1957) proved that abelian varieties
are projective. Here we present Weil’s proof.

Embedding varieties in projective space. For simplicity, in this subsection, we
assume k to be algebraically closed. Let V' be a complete nonsingular variety over
k. A nonempty linear equivalence class of effective divisors on V' is called a complete
linear system. Thus, if 0 is a complete linear system and Dy € 0, then 0 consists of
all the effective divisors of the form

Do+ div(f), f € k(V)™,
ie.,
0={Dy+div(f) | f € L(Do)}.
For any subspace W C L(Dy),
{Do +div(f) | f € W}
is called a linear system.
For example, if V' is a closed subvariety of P", then
{V N H | H a hyperplane in P"}

is a linear system. Conversely, we shall associate with a complete linear system on V'
a rational map V' - -> P", and we shall find conditions on the linear system sufficient
to ensure that the map identifies V' with a closed subvariety of P".

"At the time, April 1940, Weil was in a military prison at Rouen as the result of “un différend
avec les autorités frangaises au sujet de mes “obligations” militaires”. Weil said “En d’autres
circonstances, une publication m’aurait paru bien prématurée. Mais, en avril 1940, pouvait-on se
croire assuré du lendemain?”
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Let Dy be a divisor in 9, and let fy, fi,..., fn be a basis for L(Dy). There is a
rational map

P (fo(P): fi(P):...: fu(P)): V -->P"
It is defined at P provided no f; has a pole at P and at least one f; is nonzero at P
— this is an open set of V.

When we change the basis, we only change the map by a projective linear transfor-
mation. When we replace Dy by a linearly equivalent divisor, say by D = Dy+div(f),
then fo/f,..., fn/f will be a basis for L(D), and it defines the same rational map as
D. Thus, up to a projective linear transformation, the rational map depends only on
the linear system 0.

Suppose there exists an effective divisor F such that D > E for all D € 9. Such an
E is called a fized divisor of 9. Clearly, 0 — E £ {D—FE | D €d}is also a complete
linear system: If Dy € 9, so that d consists of all divisors of the form

Do +div(f), f € L(Do),
then 0 — E consists of all divisors of the form
Dy — E+div(f), f € L(Dy— E) = L(Dy).
Moreover, 0 — E defines the same map into projective space as 0.
Henceforth, we assume that 0 has no fized divisor.
A point P of V is said to be a base point of 0 if P € Supp(D) for all D € 0. Every

point of a fixed divisor is a base point but, even when there is no fixed divisor, there
may be base points.

PROPOSITION 5.1. The rational map @:V -->P" defined by 0 is defined at P if
and only if P is not a base point of 0.

PROOF. Suppose P is not a base point of 9, and let Dy be an element of d such that
P ¢ Supp(Dy). Let fy,..., fn be a basis for L(Dy). Because 9 has no fixed divisor,
div(fi/fo) = D; — Dy for some D; > 0. Because P ¢ Supp(Dy), no f;/fo can have a

pole at P, and so the map P — (%(P), . J;—Z(P)) is well-defined at P. O

Suppose 0 has no base points, and let ¢: V' --> P" be the corresponding rational
map. If ¢ is an isomorphism onto a closed subvariety of P, then

o = {¢ '(H) |H a hyperplane in P"}
(with the grain of salt that ¢~'(H) will not always be a divisor).

DEFINITION 5.2. (a) A linear system 0 is said to separate points if for any pair
of points P, () € V| there exists a D € 0 such that

PeD,Q¢D.

(b) A linear system 0 is said to separate tangent directions if for every P € V and
nonzero tangent ¢ to V at P, there exists a divisor D € 0 such that P € D
but t ¢ Tgtp(D). (If f is a local equation for D near P, then Tgtp(D) is the
subspace of Tgtp(V) defined by the equation (df)p = 0. Geometrically, the
condition means that only one prime divisor Z occurring in D can pass through
P, that Z occurs with multiplicity 1 in D, and that ¢ ¢ Tgtp(Z2).)
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PROPOSITION 5.3. Assume that 9 has no base points. Then the map ¢: V — P"
defined by 0 is a closed immersion if and only if 0 separates points and separates
tangent directions.

PROOF. From the above remarks, the condition is obviously necessary. For the
sufficiency, see, for example, Hartshorne, Algebraic Geometry, 1977, II, 7.8.2. O

THEOREM 5.4. Every abelian variety A is projective.

PRrROOF. The first step is to show that there exists a finite set of prime divisors Z;
such that 3 Z; separates 0 from the remaining points of V', and separates the tangent
directions at 0. More precisely, we want that:

(a) NZ; = {0} (here 0 is the zero element of A);
(b) NTgto(Z;) = {0} (here 0 is the zero element of T'gto(A)).

To prove this we verify that any two points of 0 and P of A are contained in an
open affine subvariety of A. Let U be an open affine neighbourhood of 0, and let
U + P be its translate by P. Choose a point w of U N (U + P). Then

ueU+P=—=0ec€U+P —u,
u+PeU+P=— PecU+ P —u,

andso U’ L U+ P—uisan open affine neighbourhood of both 0 and P. Identify U’
with a closed subset of A", some n. There is a hyperplane H in A" passing through
0 but not P, and we take Z; to be the closure of H N U’ in A. If there is a P’ on
7y other than 0, choose Z5 to pass through 0 but not P’. Continue in this fashion.
Because A has the descending chain condition for closed subsets, this process will end
in a finite set of Z;’s such that NZ; = {0}.

Now choose any open affine neighbourhood U of P, and let t € T'gto(P). Suppose
t € Tgto(Z;) for all i. Embed U < A™, and choose a hyperplane H through 0 such
that ¢ ¢ H, and add the closure Z of H N A in A to the set {Z;}. Continue in this
way until (b) holds.

Now let D be the divisor Y Z; where (Z;)1<i<n satisfies conditions (a) and (b). I
claim the 3D defines an embedding of A into P", some n.

For any family {ai,...,an;b1,...,b,} of points on A, the Theorem of the Square
shows that
Yi(Zia, + Zin, + Zi—a;—b;) ~ 2i 3Z; = 3D.
This construction gives a very large class of divisors in the complete linear system
defined by 3D.
Let a and b be distinct closed points of A. By (a), for some i, say ¢ = 1, Z; does
not contain b — a. Choose a; = a. Then Z; ,, passes through a but not b. The sets
{bi | Zis, passes through b}
{bi | Zi—_a,—b, passes through b}
are proper closed subsets of A. Therefore, it is possible to choose a b; that lies on

neither. Similarly, a;, and b; for ¢« > 2 can be chosen so that none of Z;,,, Z;,, or
Zi —a;—b; asses through b. Then a is in the support of ¥;(Z; o, + Zip, + Zi —a;—p;) but b
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is not, which shows that the linear system defined by 3D separates points. The proof
that it separates tangents is similar. O

Ample divisors. Let V be a nonsingular complete variety. A divisor D on V is very
ample if the complete linear system it defines gives a closed immersion of V' into P".
A divisor D is ample if nD is very ample for some n > 0. There are similar definitions
for invertible sheaves.

The above theorem shows that there exists an ample divisor on an abelian variety
A. Tt is known (but difficult to prove) that if D is ample on A, then 3D is very ample.

EXAMPLE 5.5. Let A be an elliptic curve, and let D = 3F,, where P, is the zero
element for the group structure. There are three independent functions 1, z,y on A
having poles only at Fy, and there having no worse than a triple pole, that define
an embedding of A into P3. Thus D is very ample, and P (regarded as a divisor)
is ample. Since there is nothing special about P, (ignoring the group structure), we
see that, for any point P, the divisor P is ample. In fact, it follows easily (from
the Riemann-Roch theorem), that D is ample if and only if deg D > 0, and that if
deg D > 3, then D is very ample.

Something similar is true for any curve C: a divisor D on C'is ample if and only if
deg D > 0, and D is very ample if deg D > 2g+1. (See Hartshorne, ibid., p307-308.)

PROPOSITION 5.6. (a) If D and D" are ample, so also is D + D'.
(b) If D is an ample divisor on V', then D|W is ample for any closed subvariety W
of V' (assuming D|W is defined).
(c) A divisor D on 'V is ample if and only if its extension of scalars to k% is ample
on Via.
(d) A wvariety V' has an ample divisor if Viu has an ample divisor.

PROOF. (a) By definition, there exists an n such that both nD and nD’ are very
ample. Hence the functions in L(nD) define an embedding of V' into projective space.
Because nD’ is very ample, it is linearly equivalent to an effective divisor D. Now
L(nD + D) D L(nD), and so nD + D is very ample, which implies that nD 4+ nD’ is
very ample (it defines the same complete linear system as nD + D).

(b) The restriction of the map defined by D to W is the map defined by the
restriction of D to W.

(c¢) The map obtained by extension of scalars from the map V' — P" defined by D
is that defined by Dya (cf. 4.11).

(d) Let D be an ample divisor on Viai. Then D will be defined over some finite
extension k' of k, and so the set {oD | o € Aut(k*/k)} is finite. Let Dgy be the sum of
the distinct 0 D’s — by (a), Do will be again ample. Then Dy is defined over a finite
purely inseparable extension of k. If k is perfect, then Dy is defined over k; otherwise,
p"™ Dy will be defined over k for some power p™ of the characteristic of k. O

6. ISOGENIES

Let a: A — B be a homomorphism of abelian varieties. The fibre over 0 € B
is called the kernel, Ker(a), of . It is a closed subvariety of A, and hence is com-
plete. Since it inherits a group structure from that on A, it is a group variety whose
connected component is an abelian variety (possibly a single point).
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[If we used schemes instead of varieties, we would define the kernel to be the scheme-
theoretic fibre over 0. In characteristic zero, all group schemes are reduced, and so
there is no essential difference between the two notions.|

A homomorphism «: A — B of abelian varieties is called an isogeny if it is surjec-
tive, and has finite kernel (i.e., the kernel has dimension zero).

PROPOSITION 6.1. For a homomorphism a: A — B of abelian varieties, the fol-
lowing are equivalent:

(a) « is an isogeny;

(b) dim A =dim B and « is surjective;
(c) dim A =dim B and Ker(a) is finite;
(d) « is finite, flat, and surjective.

PROOF. Because A is complete, a(A) is a closed subvariety of B (AG 5.27). For
any point b € a(A), #, defines an isomorphism of a~'(0)e) — a~'(b). Thus, up to
an extension of scalars, all fibres of the map « over points of a(A) are isomorphic. In
particular, they have the same dimension.

Recall, (AG 8.6) that, for b € a(A),
dim o '(b) > dim A — dim «a(A),

and that equality holds on an open set. Therefore the preceding remark shows that,
for b € a(A),

dim o '(b) = dim A —dim «a(A).
The equivalence of (a), (b), and (c) follows immediately from this equality.

It is clear that (d) implies (a), and so assume (a). The above arguments show
that every fibre has dimension zero, and so the map is quasi-finite. Now we use the
following elementary result: if 3 o « is proper and [ is separated, then « is proper
(Hartshorne, Algebraic Geometry, 1977, pl02). We apply this to the sequence of
maps

A—25 B —>pt

to deduce that « is proper. Now (AG 6.24) shows that «, being proper and quasi-
finite, is finite. Hence (see 4.14), a,.Oy4 is a coherent Op-module, and (AG 11.1)
shows that it is locally free. O

The degree of an isogeny a: A — B is its degree as a regular map, i.e., the degree
of the field extension [k(A) : o*k(B)]. If « has degree d, then a,O,4 is locally free of
rank d. If « is separable, then it is étale (because of the homogeneity, if one point
were ramified, every point would be); if further & is algebraically closed, then every
fibre of A — B has exactly deg(«) points.

Recall that ns: A — A for the regular map that (on points) is
ar—na=a+---+a.

THEOREM 6.2. Let A be an abelian variety of dimension g. Then ny: A — A is
an isogeny of degree n*9. It is always étale when k has characteristic zero, and it is
étale when k has characteristic p # 0 if and only if p does not divide n.
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PROOF. From (5.4, 5.6), we know that there is a very ample invertible sheaf £ on
A. The sheaf (—1)* L is again very ample because (—1)4: A — A is an isomorphism,
and so £ ® (—1)% L is also ample (see 5.6a). But it is symmetric:

(DAL @ (-1)4L) = L& (=1)4L

because (—1)(—1) = 1.

Thus we have a symmetric very ample sheaf on A, which we again denote by L.
From (4.4) we know that (ns)*£ ~ £, which is again very ample. Let Z = Ker(n.).
Then (n4)*L|Z ~ £"*|Z, which is both ample and trivial. For a connected variety V,
Oy can be very ample only if V' consists of a single point. This proves that Ker(n,)
has dimension zero.

Fix a very ample symmetric invertible sheaf £, and write it £ = £(D). Then (AG
10.10),

(nyD - ...-n%D) = deg(na) - (D -...- D).

But n%D ~ n?D, and so
(nyD-...-n D) = (n*D-...-n*D) =n*(D - ...- D).

This implies that deg(na) = n?9, provided we can show that (D -...- D) # 0. But
we chose D to be very ample. Therefore it defines an embedding A — P", some n,
and the linear system containing D consists of all the hyperplane sections of A (at
least, it is once remove any fixed component). Therefore, in forming (D - ... D) we
can replace D with any hyperplane section of A. We can find hyperplanes Hy, ..., H,
in P* such that Hy N A, ..., H, N A will intersect properly, and then

(HiNA)-...-(H,NA)) = deg(A) # 0.

(In fact one can even choose the H; so that the points of intersection are of multi-
plicity one, so that (NH;) N A has exactly deg(A) points.)

The differential of a homomorphism a: A — B of abelian varieties is a linear map
(da)o: Tgty(A) — Tgty(B). It is true, but not quite obvious, that

d(a + B)o = (dao + (dB)o,

i.e., a +— (da)y is a homomorphism. (The first + uses the group structure on B; the
second uses the vector space structure on Tgt,(B); it needs to be checked that they
are related.) Therefore, (dna)o = n (multiplication by n, x +— nx). Since Tgt,(A)
is a vector space over k, this is an isomorphism if char &£ does not divide n, and it
is zero otherwise. In the first case, na is étale at 0, and hence (by homogeneity) at
every point; in the second it isn’t. 0

REMARK 6.3. Assume k is separably closed. For any n not divisible by the char-
acteristic of k,

An(k) L Ker(n: A(k) — A(k))

has order n?9. Since this is also true for any m dividing n, A, (k) must be a free
Z/nZ-module of rank 2g (easy exercise using the structure theorem for finite abelian

groups).
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Fix a prime ¢ # char k, and define
T, A =lim Ap (k).
In down-to-earth terms, an element of T, A is an infinite sequence
(a1, a9, ..., an, ....), a, € A(k),

with fa,, = a,—1, la; = 0 (and so, in particular, a,, € A(k)em). One shows that T,A is
a free Zy,-module of rank 2¢. It is called the Tate module of A.

When £k is not algebraically closed, then one defines

T A= lim Ap (k7).

There is an action of Gal(k*®?/k) on this module, which is of tremendous interest
arithmetically — see later.

REMARK 6.4. Let k be algebraically closed of characteristic p # 0. In terms of
varieties, all one can say is that #A4,(k) =p", 0 <r < g. The typical case is r = g
(i.e., this is true for the abelian varieties in an open subset of the moduli space). In
terms of schemes, one can show that

Ker(p: A — A) = (Z/pZ)" x o297 x 7,

where a, is the group scheme Spec k[T']/(T?), and u, = Spec k[T]/(T? —1). Both wu,
and «, are group schemes whose underlying set has a single point. For a k-algebra
R,

ap(R) = {reR|r" =0}
i(R) = {reR*|m =1},
REMARK 6.5. Let a: A — B be an isogeny. If Ker(a) C A,, then « factors into
A$B$A, Boa=mny
Note that deg(«) - deg(3) = n?9.

7. THE DUAL ABELIAN VARIETY.
Let £ be an invertible sheaf on A. It follows from the theorem of the square (4.5;
4.6) that the map
Ae: A(k) — Pic(A), a— L@ L7
is a homomorphism. Consider the sheaf m*L @ p*L~! on A x A, where m and p are
the maps
AxA— A, (a,b)—a+b, (a,b)— a

respectively. We can regard it as a family of invertible sheaves on A (first factor)
parametrized by A (second factor). Let

KL)y={ac A | (mLp L) A x {a} is trivial}.
According to (4.18), this is a closed subset of A. Its definition commutes with exten-
sion of scalars (because of 4.12).
Note that m o (z — (x,a)) =t, and po (z — (z,a)) = id, and so
(M Lep LY | Ax{a}=t:Lo L
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Hence
K(L)(k) = {a € A(k) | Az(a) = 0}.

PROPOSITION 7.1. Let L be an invertible sheaf such that I'(A, L) # 0; then L is
ample if and only if K(L) has dimension zero.

PROOF. We can suppose that k is algebraically closed (because of 4.11, 5.6). We
prove only that

L ample = K (L) has dimension zero.

Assume L is ample, and let B be the connected component of K (L) passing through 0.

It is an abelian variety (possible zero) and Lg 4 L|B is ample on B (5.6b). Because,
t;Lp ~ Lp for all b € B, which implies that the sheaf m*Lp ® p*Ly ® ¢*L5' on
B x B is trivial (apply 7.4 below). On taking the inverse image of this sheaf by the
regular map

B — B x B, b+~ (b,—b)

we find that L5 ® (—1p5)*Lp is trivial on B. But, as we saw in the proof of (6.2),
Lp ample implies L5 ® (—15)*Lp ample. As in the proof of (6.2), the fact that the
trivial invertible sheaf on B is ample implies that dim B = 0, and so B = 0. O

REMARK 7.2. Let D be an effective divisor, and let £ = L£(D). By definition,
I'(A,L(D)) = L(D), and so if D is effective, then I'(A, £(D)) # 0. Therefore, the
proposition shows that that D is ample if and only if the homomorphism

Ap: A(k™) — Pic(Aga), a — D, — D,
has finite kernel.

EXAMPLE 7.3. Let A be an elliptic curve, and let D be an effective divisor on A.
We have seen (5.5) that

D is ample <= deg(D) > 0.

Moreover, we know that A\p = (deg D)?\p, where Dy = Py (zero element of A).
Hence

Ap has finite kernel <= deg(D) > 0.
Thus Proposition 7.1 is easy for elliptic curves.
Definition of Pic’(A). For a curve C, Pic’(C) is defined to be the subgroup of
Pic(C) of divisor classes of degree 0. Later, we shall define Pic’(V) for any complete

variety, but first we define Pic’(A) for A an abelian variety. From the formula Ap =
(deg D)?*\p in (7.3), on an elliptic curve

deg(D) =0 <= A\p =0.

This suggests defining Pic”(A) to be the set of isomorphism classes of invertible
sheaves £ for which A\, =0

PROPOSITION 7.4. For an invertible sheaf on A, the following conditions are equiv-
alent:

(a) K(L)=A4;



34 J.S. MILNE

(b) t:L~ L on Ay, for all a € A(kY);
(c) ML~ p"LR¢L.
PROOF. The equivalence of (a) and (b) is obvious from the definition of K(L).
Condition (c) implies that
(m*L @ p"L|(A x {a}) ~ ¢"L]A x {al,
which is trivial, and so (¢) = (a). The converse follows easily from the
Seesaw Principle (4.17) because (a) implies that m*£L®@p*L™|A x {a} and ¢* L] A x

{a} are both trivial for all @ € A(k™), and m*L @ p*L7 {0} x A = L = ¢*L]{0} x
A. O

We define Pic’(A) to be the set of isomorphism classes of invertible sheaves satisfy-
ing the conditions of (7.4). I often write £ € Pic’(A) to mean that the isomorphism
class of £ lies in Pic’(A).

REMARK 7.5. Let a,3: V =2 A be two regular maps. Their sum « + [ is the
composite m o (a x (). If £ € Pic’(A), then

(a+pB)'L~a"L®FL.
This follows from applying (a x 3)* to the isomorphism in (7.4c). Thus the map
Hom(V, A) — Hom(Pic’(A), Pic(V))
is a homomorphism of groups. In particular,
End(A) — End(Pic’(A))

is a homomorphism. When we apply this to ng = 14 + --- + 14, we find that
(na)*L ~ L£". Contrast this to the statement that (n4)*£ ~ £*° when £ is symmetric.
They are not contradictory, because

L€ Pic®(A) = (1)L~ L7,
i.e., L is antisymmetric.

REMARK 7.6. Let a: A — B be an isogeny. If Ker(a) C A, then « factors into
ASBL 0 Boa=n.

(Because « identifies B with the quotient of A by the subgroup (scheme) Ker(a)
(see 7.10), and 3 exists because of the universal properties of quotients.)

The dual abelian variety. The points of the dual abelian, or Picard, variety A" of
A should parametrize the elements of Pic’(A).

Consider a pair (A", P) where AY is an algebraic variety over k and P is an invert-
ible sheaf on A x AY. Assume

(a) L]axqpy € Pic’(4p) for all b € AV, and
(b) Plioyxav is trivial.

We call AV the dual abelian variety of A, and P the Poincaré sheaf, if the pair
(AY,P) has the following universal property: for any pair (7, £) consisting of a variety
T over k and an invertible sheaf £ such that

(a') Llaxgy € Pic’(Ay) for all t € T, and
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(V') Plioyxr is trivial,
there is a unique regular map o: 7' — A such that (1 x a)*P ~ L.
REMARK 7.7. (a) If it exists, the pair (A", P) is uniquely determined by the uni-

versal property up to a unique isomorphism.

(b) The Picard variety commutes with extension of scalars, i.e., if (AY,P) is the
Picard variety of A over k, then ((AY)g,Pk) is the Picard variety of Ak.

(c) The universal property says that
Hom(T, AY) = {invertible sheaves on A x T satisfying (a'), (0')}/ ~ .
In particular
AY(k) = Pic’(A).

Hence every isomorphism class of invertible sheaves on A lying in Pic’(A) is repre-
sented exactly once in the family

{Py,|be AY(k)}.

(d) The condition (b) is a normalization.

(e) Tt follows from the construction of A" (see below) that it is an abelian variety
of the same dimension as A.

(f) There is a canonical isomorphism H'(A, O4) — Tgt,(AY) (Zariski cohomology).
LEMMA 7.8. For any invertible sheaf L on t:L ® L™ € Pic’(A).

PROOF. I prefer to prove this in terms of divisors. Let D be a divisor on A; we have
to show that, for all @ € A, [D, — D] € Pic’(A), i.e., that (D, — D)y — (Dy — D) ~ 0
for all b € A. But

(Do — D)y — (Dy — D) = Doyp + D — (Dy+ Dpy) ~ 0
by the theorem of the square. O

Once we’ve shown Picard varieties exist, we’ll see that map A — A" is a functor,
and has the property to be a good duality, namely, AYY = A. The last statement
follows from the next theorem. First it is useful to define a divisorial correspondence
between two abelian varieties to be an invertible sheaf £ on A x B whose restrictions
to {0} x B and A x {0} are both trivial. Let s be the “switch” map (a,b) —
(b,a): Ax B — B x A. If L is a divisorial correspondence between A and B, then
s*L is a divisorial correspondence between B and A.

THEOREM 7.9. Assume char k = 0. Let L be a divisorial correspondence between
A and B. Then the following conditions are equivalent:

(a) (B, L) is the dual of A;

(b) L|A x {b} trivial = b = 0;
(¢) L|{a} x B trivial = a = 0;
(d) (A,s*L) is the dual of B.

ProoF. This is not difficult—see Mumford 1970, p81. O
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Construction of the dual abelian variety. To construct the dual abelian variety,
one must form quotients of varieties by the action of a finite group (group scheme
in nonzero characteristic). Since this is quite elementary in characteristic zero, we
sketch the proof. For simplicity, we assume that k is algebraically closed.

ProposITION 7.10 (Existence of quotients.). Let V' be an algebraic variety, and
let G be a finite group acting on V' by reqular maps (on the right). Assume that every
orbit of G is contained in an open affine subset of V. Then there is a variety W and
a finite reqular map w: V. — W such that

(a) as a topological space, (W, ) is the quotient of V by G, i.e., W =V /G as a set,
and U C W is open <= 7~ Y(U) is open;
(b) for any open affine U C W, T(U, Oy) = T(n~1(U), Oy)°.
The pair (W, ) is uniquely determined up to a unique isomorphism by these
conditions. The map m is surjective, and it is étale if G acts freely, i.e., if
gr =x = g = 1.

PROOF. See Mumford 1970, p66, or Serre, J.-P., Groupes Algébriques et Corps de
Classes, Hermann, Paris, 1959, p57. O

The variety W in the theorem is denoted by V/G and called the quotient of V' by
G.

REMARK 7.11. We make some comments on the proof of the proposition.
(a) It is clear that the conditions determine (W, 7) uniquely.

(b) If V is affine, to give an action of G on V on the right is the same as to give
an action of G on I'(V, Oy ) on the left. If V' = Specm(R), then clearly we should try
defining

W = Specm(S), S = RC.

To prove (7.10) in this case, one shows that R is a finite R-algebra, and verifies that
W has the required properties. This is all quite elementary (ibid.).

(c) Let v € V, and let U be open affine subset of V' containing {vg | ¢ € G}. Then
NUg is again an open affine (see AG 3.26) and contains v; it is also stable under the
action of GG. Therefore V' is covered by open affines stable under the action of G, and
we can construct the quotient affine by affine, as in (b), and patch them together to
get W.

(d) The final statement is not surprising: if G acts effectively (i.e., G — Aut(V)
is injective), then the branch points of the map V' — W are the points x such that
Stab(z) # {e}.

(e) When V is quasi-projective (e.g., affine or projective) every finite set is contained
in an open affine, because for any finite subset of P", there exists a hyperplane missing
the set, and we can take U = V N H (AG 5.23). Therefore each orbit of G is
automatically contained in an open affine subset.

(f) The pair (W, ) has the following universal property: any regular map a: V' —
W' that is constant on the orbits of G in V factors uniquely into a = o/ o 7.

(g) Lest the reader think that the whole subject of quotients of varieties by finite
groups is trivial, I point out that there exists a nonsingular variety V' of dimension 3
on which G = Z/2Z acts freely and such that V/G does not exist in any reasonable
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way as an algebraic variety (Hironaka, Annals 1962). This is a minimal example: the
3 can’t be replaced by 2, nor the 2 by 1. The quotient fails to exist because there
exists an orbit that is not contained in an open affine subvariety.

REMARK 7.12. Assume k is algebraically closed. Let A be an abelian variety over
k, and let G be a finite subgroup of A. Then we can form the quotient B = A/G. It
is an abelian variety, and 7: A — B is an isogeny with kernel G.

Recall that an isogeny a: A — B is separable if the field extension k(A) D k(B) is
separable. This is equivalent to saying that « is étale, because it is then étale at one
point (see AG 8.10b), and so it is étale at all points by homogeneity.

Let a: A — B be a separable isogeny (for example, any isogeny of degree prime
to the characteristic), and let G = Ker(a). From the universal property of A/G, we
have a regular map A/G — B. This is again separable, and it is bijective. Because
B is nonsingular, this implies that it is an isomorphism (see AG 6.20): B = A/G.

Now consider two separable isogenies 3: A — B, v: A — C, and suppose that
Ker(3) C Ker(v). On identifying B with A/ Ker(8) and using the universal property
of quotients, we find that there is a (unique) regular map 6: B — C such that
d o 8 =+. Moreover, ¢ is automatically a homomorphism (because it maps 0 to 0).

For example, suppose a: A — B is a separable isogeny such that Ker(a) D A,.
Then o = (3 o ny for some isogeny : A — B, i.e., v is divisible by n in Hom(A, B).

Let W = V/G. We shall need to consider the relation between sheaves on V
and sheaves on W. By a coherent G-sheaf on V, we mean a coherent sheaf M of
Oy-modules together with an action of G on M compatible with its action on V.

PROPOSITION 7.13. Assume that the finite group G acts freely on'V, and let W =
V/G. The map M — 1*M defines an equivalence from the category of coherent Oy -
modules to the category of coherent G-sheaves on V' under which locally free sheaves
of rank r correspond to locally free sheaves of rank r.

PROOF. See Mumford 1970, p70. O

The next result is very important.

PROPOSITION 7.14. If L is ample, then Az maps A onto Pic®(A).
PrROOF. See Mumford 1970, §8, p77; or Lang 1959, p99. O

Let £ be an invertible sheaf on A, and consider the invertible sheaf
E* :m*£®p*£—1 ®q*£—1
on A x A. Then L*|;oyxa = L ® L7, which is trivial, and for a in A(k), L*|ax{ay =
t*L® L' = ¢, (a), which, as we have just seen, lies in Pic’(A). Therefore, £* defines
a family of sheaves on A parametrized by A such that (L), = ¢z(a). If £ is ample,
then (7.14) shows that each element of Pic’(A) is represented by (£*), for a (nonzero)
finite number of a in A. Consequently, if (A, P) exists, then there is a unique isogeny

p: A — AY such that (1 x ¢)*P = L*. Moreover ¢ = A\, and the fibres of A — AY
are the equivalence classes for the relation “a ~ b if and only if £, =~ L.

In characteristic zero, we even know what the kernel of ¢ is, because it is determined
by its underlying set: it equals K(L). Therefore, in this case we define A" to be the
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quotient A/K (L), which exists because of (7.10, 7.11e). The action of K(L) on the
second factor of A x A lifts to an action on L£* over A x A, which corresponds by
(7.13) to a sheaf P on A x AY such that (1 x ¢z)*P = L*.

We now check that the pair (A, P) just constructed has the correct universal prop-
erty for families of sheaves M parametrized by normal varieties over k (in particular,
this will imply that it is independent of the choice of £). Let M on A x T be such a
family, and let F be the invertible sheaf pj, M ®@ pisP~" on A x T' x AY, where p;; is
the projection onto the (i, j)' factor. Then

Flaxp = M@ P,

and so if we let I" denote the closed subset of 7' x A" of points (¢,b) such F|ax () is
trivial, then I" is the graph of a map T — A" sending a point ¢ to the unique point b
such that P, =~ F;. Regard I" as a closed subvariety of T'x AY. Then the projection
[’ — T has separable degree 1 because it induces a bijection on points (see AG 8.10).
As k has characteristic zero, it must in fact have degree 1, and now the original form
of Zariski’s Main Theorem (AG 6.17) shows that I' — 7' is an isomorphism. The
morphism f: T ~ T % AY has the property that (1 x f)*P = M, as required.

When k has nonzero characteristic, the theory is the same in outline, but the proofs
become technically much more complicated. The dual variety AV is still the quotient
of A by a subgroup K(L) having support K (L), but (L) need not be reduced: it
is now subgroup scheme of V. One defines (L) to be the maximal subscheme of
A such that the restriction of m*£ ® ¢*£L7! to K(L) x A defines a trivial family on
A. Then one defines AY = A/K(L). The proof that this has the correct universal
property is similar to the above, but involves much more. However, if one works with
schemes, one obtains more, namely, that (AY,P) has the universal property in its
definition for any scheme T. See Mumford 1970, Chapter III.

REMARK 7.15. The construction of quotients of algebraic varieties by group
schemes is quite subtle. For algebraic spaces, the construction is much easier. Thus,
it is more natural to define A" as the algebraic space quotient of A by K(L). The same
argument as in §5 shows that a complete algebraic space having a group structure is
a projective algebraic variety.

8. THE DUAL EXACT SEQUENCE.

Let a: A — B be a homomorphism of abelian varieties, and let Pg be the Poincaré
sheaf on B x BY. According to the definition of the dual abelian variety in the last
section, the invertible sheaf (o X 1)*Pgp on A x BY gives rise to a homomorphism
aY: BY — AV such that (1 x a¥)*Pa =~ (a x 1)*Pg. On points o is simply the map
Pic’(B) — Pic’(A) sending the isomorphism class of an invertible sheaf on B to its
inverse image on A.

THEOREM 8.1. If a: A — B is an isogeny with kernel N, then o¥: BY — AV is
an isogeny with kernel NV, the Cartier dual of N. In other words, the exact sequence

0—-N—-A—-B—0
gives rise to a dual exact sequence
0—-N"—=BY =AY =0
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PROOF. See Mumford 1970, §15 p143. O

The statement about the kernels requires explanation. If the degree of « is prime
to the characteristic of k, then N is an algebraic group of dimension zero over k, and
the dual is taken in the following sense: if k is separably closed, N can be identified
with the abstract group N(k), which is finite and commutative; then

NY = Hom(N, i, (k*?)),

where n is any integer killing N and p, is the group of n'" roots of 1 in k*P. If k
is not separably closed, then N(k*°P) has an action of Gal(k*?/k), and NV (k*°P) has
the induced action.

In nonzero characteristic, there is a duality theory N +— NV for finite group
schemes. For example, (Z/pZ)" = p,, and o) = a,. It has the property to be a
good duality: NVV = N,

There is another approach to Theorem 8.1 which offers a different insight. Let £
be an invertible sheaf on A whose class is in Pic’(A4), and let L be the line bundle
associated with £. The isomorphism p*L ® ¢*L — m*L of (7.4) gives rise to a
map mr: L x L — L lying over m: A x A — A. The absence of nonconstant regular
functions on A forces numerous compatibility properties of m, which are summarized
by the following statement.

PROPOSITION 8.2. Let G(L) denote L with the zero section removed; then, for
some k-rational point e of G(L), my, defines on G(L) the structure of a commutative

group variety with identity element e relative to which G(L) is an extension of A by
G-

Thus L gives rise to an exact sequence
EL):0—-G,, - GL)— A—D0.

The commutative group schemes over k form an abelian category, and so it is
possible to define Extj (A, G,,) to be the group of classes of extensions of A by G,, in
this category. We have:

PROPOSITION 8.3. The map L + E(L) defines an isomorphism Pic’(A) —
ExtL(A,G,).

Proofs of these results can be found in Serre, J.-P., Groupes algébriques et corps
de classes, Hermann, 1959, VII §3. They show that the sequence

0 — NY(k) — BY(k) — AY(k)
can be identified with the sequence of Exts
0 — Homy(N, G,,) — BExtp(B,G,,) — Ext,(A, G,,)

(The reason for the zero at the left of the second sequence is that Homy (A, G,,) = 0.)

ASIDE 8.4. It is not true that there is a pairing A x AY —7, at least not in the
category of abelian varieties. It is possible to embed the category of abelian varieties
into another category which has many of the properties of the category of vector
spaces over Q; for example, it has tensor products, duals, etc. In this new category,

there exists a map h(A) ® h(AY) — Q which can be thought of as a pairing. The new
category is the category of motives, and h(A) is the motive attached to A.
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9. ENDOMORPHISMS

Notation: We write A ~ B if there is an isogeny A — B; then ~ is an equivalence
relation (because of 6.5).

Decomposing abelian varieties. An abelian variety A is said to be simple if there
does not exist an abelian variety B C A, 0 # B # A.

PROPOSITION 9.1. For any abelian variety A, there are simple abelian subvarieties
Ay, ..., Ay C A such that the map

Ay x ... xA,— A, (al’m’an)._)al_|_..._|_an

1S an 1S0geny.

PrOOF. By induction, it suffices to prove the following statement: let B be a
subvariety of A, 0 £ B # A; then there exists an abelian variety B’ C A such that
the map

Bx B — A (b)) — b+
is an isogeny.

Let ¢ denote the inclusion B < A. Choose an ample sheaf £ on A, and define B’
to be the connected component of the kernel of

iYoA: A— BY
passing through 0. Then B’ is an abelian variety. From (AG, §8) we know that
dim B’ > dim A — dim B.

The restriction of the morphism A — BY to B is Agp: B — BY, which has finite
kernel because £|B is ample (7.1, 5.6b). Therefore B N B’ is finite, and the map
B x B"— A, (b)) — b+ is an isogeny. O

REMARK 9.2. The above proof should be compared with a standard proof for the
semisimplicity of a representation of a finite group G on a finite-dimensional vector
space over a field () of characteristic zero. Thus let V' be a finite dimensional vector
space over () with an action of G, and let W be a (G-stable subspace: we want
to construct a complement W' to W, i.e., a G-stable subspace such that the map
WaeW —V, w,w — w+w is an isomorphism. I claim that there is a G-invariant
positive-definite form 1: V x V' — @Q. Indeed, choose any positive-definite form g
and let ¢ = > gihg. Let W/ = W+ . It is stable under G because W is and 1)
is G-invariant. There are at most dim W independent constraints on a vector to lie
in W’ and so dim W’ > dim V' — dim W. On the other hand, 1| is nondegenerate
(because it is positive-definite), and so WNW’ = {0}. This proves that W W’ = V.

The form 1) defines an isomorphism of Q[G]-spaces V. — V'V & — (z,-), and
W’ is the kernel of V' — VV — WYV, For abelian varieties, we only have the map A
— AV, but in many ways having a polarization on A is like having a positive-definite
bilinear form on A.

Let A be a simple abelian variety, and let & € End(A). The connected component
of Ker(«) containing 0 is an abelian variety, and so it is either A or 0. Hence « is
either 0 or an isogeny. In the second case, there is an isogeny 3: A — A such that
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Boa =mn, some n € Q. This means that a becomes invertible in End(A) ® Q.
From this it follows that End(A) ® Q is a division algebra, i.e., it is ring, possibly
noncommutative, in which every nonzero element has an inverse. (Division algebras
are also called skew fields.)

Let A and B be simple abelian varieties. If A and B are isogenous, then
End(A4) ® Q ~ Hom(A, B)®Q~ End(B)®Q.

More precisely, Hom(A, B)®Q is a vector space over Q which is a free right End(A)®
Q-module of rank 1, and a free left End(B) ® Q module of rank 1. If they are not
isogenous, then Hom(A, B) = 0.

Let A be a simple abelian variety, and let D = End(A4) ® Q. Then End(A") =
M, (D) (n x n matrices with coefficients in D).

Now consider an arbitrary abelian variety A. We have
A~ AT X XA

where each A; is simple, and A; is not isogenous to A; for ¢ # j. The above remarks
show that

End(4) ® Q ~ [ [ My, (D:), Di =End (4;)®(4;) ® Q.
Shortly, we shall see that End(A) ® Q is finite-dimensional over Q.
The representation on TyA. Let A be an abelian variety of dimension g over a

field k. Recall that, for any n not divisible by the characteristic of k, A, (k*P) has
order n* (see 6.3), and that we define TyA = lim Az (k>P).

LEMMA 9.3. Let Q be a torsion abelian group, and let (as always) @, be the sub-
group of elements of order dividing n. Suppose there exists a d such that #Q,, = n®
for all integers n. Then Q ~ (Q/Z)".

PROOF. The hypothesis implies that for every n, Q,, is a free Z/nZ-module of rank
d. The choice of a basis for it determines isomorphisms

Qn > (2/n7)* = (n7'2)7)°, Zazez (ar,ag,...)— (—,—,...).

If n; is a multiple of n, then choose a basis for @), compatible with the basis for @,,.
This gives an isomorphism

Qn, = (n'Z/2)"
extending the previous map. Continue in this fashion. O

REMARK 9.4. Let  be an (-primary torsion group, and suppose #Q = (") all
n > 0. Set (~*°Z = Ul™"Z (inside Q). Then

Q ~ CL/T=Q/Ze.
These remarks show that
A(K*P)pors = (Q/Z)%
(ignoring p-torsion in characteristic p) and that, for ¢ # char k,
A(K*P)(€) ~ (CFZ)T)% 2= (Q/Ze)*.
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Recall that
Ly = Lln 707

where the transition maps are the canonical quotient maps Z /"™ Z—Z/("Z. Thus
an element of Z, can be regarded as an infinite sequence

a=(a,...,an,....)
with a,, € Z/{"Z and a,, = a,_; mod £"~1. Alternatively,

Ze=lim ("ZL|Z
where the transition map ~""'Z/Z— (~"7Z/7Z is multiplication by £. Thus an element
of Z; can be regarded as an infinite sequence

a = (by,....by,...)
with b, € (=°7Z/7Z, tby = 0, and (b, = by,_1.

For any abelian group (), define
T,Q = lim Q.

The above discussion shows that Ty(¢{~>°Z/Z) = Z,. On combining these remarks we
obtain the following result (already mentioned in §6):

PROPOSITION 9.5. For { # char k, TyA is a free Zy-module of rank 2g.

A homomorphism «: A — B induces a homomorphism A, (k*P) — B, (k*P?), and
hence a homomorphism

Tea: TyA — TyB, (a1, aq, ...) — (a(a1), a(ag), ...).

Therefore T} is a functor from abelian varieties to Z,-modules.

LEMMA 9.6. For any prime { # p, the natural map

Hom(A, B) — Homy, (T,A,T,B)

is injective. In particular, Hom(A, B) is torsion-free.

PROOF. Let a be a homomorphism such that Tya = 0. Then «(P) = 0 for every
P € A(k*P) such that ¢"P = 0 for some n. Consider a simple abelian variety A’ C A.
Then the kernel of a| A’ is not finite because it contains A, for all n, and so a|A" = 0.

Hence « is zero on every simple abelian subvariety of A, and (9.1) implies it is zero
on the whole of A. 0

REMARK 9.7. Let k = C. The choice of an isomorphism A(C) ~ C9/A determines
isomorphisms A,(C) 2 n™'A/A. Asn™'A/A 2 A ® (Z/nZ),

Ty(A) = lim ("A/A = 1im A® (C"Z/Z) = A @ (im ("Z/Z) = A ® Zs.

[Note: tensor products don’t alwasy commute with inverse limits; they do in this case
because A is a free Z-module of finite rank.] Thus (2.3)
TvA = Hi(AZ) ® Zy.

One should think of 7T)A as being “H; (A, Z;)”. In fact, this is true, not only over C,
but over any field k& — T} A is the first étale homology group of A (see LEC).
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The characteristic polynomial of an endomorphism. Suppose first that & = C.
An endomorphism « of A defines an endomorphism of H;(A,Q), which is a vector
space of dimension 2¢g over Q. Hence characteristic polynomial P, of « is defined:

P,(X) = det(a — X|H1(A,Q)).

It is monic, of degree 2g, and has coefficients in Z (because « preserves the lattice
Hi(A,Z)). More generally, we define the characteristic polynomial of any element of
End(A) ® Q by the same formula.

We want to define the characteristic polynomial of an endomorphism of an abelian
variety defined over a field an arbitrary field.. Write V;A = TyA ®7, Q, (= T A®zQ).
When k£ =C, V;A= H(A,Q) ® Qy, and so it natural to try definining

P,(X) =det(a — X|VzA), [ # char k.

However, when k # C, it is not obvious that the polynomial one obtains is independent
of £, nor even that it has coefficients in Q. Instead, following Weil, we adopt a different
approach.

LEMMA 9.8. Let a be an endomorphism of a free Z-module A of finite rank such
that a®1: A® Q — ARQ is an isomorphism. Then

(A: o) =|det(a)].

PROOF. Suppose there exists a basis ey, ...,e, of A relative to which the matrix

of a is diagonal, say ae; = m;e; for i = 1,... ,n.. Then (A : aA) = |[[m;] and
det(a) = [[ms. The general case is left as an exercise to the reader. (See Serre,
Corps Locaux, 1962, I11.1, and elsewhere.) O

Consider an endomorphism « of an abelian variety A over C, and write A = C9/A,
A = Hi(A,Z). Then Ker(a) = o 'A/A. If « is an isogeny, then a: A — A is
injective, and it defines a bijection

Ker(a) = a 'A/A — AJaA.
Therefore, for an isogeny a: A — A,
deg(a) = | det(a|Hi(A, Q)| = [Fa(0)].
More generally, for any integer r,
deg(a — 1) = | Py(r)].

We are almost ready to state our theorem. Let o € End(A). If a is an isogeny, we
define deg(«) as before; otherwise, we set deg(a) = 0.

THEOREM 9.9. Let o € End(A). There is a unique monic polynomial P, € Z[X]
of degree 2g such that P,(r) = deg(a — ) for all integers .

REMARK 9.10. The uniqueness is obvious: if P and () are two polynomials such
that P(r) = Q(r) for all integers r, then P = (), because otherwise P — () would have
infinitely many roots.

REMARK 9.11. For a € End(A) and n € Z,
deg(na) = deg(nya) - deg(a) = n*? deg(a).



44 J.S. MILNE

We can use this formula to extend the definition of deg to End(A) ® Q. Since End(A)
is torsion-free, we can identify End(A) with a submodule of End(A) ® Q. For a €
End(A) ® Q, define

deg(a) = n~% deg(na)

if n is any integer such that na € End(A). The previous formula shows that this is
independent of the choice of n. Similarly, once we have proved the theorem, we can
define

P.(X)=n"% P,(nX), a € End(A) ® Q, na € End(A).
Then P, (X) is a monic polynomial of degree 2¢g with rational coefficients, and

P,(r) = deg(a —r), any r € Q.

To prove the theorem we shall prove the following: fix o € End(A) ® Q; then the
map 7 — deg(a — 1), Q —Q, is given by a polynomial in r of the correct form. In
fact, we shall prove a little more.

A function f: V — K on a vector space V over a field K is said to be a polynomial
function of degree d if for every finite linearly independent set {es, ..., €,} of elements
of V., f(z1e1 + ...xne,) is a polynomial function of degree d in the x; with coefficients
in K (i.e., there is a polynomial P € K|[Xy,...,X,] such that f(xie; + ...zne,) =
P(xy,...,xy,) for all (z1,...,2,) € K™). A homogeneous polynomial function is
defined similarly.

LEMMA 9.12. Let V' be a vector space over an infinite field K, and let f: V — K
be a function such that, for all v,w inV, z+— f(zv+w): K — K is a polynomial
in x with coefficients in K, then f is a polynomial function.

PROOF. We show by induction on n that, for every subset {vi,...,v,, w} of V|
f(ziv1 + -+ + 2, + w) is a polynomial in the z;. For n = 1, this is true by
hypothesis; assume it for n — 1. The original hypothesis applied with v = v,, shows
that

flzrvr + ... + vy + w) = ap(1, .., Tpo1) + - - - + ag(z1, ...,xn_l)xg

for some d, with the a; functions k"' — k. Choose distinct elements cy, ..., cq of K;
on solving the system of linear equations
f(x1v1 + . Tpo1Up1 + o, +w) = X a2, ...,xn_l)cé», j=0,1,....d,

for a;, we obtain an expression for a; as a linear combination of the terms f(zv; +
eee + Tp_1Un_1 + ¢jv, + w), which the induction assumption says are polynomials in
L1y ey Tp—1- O

PROPOSITION 9.13. The function o — deg(a): End(A) @ Q —Q is a homoge-
neous polynomial function of degree 2g in End(A) ® Q.

PROOF. According to the lemma, to show that deg(«) is a polynomial function, it
suffices to show that deg(na + ) is a polynomial in n for fixed «, 5 € End(A) ® Q.
But we already know that deg is homogeneous of degree 2g, i.e., we know

deg(na) = n*deg(a),



ABELIAN VARIETIES 45

and using this one sees that it suffices to prove that deg(na + ) is a polynomial of
degree < 2g for n € Z and fixed «, § € End(A). Let D be a very ample divisor on A,
and let D, = (na + 3)*D. Then (AG 10.10)

(Dy, - ... Dy) = deg(na+ 3)- (D -...- D)

and so it suffices to show that (DY) is a polynomial of degree < 2¢ in n. Corollary
(4.3) applied to the maps na + 3, o, a: A — A and the sheaf £ = £(D) shows that

Dyio — 2Dpir — (20)*D + Dy +2(a*D) ~ 0
ie.,
Dyio —2Dpi1 + D,y = D', where D' = (2a)*D — 2(a* D).

An induction argument now shows that

D, = MD’ +nDy — (n—1)Dy
and so
degna -+ ) - (%) = (D) = ("= Do)
which is a polynomial in n of degree < 2g. 0

We can now prove (9.9). Proposition 9.13 shows that, for each a in End(A) ® Q,
there is a polynomial P, (X) € Q[X] of degree 2g such that, for all rational numbers r,
P,(r) = deg(a—r4). It remains to show that P, is monic and has integer coeflicients
when o € End(A). Let D be an ample symmetric divisor on A; then

Pu(—n) € deg(a + n) = (D9)/(D?), D, = (a+n)"D,
and the calculation in the proof of (9.13) shows that
D, = (n(n—1)/2)D" + (o« +na)*D + a*D,
with D' = (24)*D—2D ~ 2D. It follows now that P, is monic and that it has integer

coefficients.

We call P, the characteristic polynomial of o and we define the trace Tr(a) of «
by the equation

Po(X) = X% — Tr(a) X% + ... + deg(a).

The representation on 7;A (continued). We know that Hom(A, B) injects into
Homy, (T,A, T;B), which is a free Z,-module of rank 2dim(A) x 2dim(B). Unfortu-
nately, this doesn’t show that Hom(A, B) is of finite rank, because Z, is not finitely
generated as a Z-module. What we need is that

€1y ey € linearly independent
over Z = Ty(e1), ..., Ty(e,) linearly independent over Z,

or equivalently, that
Hom(A, B) ® Z; — Hom(T, A, T;B)
is injective.
Note: The situation is similar to that in which we have a Z-module M contained
in a finite-dimensional real vector space V. In that case we want M to be a lattice in
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V. Clearly, M needn’t be finitely generated, but even if it is, it needn’t be a lattice
— consider M = {m +nv2 | m,n € Z} CR. The way we usually prove that such
an M is a lattice is to prove that it is discrete in V. Here we use the existence of P,
to prove something similar for Hom(A, B).

THEOREM 9.14. For any abelian varieties A and B, and ¢ # char k, the natural
map

Hom(A, B) ® Zy — Hom(T,A, T, B)

is injective, with torsion-free cokernel. Hence Hom(A, B) is a free Z-module of finite
rank < 4dim(A) dim(B).

LEMMA 9.15. Let o € Hom(A, B); if « is divisible by (" in Hom(T,A, T;B), then
it is diwvisible by (™ in Hom(A, B).

PROOF. The hypothesis implies « is zero on A, and so we can apply the last
statement in (7.12) to write a = G o (™. O

We first prove (9.14) under the assumption that Hom(A, B) is finitely generated
over Z. Let ey, ..., e, be a basis for Hom(A, B), and suppose that Y a;Ty(e;) = 0,
a; € Zy. For each i, choose a sequence of integers n;(r) converging (-adically to a;.
Then |n;(r)|, is constant for r large, i.e., the power of ¢ dividing n;(r) doesn’t change
after a certain point. But for r large Ty(> n;(r)e;) =Y ni(r)Ti(e;) is close to zero
in Hom(7,A, T;B), which means that it is divisible by a high power of ¢, and so each
n;(r) is divisible by a high power of ¢. The contradicts the earlier statement.

Thus it remains to prove that Hom(A, B) is finitely generated over Z. It follows
from (9.1) that we can suppose A and B to be simple, and then that A = B.

LEMMA 9.16. If A is simple, then End(A) is finitely generated over Z.

PrOOF. It suffices to show that if ey, ..., e, are linearly independent over Z in
End(A), then Ty(e1),...Ti(e,) are linearly independent over Z, in End(7,A).

Let P be the polynomial function on End(A) ® Q such that P(«) = deg(a) for all
a € End(A). Because A is simple, a nonzero endomorphism a of A is an isogeny,
and so P(«) is a positive integer. Let M be the Z-submodule of End(7,A) generated
by the e;. The map P: QM —Q is continuous for the real topology because it is a
polynomial in the coordinates, and so U = {v|P(v) < 1} is an open neighbourhood
of 0. As (QM NEnd A)NU = 0, we see that QM NEnd(A) is discrete in QM,
and therefore is a finitely generated Z-module (ANT 4.14). Hence there is a common
denominator for the elements of QM N End A:

(*) there exists an integer n such that QM NEnd A C n™'M.

Suppose that Ty(ey), ..., Ti(en) are linearly dependent, so that there exist a; € Zy
such that ¥ a;Ty(en,) = 0. For each i, choose a sequence of integers n;(r) converging
to a;. The same arguments as in the last proof show that, for large r, ¥ n;(r)e; is
divisible by a high power of ¢ in End(A), but that the power of ¢ dividing each n;(r)
becomes constant. Choose an integer s so large that, for some i, n;(r)/¢* ¢ n='Z for
r large. Then, for large r, (1/¢%)3 n;(r)e; will lie in QM NEnd A but not n='M. O

REMARK 9.17. Recall that for a field &, the prime field of k is its smallest subfield.
Thus the prime field of k is Q if char £ = 0 and it is [, if char k = p # 0. Suppose
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that k is finitely generated over its prime field kg, so that k has finite transcendence
degree and is a finite extension of a pure transcendental extension. For example, k
could be any number field or any finite field. Let ' = Gal(k*/k), and let A and B
be abelian varieties over k. In 1963, Tate conjectured that

Hom(A, B) ® Zy — Hom (T, A, T;B)".

Here the superscript I' means that we take only the Z,-linear homomorphisms T, A —
T, B that commute with the action of I'.

Tate proved this in 1966 for a finite field; Zarhin proved it for many function fields
in characteristic p, and Faltings proved in char 0 in the same paper in which he first
proved the Mordell conjecture — see §21 below.

The Néron-Severi group. For a complete nonsingular variety V', Pic(V')/Pic®(V)
is called the Néron-Severi group NS(V') of V. Severi proved that NS(V) is finitely
generated for varieties over C, and Néron proved the same result over any field k
(whence the name). Note that, for a curve C' over an algebraically closed field k, the
degree map gives an isomorphism NS(C) — Z (if k is not algebraically closed, the
image may be of finite index in Z — the curve may not have a divisor class of degree
1).

For abelian varieties, we can prove something stronger than the Néron-Severi the-
orem.

COROLLARY 9.18. The Néron-Severi group of an abelian variety is a free Z-module
of rank < 4¢?, g = dim(A).

PRrROOF. Clearly £ +— A, defines an injection NS(A) — Hom(A, AY), and so this
follows from (9.14). O

REMARK 9.19. The group NS(A) is a functor of A. Direct calculations show that
t, acts as the identity on NS(A) for all a in A(k) (because A\i:z = Az) and n acts as

n? (because —1 acts as 1, and so n*L = L™ in NS(A) by 4.4).

The representation on 7;A (continued). As we noted above, P, should be the
characteristic polynomial of a acting on VA, any ¢ # char k. Here we verify this.

PROPOSITION 9.20. For all ( char(k), Py(X) is the characteristic polynomial of
a acting on V;A; hence the trace and degree of a are the trace and determinant of «
acting on V,A.

We need two elementary lemmas.

LEmMMA 9.21. 12.21. Let P(X) = II(X — a;) and Q(X) = II(X — b;) be monic
polynomials of the same degree with coefficients in Qp; if |II F(a;)|e = |11 F(b;)|¢ for
all F € Z[T], then P = Q.

PROOF. By continuity, P and () will satisfy the condition for all F' with coefficients
in Zy, and even in Q,. Let d and e be the multiplicities of a; as a root of P and @)
respectively — we shall prove the lemma by verifying that d = e.
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Let v € Q’?l be close to ap, but not equal to a;. Then

[P(@)le = la—alf I la—a
a;#ay

Q)¢ = [a—al TT o —bi.
bi#a1

Let F' be the minimum polynomial of o over Qy, and let m = deg F'. Let X be a set
of automorphisms o of Q¥ such {ca | o € X} is the set of distinct conjugates of a.
Then,

E[F(ai) =[[(a; — oa).

0,1
Because o permutes the aj,

H(ai —oa) =[](ca; — 0a),

i i
and because the automorphisms of Q3! preserve valuations,
|(ca; — oa)|e = |a; — als.
Hence
II;F(ai)!e = !H(ai —a)lf".
Similarly,

!E[F(bi)!e = HZ[(bi — )"

and so our hypothesis implies that

o —ar] T lo—al =]a—alf TT lo—bi.
a;F#a1 bi#a1
As « approaches a; the factors not involving a; will remain constant, from which it
follows that d = e. O

LEMMA 9.22. Let E be an algebra over a field K, and let 6: E — K be a polyno-
mial function on E (regarded as a vector space over K) such that 6(af) = §(a)d(3)
for all a, 5 € E. Let « € E, and let P = II(X — a;) be the polynomial such that
P(z) =6(a—x). Then 6(F(«)) = £I1F(a;) for any F € K|[T].

PRrROOF. After extending K, we may assume that the roots by, by, ... of F' and of P
lie in K’; then

0(F(a)) = d([I(a = b;)) = [T P(b;) = [1(b; — ai) = il;[F(az‘)-

J

2¥]

O

PROOF. We now prove (9.20). Clearly we may assume k = k. For any § € End(A),

| deg(B)]¢ = [##(Kex(83))]¢ = #(Ker(8)(¢)) ™" = #(Coker(T33)) " = | det(T; 0 B)].

Consider a € End(A), and let aq, as, ... be the roots of P,. Then for any polynomial
F € Z[T], by 9.22,

[IL F(as)]e = | deg Fa)]e = | det Ty(F(e))[e = [IL F(bi)]e
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where the b; are the eigenvalues of T;3. By Lemma 9.21, this proves the proposition.
O

Study of the endomorphism algebra End(A) ® Q. Let D be a simple algebra
(not necessarily commutative) of finite-degree over its centre K (a field). The reduced
trace and reduced norm of D over K satisfy

Trp/x(e) = [D: K]Trdp/k(a), Nmp/x(a) = Nrdp,x(a)P* o € D.

When D is a matrix algebra, D ~ M,(K), then the reduced trace of « is the trace
of a regarded as a matrix and the reduced norm of « is its determinant. In general,
D ®k L ~ M,(L) for some finite Galois extension L of K, and the reduced trace and
norm of an element of D can be defined to be the trace and determinant of its image
in M, (L) — these are invariant under the Galois group, and so lie in K. Similarly,
the reduced characteristic polynomial of « in D/K satisfies

pD/K,a(X) = (Pl" dD/Kﬂ(X))[D:K].
For a simple algebra D of finite degree over Q, we define
Trpg =TrkgoTrdp/k, Nmpjg = NmggoNrdpk,

where K is the centre of D. Similarly, we define Pp/q.(X) to agree with the usual
characteristic polynomial when D is commutative and the reduced characteristic poly-
nomial when D has centre Q.

PROPOSITION 9.23. Let K be a Q-subalgebra of End(A) ® Q. (in particular, K
and End(A) ® Q have the same identity element), and assume that K is a field. Let
f=[K:Q]. Then Vi(A) is a free K ®@qg Qe-module of rank (2dim A)/f. There-
fore, the trace of a (as an endomorphism of A) is (29/f) Trxg(a) and deg(a) =
Nmy g(a)®/7.

PRrROOF. In fact, we shall prove a stronger result in which D is assumed only to be
a division algebra (i.e., we allow it to be noncommutative). Let K be the centre of
D, and let d = \/[D: K]and f = [K : Q]. If D ®q Qy is again a division algebra,
then Vy(A) ~ V//% where V is any simple D ®g Qp-module (up to isomorphism,
there is only one simple module over a division algebra; see CFT 1.16). In general,
D ®¢ Q will decompose into a product

D®QQ£:HD'£

with each D; a simple algebra over Q, (if K ®¢ Q, = [[ K; is the decomposition of
K ®¢ Qg into product of fields, then D; = D ®x K; — see CFT 2.15). Let V; be a
simple M,,(D;)-module. Then V;(A) ~ @&m;V; for some m; > 0. We shall that the
m; are all equal..

Let a € D. The characteristic polyomial P, (X) of a as an endomorphism of A is
monic of degree 2dim A with coefficients in Q, and it is equal to the characteristic
polynomial of V;(a) acting on the Q-vector space V;(A).

From the above decomposition of D ®q Qy, we find that

PD/QCY(X) = HPDi/QMI(X)'
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From the isomorphism of D ®q Q,-modules V;(A) ~ @&m;V;, we find that
P, (X) = H Pp,jgp.a(X)™.

If we assume that o generates a maximal subfield of D, so that Ppg.(X) is
irreducible, then the two equations show that any monic irreducible factor of P, (X
in Q[X] shares a root with Pp,g.(X), and therefore equals it. Hence P,(X) =
Ppg,o(X)™ for some integer m, and each m; equals m. O

COROLLARY 9.24. Let o € End(A) ® Q, and assume Q[a] is a product of fields.
Let Co(X) be the characteristic polynomial of a acting on Q[a] (e.g., if Qo] is a
field, this is the minimum polynomial of v); then

{a € C | Cy(a) =0} = {a €C | P,(a) = 0}.

10. POLARIZATIONS AND INVERTIBLE SHEAVES

As Weil pointed out, for many purposes, the correct higher dimensional analogue
of an elliptic curve is not an abelian variety, but a polarized abelian variety.

A polarization® \ of an abelian variety A is an isogeny A\: A — AY such that, over
k' X\ becomes of the form A\, for some ample sheaf £ on A..a. Unfortunately, this
is not quite the same as requiring that A itself be of the form A, for £ an ample
invertible sheaf on A (AV, 13.2).

The degree of a polarization is its degree as an isogeny. An abelian variety together
with a polarization is called a polarized abelian variety. When X has degree 1, (A, \)
is said to belong to the principal family, and X is called a principal polarization.

There is the following very interesting theorem (Mumford 1970, p150).

THEOREM 10.1. Let L be an invertible sheaf on A, and let
X(L) = (~1) dimy H'(A, L) (Zariski cohomology).

(a) The degree of Az is x(L)?.
(b) (Riemann-Roch) If L = L(D), then x(L) = (DY) /g!.
(¢) Ifdim K(L) =0, then H"(A, L) is nonzero for exactly one integer.

If £ is ample, we know dim K (L) = 0. If £ is very ample, we know that I'(A, £) #
0, and so the theorem implies that H"(A, £) = 0 for all r # 0.

A Finiteness Theorem. Up to isomorphism, there are only finitely many elliptic
curves over a finite field k, because each such curve can be realized as a cubic curve in
P? and there are only finitely many cubic equations in three variables with coefficients
in k. Using Theorem 10.1 it is possible to extend this result to abelian varieties.

THEOREM 10.2. Let k be a finite field, and let g and d be positive integers. Up to
isomorphism, there are only finitely many abelian varieties A over k of dimension g
possessing a polarization of degree d2.

8This notion of polarization differs slightly from Weil’s original definition.
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Using Theorem 10.1, one shows that A can be realized as a variety of degree 37d(g!)
in P34=1. The Chow form of such a variety is homogeneous of degree 39d(g!) in each
of g + 1 sets of 39d variables, and it determines the isomorphism class of the variety.
There are only finitely many such polynomials with coefficients in k.

REMARK 10.3. Theorem 10.2 played a crucial role in Tate’s proof of his conjecture
(9.17) over finite fields (see later).

11. THE ETALE COHOMOLOGY OF AN ABELIAN VARIETY

Let V be a variety over a field k. When k£ = C, we can endow V' with the complex
topology, and form the cohomology groups H*(V,Q). Weil was the first to observe
that various phenomena, for example the numbers of points on varieties, behaved as
if the whole theory (cohomology groups, Poincaré duality theorems, Lefschetz traces
formula...) continued to exist, even in characteristic p, and with the same Betti
numbers. It is not clear whether Weil actually believed that such a theory should
exist, or that it just appeared to exist.

Serre pointed out that there couldn’t exist cohomology groups with coefficients in
Q and the correct Betti numbers functorially attached to a variety in characteristic
p. For example, if A is a supersingular elliptic curve in characteristic p, End(A) ® Q
a division algebra of dimension 4 over Q; if H'(A, Q) had dimension 2 over Q, then it
would have dimension 1/2 over End(A) ® Q, which is nonsense. However, End(A) ®
Q¢ =~ M5(Qq), ¢ # p, and so there is no reason there should not be a vector space
H'(A,Qy) of dimension 2 over Q, functorially attached to A — in fact, we know there
is, namely V;A (better, its dual).

Grothendieck constructed such a theory, and called in étale cohomology (see my
book or notes LEC).

For abelian varieties, the étale cohomology groups are what you would expect given
the complex groups (AV, §15).

THEOREM 11.1. Let A be an abelian variety of dimension g over a separably closed
field k, and let € be a prime different from char(k).

(a) There is a canonical isomorphism
H'(Aw, Z¢) 5 Homy, (TyA, Z).
(b) The cup-product pairings define isomorphisms
N HY(Aet, Zy) — H"(Awt, Zy) for all 7.
In particular, H" (Ae, Zs) is a free Ze-module of rank (%9).

REMARK 11.2. The following three algebras are isomorphic:

(i) H*(A, Z,) with its cup-product structure;

(i) the exterior algebra A*H'(A,Z,) with its wedge-product structure;
(iii) the dual of A*T;A with its wedge-product structure.
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12. WEIL PAIRINGS

For an elliptic curve A over a field k, and an integer m not divisible by the charac-
teristic of k, one has a canonical pairing

AR X AE ) — o (K)

where j1,,(k*) is the group of m' roots of 1 in k! (=~ Z/mZ). This pairing is
nondegenerate, skew-symmetric, and commutes with the action of
Gal(k?/k).
For an abelian variety A, this becomes a pairing
em: A(E™) < AY (k™) — i (K™).

Again, it is nondegenerate, and it commutes with the action of
Gal(k*/k). When combined with a polarization

A A— AY
this becomes a pairing

et Ap(E™) x A (B — o (E™), e) (a,b) = epn(a, \D).

The e,,-pairing can be defined as follows. For simplicity, assume k to be alge-
braically closed. Let a € A,,(k) and let o’ € AY,(k) C Pic°(A). If ' is represented by
the divisor D on A, then m* D is linearly equivalent to mD (see 7.5; my4 is the map
x +— max: A — A), which, by assumption, is linearly equivalent to zero. Therefore
there are rational functions f and g on A such that mD = (f) and m:D = (g). Since

div(f oma) = my(div(f)) = mi(mD) = m(m} D) = div(g™),

we see that g™/ fom , is rational function on A without zeros or poles — it is therefore
a constant function ¢ on A. In particular,

g(x +a)™ = cf(mz + ma) = cf(mz) = g(x)™.

Therefore g/g ot, is a function on A whose m!* power is one. This means that it is
an m'™ root of 1in k(A) and can be identified with an element of k. Define

em(a,a’) = g/got,.

LEMMA 12.1. Letm andn be integers not divisible by the characteristic of k. Then
for all a € Apn(k) and a' € AY,.(k),

emn(a,a)" = ey (na,na’).
PROOF. See my original article (or prove it as an exercise). O

Let Zy(1) =lim pen for £ a prime not equal to the characteristic of k. The lemma
allows us to define a pairing e;: Ty A x TyAY — Z,(1) by the rule

er((an), (ay)) = (e (an, ay)).

For a homomorphism A: A — A, we define pairings

e ToA x TyA — Zy(1), (a,a’) —ela, Aa).

If \ = \z, £ € Pic(A), then we write e for e).
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PROPOSITION 12.2. There are the following formulas: for a homomorphism
a: A— B,

(a) eg(a V(b)) = ( (a),b), a € TyA, be T;B;
(b) ef *(a,a') = €}(f(a), f(a), a,a’ € LA, X € Hom(B, B);
(c) el**(a,a") = e£(f(a), f(d'), a,d’ € TyA, L € Pic(B).
Moreover,
(d) L+ ef is a homomorphism Pic(A) — Hom(A*T A, Z(1)); in particular, ef is
skew-symmetric.

PROOF. See AV (or prove it as an exercise). O

For more on these pairings, see AV, §16.

13. THE ROSATI INVOLUTION

Fix a polarization A on A. As )\ is an isogeny A — AV, it has an inverse in
Hom(AY, A) ® Q. The Rosati involution on End(A) ® Q corresponding to A is
a—al=XxT1oav o\
This has the following obvious properties:
(a+B) =a" +6", (af) =pa, a' =afor acQ.
For any a,a’ € TyA ® Q, ¢ # char(k),
e)(aa,d') = eaa, \a’) = eila,a” o \d') = e)(a,a’d’),
from which it follows that aff = a.
PROPOSITION 13.1. Assume that k is algebraically closed. Then the map
L= A1oA, NS(A)® Q — End(4)2Q,
identifies NS(A) ® Q with the subset of End(A) @ Q of elements fixed by .

PROOF. Omitted. 0

Note that, in general, this set will not be subalgebra of End(A) ® Q, because «
and ( can be fixed by { without o being fixed.

The next result is very important.
THEOREM 13.2. The bilinear form
(a, B) = Tr(ao f1): End(A) ® Q x End(A)2Q—Q

is positive definite, i.e., Tr(aoal) > 0 for a # 0. More precisely, let D be the ample
divisor defining the polarization used in the definition of t; then

29

Tr(aoal) = (D7)

(DY7'.a*(D)).

PrROOF. As D is ample and «a*(D) is effective, the intersection number
(DI71.a*(D)) is positive. Thus the second statement implies the first. The second
statement is proved by a calculation, which we omit. O
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Two Finiteness Theorems. The first theorem shows that an abelian variety can be
endowed with a polarization of a fixed degree d in only a finite number of essentially
different ways. The second shows that an abelian variety has only finitely many
nonisomorphic direct factors. These were included in my article AV because Faltings
used them in his original proof of the Mordell conjecture. We will come across them
again later (§22).

THEOREM 13.3. Let A be an abelian variety over a field k, and let d be an integer;

then there exist only finitely many isomorphism classes of polarized abelian varieties
(A, \) with \ of degree d.

In other words: given an abelian variety A, it is possible to endow it with a polar-
ization of degree d in only finitely many essentially different ways.

An abelian variety A’ is said to be a direct factor of an abelian variety A if A =~
A’ x A for some abelian variety A.

THEOREM 13.4. Up to isomorphism, an abelian variety A has only finitely many
direct factors.

14. THE ZETA FUNCTION OF AN ABELIAN VARIETY

We write I, for a finite field with ¢ elements, F for an algebraic closure of Fy, and
F,m for the unique subfield of F with ¢ elements. Thus the elements of Fym are the
solutions of ¢?" = c.

For a variety V over F,, the Frobenius map 7y : V' — V is defined to be the identity
map on the underlying topological space of V and is the map f — f9 on Oy. For
example, if V = P" = Proj(k[Xo, ..., X,]), then 7y is defined by the homomorphism
of rings

Xi— X1 k[ Xoy .o, Xn) = k[ X0, o0y Xi)
and induces the map on points

(To: oot y) = (xd oo 2l)  PY(F) —-P"(F).

For any regular map ¢: W — V of varieties over [F, it is obvious that pomy = myop.
Therefore, if V' < P" is a projective embedding of V', then 7wy induces the map
(To : voo i @) — (xf + ..ot 22) on V(F). Thus V(F,) is the set of fixed points of
my: V(F) — V(F).

Let A be an abelian variety over F,. Then 74 maps 0 to 0 (because 0 € V(F,)),
and so it is an endomorphism of A. Recall that its characteristic polynomial Py is a
monic polynomial of degree 2g, g = dim(A), with coefficients in Z.

THEOREM 14.1. Write P,(X) =II(X — a;). Then
(a) #AFm) =121 —a™) for 1all m > 1, and
(b) (Riemann hypothesis) |a;| = qz.

Hence

[#AF,) — ¢ <2g-q7 2+ (2% —2g — 1)¢* ..
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Proor. We first deduce the inequality from the preceding statements. Take m = 1
in (a) and expand out to get

29
#A(Fq):al...a2g_z al“'ai—la’i—f—l“'an—i_“'
=1

The first term on the right is an integer, and in fact a positive integer because it
is P,(0) = deg(n), and (b) shows that it has absolute value ¢?. Hence it equals ¢¢
(actually, it easy to prove directly that deg(m) = ¢?). The Riemann hypothesis shows

that each term a;---a;—1a;41 - - - azy has absolute value = qg_%, and so the sum has

absolute value < 2g - ¢9~2. There are (29 — 2g — 1) terms remaining, and each has
absolute value < ¢9~!, whence the inequality.

We first prove (a) in the case m = 1. The kernel of
m—id: A(F) — A(F)
is A(F,). I claim that the map
(dm)o: Tgto(A) — Tgto(A)

is zero — in fact, that this is true for any variety. In proving it, we can replace A
with an open affine neighbourhood U, and embed U into A™ some m in such a way
that 0 maps to the origin 0. The map (dm)y on T'gto(U) is the restriction of the
map (dr)o on Tgto(A™). But m: A™ — A™ is given by the equations Y; = X7, and
d(X?) = ¢X?" = 0 (in characteristic p). We now find that

d(m —id)o = (dm)o — (d(id))o = —1.

Hence m — 1 is étale at the origin, and so, by homogeneity, it is étale at every point
— each point in the kernel occurs with multiplicity 1. Therefore,

#A(F,) = deg(m —id).
But, from the definition of P, we know that
deg(m —id) = P,(1),
and this is II(1 — a;).
When we replace m with 7 in the above argument, we find that
#A(Fym) = Pem(1).

Recall (9.20) that aq, ..., ag, can be interpreted as the eigenvalues of 7 acting on T, A.
Clearly 7™ has eigenvalues af", ..., ay,, and so

Pon(X) = (X — a), Py (1) = II(1 — ™)

1

which proves (a) for a general m. O

Part (b) follows from the next two lemmas.

LEMMA 14.2. Let | be the Rosati involution on End(A) ® Q defined by a polariza-
tion of A; then WL OTA=qa.
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PROOF. Let D be the ample divisor on A defining the polarization; thus A(a) =
[D, — D]. We have to show that
7V olom =g\
Recall that, on points, 7V is the map
[D'] — [7*D']: Pic®(A) — Pic’(A).
Let D' be a divisor on A (or, in fact any variety defined over F,). If D’ = div(f) near
7(P), then, by definition, 7*D" = div(f o w) near P. But 7(P) = P and fom = f9
(this was the definition of 7), and div(f?) = g div(f); thus 7*D" = ¢D.
Next observe that, for any homomorphism a: A — A and any point a on A,
aoty(r) =ala+z)=oala) + a(r) =t o a(z).
We can now prove the lemma. For any a € A(F), we have
(¥ oXom)(a) = 7*[Dy — D]
= [mt; D — 7" D]
[(tr(a) o m)"D — 7" D]
(rot) D — 7D

= [tir*D — 7" D]
= [tagD — ¢ D]
= q\(a),
as required. O

LEMMA 14.3. Let A be an abelian variety over a field k (not necessarily finite).

Let o be an element of End(A) ® Q such that of o« is an integer r; for any root a of
P, inC, |a*=r.

PROOF. Note that Q[a] is a commutative ring of finite-dimension over Q; it is
therefore an Artin ring. According to (Atiyah and MacDonald 1969, Chapter 8)?, it
has only finitely many prime ideals my,...,m, each of which is also maximal, every
element of Nm; is nilpotent, and Q[«]/ Nm; is a product of fields

Q[O&]/ nm; = K1 X ... X Kn: Kz :Q[@]/mz

We first show that Nm; = 0, i.e., that Q[a] has no nonzero nilpotents. Note that

Q[a] is stable under the action of . Let a # 0 € Q[a]. Then b 4 at-a #0, because
Tr(a®-a) > 0. As bt = b, Tr(b?) = Tr(b"-b) > 0, and so b* # 0. Similarly, b* # 0, and
so on, which implies b is not nilpotent, and so neither is a.

Any automorphism 7 of Q[a] permutes the maximal ideals m;; it therefore permutes
the factors K, i.e., there is a permutation o of {1, 2, ..., n} and isomorphisms 7;: K; —
K@y such that 7(ay, ..., an) = (b1, ..., by) with by;y = 7i(a;). In the case that 7 =1, o
must be the trivial permutation, for otherwise Tr(a' - a) would not always be positive
(consider (ay1,0,0,...) if o(1) # 1). Hence t preserves the factors of Q[a], and is a
positive-definite involution on each of them.

9In fact, it is easy to prove this directly. Let f(X) be a monic polynomial generating the kernel

of Q[X] — Qla]. Then Q[X]/(f(X)) = Q[a], and the maximal ideals of Q[a] correspond to the
distinct irreducible factors of f(X).
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The involution { extends by linearity (equivalently by continuity) to a positive-
definite involution of Qa]®R. The above remarks also apply to Q[a]®R: it is a
product of fields, and { preserves each factor and is a positive-definite involution on
each of them. But now each factor is isomorphic to R or to C. The field R has no
nontrivial automorphisms at all, and so T must act on a real factor of Q[a]®R as the
identity map. The field C has only two automorphisms of finite order: the identity
map and complex conjugation. The identity map is not positive-definite, and so
must act on a complex factor as complex conjugation.

We have shown: for any homomorphism p: Qa] —C, p(af) = p(a). Thus, for
any such homomorphism, r = p(af - a) = |p(a)|?, and so every root of the minimum

polynomial of o in Q[a] /Q has absolute value 2. Now (9.24) completes the proof. [
REMARK 14.4. We have actually proved the following: Q[r] is a product of fields,

stable under the involution f; under every map 7: Q[r] — C, 7(7) = 7(7), and
7| = ¢2.

The zeta function of a variety V over k is defined to be the formal power series

m

Z(V,t) = exp(d>_ Nn %), Ny = #A(Fym).

m>1

Thus
Z\V,t) =1+ () _ Nn %) + %(Z N, %)2 + - € Q]

COROLLARY 14.5. Let P.(t) = [[(1—a;,. t), where the a;,, for a fived r run through
the products a; a;,...a;,, 0 < iy < ... <1, < 2g, a; a root of P(t). Then

P, (t) - P2g_1(t)
P BB Py ool

PRrROOF. Take the logarithm of each side, and use (14.1a) and the identity (from

calculus)
—log(l—t)=1+t+t3/2+t/3+ ...
U

REMARK 14.6. (a) The polynomial P,.(t) is the characteristic polynomial of 7
acting on A"T,A.

(b) Let ¢(V,s) = Z(V,q*); then (14.1b) implies that the zeros of ((V, s) lie on the
lines Re(s) = 1/2, 3/2,..., (29 — 1)/2 and the poles on the lines Re(s) =0, 1,...,2g,
whence its name “Riemann hypothesis”.

15. FAMILIES OF ABELIAN VARIETIES

Let S be a variety over k. A family of abelian varieties over S is a proper smooth
map 7: A — S with a law of composition

mult: A xg A— A

such that each fibre is an abelian variety. A homomorphism of families of abelian
varieties is a regular map «: A — B compatible with the structure maps A — S,
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B — S, and with the multiplication maps. Many results concerning abelian varieties
extend to families of abelian varieties.

ProposiTION 15.1 (Rigidity Lemma). Let S be a connected variety, and let
m: YV — S be a proper flat map whose fibres are geometrically connected varieties;
let w': V' — S be a variety over S, and let a: V — V' be a morphism of varieties
over S. If for some point s of S, the image of the fibre Vs in V. is a single point, then
f factors through S (that is, there exists a map f': S — V' such that f = f' om).

ProOF. Mumford, D., Geometric Invariant Theory, Springer, 1965, 6.1. U

COROLLARY 15.2. (a) Every morphism of families of abelian varieties carrying
the zero section into the zero section is a homomorphism.

(b) The group structure on a family of abelian varieties is uniquely determined by
the choice of a zero section.

(c) A family of abelian varieties is commutative.

PROOF. (a) Apply the proposition to the map ¢: A x A — B defined as in the
proof of (1.2).

(b) This follows immediately from (a).

1

(¢) The map a — a~" is a homomorphism. O

The next result is a little surprising: it says that a constant family of abelian
varieties can’t contain a nonconstant subfamily.

PROPOSITION 15.3. Let A be an abelian variety over a field k, and let S be a
variety over k such that S(k) # (0. For any injective homomorphism a: B <— A x S
of families of abelian varieties over S, there is an abelian subvariety B of A (defined
over k) such that o(B) = B x S.

PRrooF. Let s € S(k), and let B = B, (fibre over s). Then «; identifies B with a
subvariety of A. The map h: B— A x S — (A/B) x S has fibre B, — A — A/B;
over s, which is zero, and so (15.1) shows that h = 0. It follows that «(B) C B x S.
In fact, the two are equal because their fibres over S are connected and have the same
dimension. O

Recall that a finitely generated extension K of a field k is regular if it is linearly
disjoint from k2! equivalently, if K = k(V') for some variety V over k.

COROLLARY 15.4. Let K be a reqular extension of a field k.

(a) Let A be an abelian variety over k. Then every abelian subvariety of A is
defined over k.

(b) If A and B are abelian varieties over k, then every homomorphism o: Ax — Bk
1s defined over k.

PROOF. (a) Let V' be a variety over k such that k(V) = K. After V' has been
replaced by an open subvariety, we can assume that B extends to a family of abelian
varieties over V. If V' has a k-rational point, then the proposition shows that B is
defined over k. In any case, there exists a finite Galois extension k' of k and an
abelian subvariety B’ of Ay such that By, = Bk as subvarieties of Agy. The
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equality uniquely determines B’ as a subvariety of A. As 0B has the same property
for any o € Gal(k'/k), we must have 0 B = B, and this shows that B is defined over
k.

(b) Part (a) shows that the graph of « is defined over k. O

THEOREM 15.5. Let K/k be a reqular extension of fields, and let A be an abelian
variety over K. Then there exists an abelian variety B over k and a homomorphism
«a: Bxg — A with finite kernel having the following universal property: for any abelian
variety B" and homomorphism o : By, — A with finite kernel, there exists a unique
homomorphism p: B" — B such that o = a o pg.

ProoF. Consider the collection of pairs (B,«) with B an abelian variety over
k and o a homomorphism Bx — A with finite kernel, and let A* be the abelian
subvariety of A generated by the images the a. Consider two pairs (B, 1) and
(B2, a2). Then the identity component C' of the kernel of (a1, as): (By X Ba)xg — A
is an abelian subvariety of By x Bs, which (15.4) shows to be defined over k. The
map (B x By/C) g — A has finite kernel and image the subvariety of A generated by
a1(B1) and as(B). It is now clear that there is a pair (B, ) such that the image of « is
A*. Divide B by the largest subgroup scheme N of Ker(«) to be defined over k. Then
it is not difficult to see that the pair (B/N, «) has the correct universal property (given
o1 Bl — A, note that for a suitable C' contained in the kernel of (B/N) g x B}y — A,
the map b — (b,0): B/N — (B/N) x B’/C is an isomorphism). O

REMARK 15.6. The pair (B, «) is obviously uniquely determined up to a unique
isomorphism by the condition of the theorem; it is called the K/k-trace of A. (For
more details on the K/k-trace and the reverse concept, the K/k-image, see Lang
1959, VIII).

Mordell-Weil theorem. Recall that, for an elliptic curve A over a number field K,
A(K) is finitely generated (EC §11). More generally, there is the following theorem.

THEOREM 15.7. Let A be an abelian variety over a field K that is finitely generated
over the prime field. Then A(K) is finitely generated.

PROOF. For elliptic curves over Q, this was proved by Mordell; for Jacobian vari-
eties, it was proved by Weil in his thesis (Weil stated his result in terms of curves,
since Jacobian varieties hadn’t been defined over any fields except C at the time);
it was proved for abelian varieties over number fields by Taniyama; the extension
to other fields was made by Lang and Néron. For a proof for abelian varieties over
number fields, see Serre 1989, Chapter 4. O

Clearly, one needs some condition on K in order to have A(K) finitely generated
— if K is algebraically closed, A(K)ps is never finitely generated. However, Lang
and Néron proved the following result.

THEOREM 15.8. Assume K is finitely generated (as a field) over k, and that k is
algebraically closed in K. Let (B, ) be the K/k trace of A. Then A(K)/a(B)(k) is
finitely generated.
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16. ABELIAN VARIETIES OVER FINITE FIELDS

For a field k, we can consider the following category:

objects: abelian varieties over k;

morphisms: Mor(A, B) = Hom(A, B) ® Q.

This is called the category of abelian varieties up to isogeny, Isab(k), over k because
two abelian varieties become isomorphic in Isab(k) if and only if they are isogenous.
It is Q-linear category (i.e., it is additive and the Hom-sets are vector spaces over Q)
and (9.1) implies that every object in Isab(k) is a direct sum of a finite number of
simple objects. In order to describe such a category (up to a nonunique equivalence),
it suffices to list the isomorphism classes of simple objects and, for each class, the
endomorphism algebra. The theorems of Honda and Tate, which we now explain,
allow this to be done in the case & = F,.

For abelian varieties A and B, we use Hom’(A, B) to denote Hom(A, B) @ Q — it
is a finite-dimensional Q-vector space.

Let A be a abelian variety over [, and let 7 = 74 be the Frobenius endomorphism
of A. Then m commutes with all endomorphisms of A, and so lies in the centre of
End’(A). If A is simple, then End’(A) is a division algebra. Therefore, in this case,
Q[n] is a field (not merely a product of fields). An isogeny A — B of simple abelian
varieties defines an isomorphism End’(A4)— End"(B) carrying 74 into 75, and hence
mapping Q[r4] isomorphically onto Q[np].

Define a Weil g-integer to be an algebraic integer such that, for every embedding
o: Q] —C, |on| = ¢2, and let W(q) be the set of Weil g-integers in C. Say that
two elements 7 and 7’ are conjugate, m ~ 7', if any one of the following (equivalent)
conditions holds:

(a) m and 7’ have the same minimum polynomial over Q;
(b) there is an isomorphism Q[r] —Q[n’] carrying 7 into 7’;
(c) 7 and 7' lie in the same orbit under the action of Gal(Q*/Q) on W(q).
For any simple abelian variety A, the image of 74 in Q* under any homomorphism
Q[ma] —Q is a Weil g-integer, well-defined up to conjugacy (see 14.1). The remark
above, shows that the conjugacy class of m4 depends only on the isogeny class of A.

THEOREM 16.1. The map A +— w4 defines a bijection
{simple abelian varieties/F,}/ (isogeny) — W(q)/(conjugacy).

PRrROOF. The injectivity was proved by Tate and the surjectivity by Honda. We
discuss the proof below. O

To complete the description of Isab(F,) in terms of Weil g-integers, we have to
describe the division algebra End’(A) ® Q in terms of 74, but before we can do that,
we need to review the classification of division algebras over a number field — see
CFT Chapter IV.

A central simple algebra over a field k is a k-algebra R such that:

(a) R is finite-dimensional over k;
(b) k is the centre of R;
(c¢) R is a simple ring (i.e., it has no 2-sided ideals except the obvious two).
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If R is also a division algebra, we call it a central division algebra over k.

LEMMA 16.2. If R and S are central simple algebras over k, then so also is R®yS.

Proor. CFT IV.2.8. O

For example, if R is a central simple algebra over k, then so also is M,(R) =
R ®; M, (k). Here M, (R) is the R-algebra of r xr matrices with coefficients in R.

PROPOSITION 16.3 (Wedderburn’s theorem). FEvery central simple algebra R over
k is isomorphic to M,(D) for some r > 1 and central division algebra D over k;
moreover r is uniquely determined by R, and D s uniquely determined up to isomor-
phism.

ProOF. CFT IV.1.9, 2.14. O

The Brauer group Br(k) of a field is defined as follows. Its elements are the isomor-
phism classes of central division algebras over k. If D and D’ are two such algebras,
then, according to (16.2, 16.3) D®y, D’ is isomorphic M, (D") for some central division
algebra D over k, and we set [D]-[D’'] = [D”]. This is a group — the identity element
is [k], and [D]~! = [D°PP] where D has the same underlying set and addition, but
the multiplication is reversed (if ab = ¢ in D, then ba = ¢ in DPP).

THEOREM 16.4. For any local field k, there is a canonical homomorphism
inv: Br(k) — Q/Z

If k is nonarchimedean, inv is an isomorphism; if k = R, then the image is %Z/Z; if
k = C, then Br(k) = 0.

Proor. CFT pl08 and CFT IV.4.3. O
REMARK 16.5. (a) In fact, Br(k) = 0 for any algebraically closed field k.

(b) The nonzero element of Br(R) is represented by the usual (i.e., Hamilton’s
original) quaternions, H = R + Ri + Rj + REk.
THEOREM 16.6. For a number field k, there is an exact sequence

0 — Br(k) — @,Br(k,) — Q/Z — 0

Here the sum is over all primes of k, the first map sends [D] to X[D ® k], and the
second map sends (a,) to ¥ inv(a,).

ProOF. See CFT VIII.2.2 — it is no easier to prove than the main theorem of
abelian class field theory. O

REMARK 16.7. For a number field k£ and prime v, write inv, (D) for invi, (D® k).
The theorem says that a central division algebra D over k is uniquely determined up
to isomorphism by its invariants inv,(D); moreover, a family (i,), i, € Q/Z, arises
from a central division algebra over k if and only if ¢, = 0 for all but finitely many v,
iy € $Z/Z if v is real, and i, = 0 if v is complex, and ¥ 4, = 0 (in Q/Z).

We need one further result.
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THEOREM 16.8. For a central division algebra D over a number field k, the order
of [D] in Br(k) is \/[D : k]. It is also equal to the least common denominator of the
numbers inv, (D).

PROOF. Since the order of an element of ®Q/Z is the least common denominator
of its components, the second statement follows directly from Theorem 16.6. The
first is stated in Artin, Thrall, and Nesbitt, Rings with Minimum Condition, 1946,
p94, and proved in Reiner, 1., Maximal Orders, 32.19 (and the next version of these
notes). O

We now finally state our theorem.

THEOREM 16.9. Let A be a simple abelian variety over Fy; let D = End"(A) and
let m € D be the Frobenius element of A. Then:

(a) The centre of D is Q[r]; therefore, D is a central division algebra over Q|m].
(b) For a prime v of Q[r], let i, = inv,(D). Then |||, = ¢ ™ (here || - ||, is
the normalized valuation at the prime v; hence inv,(D) = 1/2 if v is real, and
invy(D) = 0 if v doesn’t divide p or 00); equivalently,
ord, ()

inv, (D) = m[@[ﬂ']v 1 Qy).

() 2dim(A) = [D: Qlx]}? - [Qlr] : Q).

Proo¥F. This was proved by Tate (Inventiones Math. 1966) who, however, ne-
glected to publish the proof of (b) (see Waterhouse and Milne, Proc. Symp. Pure
Math., AMS XX, 1971). 0

The injectivity of the map A — [74] in (16.1) follows easily from Tate’s theorem:
Hom(A, B) ® Q; = Hom(V,A, V;B)"', T = Gal(F/F,).

In fact, the canonical generator of Gal(F/F,) acts on VA and V;B as m4 and 7p
respectively, and these action are semisimple (i.e., over some extension of Q, there
exist bases of eigenvectors). It is now an easy exercise in linear algebra to prove that:

Hom(V; A, ViB)" = #{(i, j)| a; = b;}
where Pr, (X) = II(X — a;), Pry(X) =I1(X —b;).

The surjectivity was proved by Honda. I will only sketch the main idea. Obviously,
we have to construct over I, sufficient abelian varieties to exhaust all the conjugacy
classes of Weil numbers, but we can’t write the equations for a single abelian variety
of dimension > 2 over F,, so how do we proceed? We construct (special) abelian

varieties over C, realize them over number fields, and then reduce their equations
modulo p, to obtain abelian varieties over finite fields.

Recall (EC 10.22) that, for an elliptic curve A over C, either End’(A)=Q or
End’(A)=E, a quadratic imaginary number field. The first case is typical; the second
is special. In the second case, A is said to have complex multiplication by E.

In higher dimensions something similar holds. An algebraic number field E is
said to be a CM-field (complex multiplication) if it is quadratic totally imaginary
extension of a totally real field F'. Equivalent definition: there is an involution ¢ # 1
of E such that for every embedding 7: £ — C, complex conjugation acts on 7E as
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7ir~1. An abelian variety A is said to have complex multiplication by the CM-field
Eif E C End(A)®Q and

(a) 2dim A= [E: Q], and
(b) for some polarization of A, the Rosati involution on End(A) ® Q stabilizes F,
and acts on it as .

Typically, an abelian variety of dimension g over C has End(A) ® Q =Q; the
opposite extreme is that A has complex multiplication (of course, now there are
many intermediate possibilities).

Let A be an abelian variety defined over a nonarchimedean local field k£ (so k is
the field of fractions of a complete discrete valuation ring R, with maximal ideal m
say; let R/m = kg). Embed A into projective space P, and let a C k[Xy, ..., X,)]
be the ideal corresponding to A. Let ap be the image of an R[X,,...,X,] in
ko[ X1, ..., Xyn) = R[Xo,...]/mR[Xy,...]. It defines a variety Ay over k. In general
Ap may be singular, and it may depend on the choice of the embedding of A into
projective space. However, if the embedding can be chosen so that Ag is nonsingular,
then Ag is independent of all choices, and it is again an abelian variety. In this case,
we say that A has good reduction, and we call Ay the reduced variety. When A is an
abelian variety over a number field k, then we say A has good reduction at a finite
prime v of k if Ay, has good reduction (k, =completion of k at v).

PROPOSITION 16.10. Let A be an abelian variety over C with complexr multiplica-
tion by E. Then A has a model over some number field k, and, after possibly replacing
k with a larger number field, A will have good reduction at every prime of k.

PRrROOF. Omitted. ]

We can construct all abelian varieties over C with complex multiplication by a fixed
CM-field E (up to isogeny) as follows. Let [E : Q] = 2g; the embeddings F «— C fall
into g conjugate pairs {¢, top} (here ¢ is complex conjugation on C). A CM-type for
E is a choice of g embeddings ® = {¢1, ..., ¢4} of E into C, no two of which differ by
complex conjugation (thus there are 29 different CM-types on E). Let ® also denote
the map

E—C% z— (p(x), "'7909(1'))7

and define A = C9/®(Op). This is a complex torus, which has a Riemann form, and
hence is an abelian variety. Evidently we can let x € O act on A as ®(x), and so A
has complex multiplication by F.

Thus, starting from a CM-field £ and a CM-type ®, we get an abelian variety A,
initially over C. Proposition 16.10 says that A will be defined over some number field,
and moreover (after possibly replacing the number field by a finite extension) it will
reduce to an abelian variety over some finite field F,. What is the Weil integer of this
abelian variety?

Given a CM-field F and a CM-type ®, we can a construct a Weil integer as follows.
Let p be a prime ideal of E lying over p. Then p” is principal for some h, say p"= (a).

I claim that 7 & ycap(a®™) is Weil g-integer for some power ¢ of p and that, if n is
taken large enough, it is independent of the choice of the element a generating p”.
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Note first that

= Hw@ga(a%) ~p(a?n) = HweHom(Evc)ga(a%) = (Nmg/qg a™)?,
which is a positive integer. The ideal

(Nmpg/ga) = Nmggp = (P)f:

where f = f(p/p) (residue class field degree) — see ANT 4.1. Thus 7 -7 = ¢, where
q = p*/®/P)  Similarly, one shows that the conjugates of m have this property, so
that 7 is a Weil g-integer.

Next note that the unit theorem (ibid. 5.7) implies that
rank(Ug) = g — 1 = rank(Up),

where Ug and Up are the groups of units in £ and F. Let n = (Ug : Up). A different
generator of p" will be of the form a - u, u € Ug, and u™ € Ur. But {p1|F, ..., 0,|F}
is the full set of embeddings of F' into R, and so for any ¢ € F, Il capc = Nmp/q ¢;
in particular, if ¢ € Up, then Il copc = Nmp g c is a unit in Z, i.e., it is £1. Hence
I, (¢(au)*) = 7 - Nmpg(u")? = m - (£1)? = 1.

After this miraculous calculation, it will come as no surprise that:

THEOREM 16.11. Let A be the abelian variety F, obtained by reduction from an
abelian variety of CM-type (E,®). Then the Weil g-integer associated to A is that
constructed by the above procedure.

PrOOF. This is the main theorem of Shimura and Taniyama, Complex Multipli-
cation of Abelian Varieties and its Applications to Number Theory, 1961. O

After these observations, it is an exercise in number theory to prove that the map
in (16.1) is surjective. For the details, see (Honda, J. Math. Soc. Japan 20, 1968,
83-95), or, better, (Tate, Séminaire Bourbaki, 1968/69, Exposé 352, Benjamin, New
York).

17. JACOBIAN VARIETIES

Let C' be a nonsingular projective curve over a field k. We would like to define
an abelian variety J, called the Jacobian variety of C, such that J(k) = Pic°(C)
(functorially). Unfortunately, this is not always possible: clearly, we would want that
J(k5P) = Pic®(Cjser ); but then

J(E*P) = J(k) = Pic®(Cpeer)', T = Gal(k*P /k),

and it is not always true that Pic(Cyser)’ = Pic’(C). However, this is true when

C(k) # 0.
ASIDE 17.1. Let C be a category. An object X of C' defines a contravariant functor
hx : C — Sets, T — Hom(T, X).

Moreover X +— hx defines a functor C' — Fun(C, Sets) (category of contravariant
functors from C' to sets). We can think of hx(7") as being the set of “I-points” of X.
It is very easy to show that the functor X +— hx is fully faithful, i.e., Hom(X,Y) =
Hom(hx, hy) — this is the Yoneda Lemma (AG 3.34). Thus C can be regarded as
a full subcategory of Fun(C,Sets): X is known (up to a unique isomorphism) once
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we know the functor it defines, and every morphism of functors hx — hy arises from
a unique morphism X — Y. A contravariant functor F' : C' — Sets is said to be
representable if it is isomorphic to hx for some object X of ', and X is then said to
represent F'.

Definition of the Jacobian variety. For varieties V and T over k, set V(T') =
Hom(T", V) = hy(T'). For a nonsingular variety 7T,

PY(T) = Pic®(C x T)/q*Pic°(T)

(families of invertible sheaves of degree zero on C' parametrized by T, modulo trivial
families—cf. (4.16)). This is a contravariant functor from the category of varieties
over k to the category of abelian groups.

THEOREM 17.2. Assume C(k) # 0. The functor PQ. is represented by an abelian
variety J.

PrRoOF. We shall sketch the proof later. O

From (17.1), we know that J is uniquely determined. It is called the Jacobian
variety of C.

A pointed variety over k is a pair (T,t) with T a variety over k and t € T'(k).
We always regard an abelian variety as a pointed variety by taking the distinguished
point to be 0. A divisorial correspondence between two pointed varieties (.5, s) and
(T,t) is an invertible sheaf £ on S x T" whose restrictions to S x {t} and {s} x T are
both trivial.

PROPOSITION 17.3. Let P € C(k), and let J = Jac(C). There is a divisorial
correspondence M on C x J that is universal in the following sense: for any divisorial
correspondence L on C x T (some pointed variety T') such that L; is of degree 0 for

all t, there is a regular map ¢ : T — J sending the distinguished point of T' to 0 and
such that (1 X @)* M ~ L.

PROOF. See JV 1.2. O

REMARK 17.4. (a) The Jacobian variety is defined even when C'(k) = (); however,

it then doesn’t (quite) represent the functor P (because the functor is not repre-
sentable). See JV pl68.

(b) The Jacobian variety commutes with extension of scalars, i.e., Jac(Cy) =
(Jac(C))y for any field k' D k.

(c) Let M be the sheaf in (17.3); as = runs through the elements of J(k), M, runs
through a set of representatives for the isomorphism classes of invertible sheaves of
degree 0 on C.

(d) Fix a point Py in J(k). There is a regular map ¢p, : C — J such that, on
points, ¢p, sends P to [P — ]; in particular, ¢p, sends Py to 0. The map ¢q, differs
from ¢p, by translation by [Py — Q] (regarded as a point on J).

(e) The dimension of J is the genus of C. If C' has genus zero, then Jac(C) =0
(this is obvious, because Pic’(C) = 0, even when one goes to the algebraic closure).
If C has genus 1, then Jac(C') = C (provided C has a rational point; otherwise it
differs from C' — because Jac(C') always has a point).
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Construction of the Jacobian variety. Fix a nonsingular projective curve over k.
For simplicity, assume k = k*. We want to construct a variety such that J(k) is the
group of divisor classes of degree zero on C. As a first step, we construct a variety
whose points are the effective divisors of degree r, some r > 0. Let C" = C'xC x...xC
(r copies). A point on C" is an ordered r-tuple of points on C'. The symmetric group
on r letters, S, acts on C" by permuting the factors, and the points on the quotient

variety C'(") 4o /S, are the unordered r-tuples of points on C. But an unordered
r-tuple is just an effective divisor of degree r, > P;. Thus

C" = Div"(0) 4 {effective divisors of degree r on C'}.

Write 7 for the quotient map C”™ — C), (P, ..., P,) — Y. P

LEMMA 17.5. The variety C") is nonsingular.

PROOF. In general, when a finite group acts freely on a nonsingular variety, the
quotient will be nonsingular. In our case, there are points on C” whose stabilizer sub-
group is nontrivial, namely the points (P, ..., P;) in which two (or more) P; coincide,
and we have to show that they don’t give singularities on the quotient variety. The
worst case is a point @ = (P, ..., P), and here one can show that

Og = k[[o1, ..., 4],
the power series ring in the elementary symmetric functions oy, ..., o, in the X;, and
this is a regular ring. See JV 3.2. O
Let Pic"(C') be the set of divisor classes of degree r. For a fixed point P on C, the
map
[D] — [D + rPy): Pic®(C) — Pic"(C)
is a bijection (both Pic’(C) and Pic"(C) are fibres of the map deg: Pic(C) — 7).

This remains true when we regard Pic’(C) and Pic"(C) as functors of varieties over
k (see above), and so it suffices to find a variety representing the Pic"(C).

For a divisor of degree r, the Riemann-Roch theorem says that
(D)=r+1—g+{K—-D)

where K is the canonical divisor. Since deg(K) = 2g — 2, deg(K — D) < 0 and
(K — D) =0 when deg(D) > 2g — 2. Thus,

((D)=r+1—-g¢>0,if r=deg(D) > 29— 2.

In particular, every divisor class of degree r contains an effective divisor, and so the
map

¢ : {effective divisors of degree r} — Pic"(C), D — [D]
is surjective when r > 2g — 2. We can regard this as a morphism of functors

0: CM — Pic(0).

Suppose that we could find a section s to ¢, i.e., a morphism of functors
s: Pic"(C) — C) such that ¢ o s = id. Then s o ¢ is a morphism of functors
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C™ — C™ and hence by (17.1) a regular map, and we can form the fibre product:

o) < J’

(l,socpd/ \L

o0 x 0 2 o),
Then

b—p(b)
H

J(k)={(a,b) e C" x C" |a=b, b=so0y(a)} Pic" ()

is an isomorphism. Thus we will have constructed the Jacobian variety; in fact J’
will be a closed subvariety of C'"). Unfortunately, it is not possible to find such a
section: the Riemann-Roch theorem tells us that, for r > 2¢g — 2, each divisor class
of degree r is represented by an (r — g)-dimensional family of effective divisors, and
there is no nice functorial way of choosing a representative. However, it is possible
to do this “ locally”, and so construct J’ as a union of varieties, each of which is a
closed subvariety of an open subvariety of C'"). For the details, see JV §4.

18. ABEL AND JACOBI

ABEL 1802-29.

JACOBI 1804-1851.

Let f(X,Y) € R[X,Y]. We can regard the equation f(X,Y) = 0 as defining Y
(implicitly) as a multivalued function of X. An integral of the form,

ooax

with ¢(Y) a rational function, is called an abelian integral, after Abel who made a
profound study of them. For example, if f(X, Y) Y2 - X3 —aX — b, then

5=/
X3+aX+b)

is an example of an abelian integral — in this case it is a elliptic integral, which had
been studied in the eighteenth century. The difficulty with these integrals is that,
unless the curve f(X,Y) = 0 has genus 0, they can’t be evaluated in terms of the
elementary functions.

Today, rather than integrals of multivalued functions, we prefer to think of differ-

entials on a Riemann surface, e.g., the compact Riemann surface (i.e., curve over C)
defined by f(X,Y) = 0.

Let C be a compact Riemann surface. Recall'® that C is covered by coordinate
neighbourhoods (U, z) where U can be identified with an open subset of C and z is the
complex variable; if (U, z1) is a second open set, then z = u(z;) and z; = v(z) with
u and v holomorphic functions on U NU;. To give a differential form w on C, one has
to give an expression f(z)dz on each (U, z) such that, on U N Uy,

fu(z1)) - (21) - dz1 = fi(z1) - dz1.

10See Cartan, H., Elementary Theory of Analytic Functions of One or Several Complex Variables,
Addison Wesley, 1963, especially VI.4.
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A differential form is holomorphic if each of the functions f(z) is holomorphic (rather
than meromorphic). Let w be a differential on C' and let  be a path in U N Uy; then

/Wf(z)odz:/vfl(zl)odzl.

Thus, it makes sense to integrate w along any path in C.

THEOREM 18.1. The set of holomorphic differentials on C' forms a g-dimensional
vector space where g is the genus of C'.

We denote this vector space by T'(C, Q). If wy,...,w, is a basis for the space,
then every holomorphic differential is a linear combination, w = ¥ a;w;, of the
w;, and fww =a f7 w;; therefore it suffices to understand the finite set of integrals

{fWWI’”' ,fwwg}.

Recall (from topology) that C'is a g-holed torus, and that H; (C,Z) has a canonical
basis 71, ..., 724 — roughly speaking each 7; goes once round one hole. The vectors

S, @
Vi
T = : eC’ j=1,...2¢g
fw Wy
are called the period vectors.

THEOREM 18.2. The 2g period vectors are linearly independent over R.

Thus C9/% Zm; is a torus. We shall see that in fact it is an abelian variety (i.e., it
has a Riemann form), and that it is the Jacobian variety.

Fix a point Fy on C. If P is a second point, and ~ is a path from Fy to P, then
w f7 w is linear map I'(C, Q') — C. Note that if we replace v with a different path

~" from Py to P, then + differs from ~ by a loop. If the loop is contractible, then
f7 W= fw/ w; otherwise the two integrals differ by a sum of periods.

THEOREM 18.3 (Jacobi inversion formula). Let ¢ be a linear map T'(C,Q') — C;
then there exist points P, ..., P, on C' and paths v; from P to P; such that

E(w):Z/W'w

7

for all w € T(C, Q).

THEOREM 18.4 (Abel). Let Py, ..., P, and Q, ..., Q, be points on C' (not necessar-
ily distinct). Then there exists a meromorphic function f on C with poles exactly at
the P; and zeros exactly at the Q; if and only if, for all paths ~; from P to P; and all
paths v from P to Q;, there exists an element v € Hy(C,Z) such that

AR E
for allw € T(C, Q).
Let v € H1(C,Z); then

w|—>/w
Y
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is a linear function on the vector space I'(C, '), i.e., an element of I'(C,Q)Y. Thus
we have a map

S / CHy(C,Z) — T(C, Q1)
Y

which (18.2) implies is injective. Set
J=T(C,0"/H,(C,7Z).
The choice of a basis for I'(C, Q') identifies J with C?/% Zr;, which is therefore a

complex torus.

THEOREM 18.5. The intersection product
Hl(C, Z) X Hl(C, Z) — 7

1s a Riemann form on J. Hence J is an abelian variety.

Fix a point P on C. As we noted above, f]?w doesn’t make sense, because it
depends on the choice of a path from P to ). But two choices differ by a loop, and
SO W f ]? w is well-defined as an element of

F(07 QI>V/H1(07 Z)
Thus we have a canonical map pp : C' — J sending P to 0.

Now consider the map
Py
Div’(C) — J, ¥ i Py (w +— X, / w).
P

The Jacobi inversion formula shows that this map is surjective (in fact it proves
more than that). Abel’s theorem shows that the kernel of the map is precisely the
group of principal divisors. Therefore, the theorems of Abel and Jacobi show precisely
that the above map defines an isomorphism

Pic®(C) — J.
References for this section. Griffiths, P., Introduction to Algebraic Curves, AMS,

1989. (Treats algebraic curves over C. Chapter V is on the theorems of Abel and
Jacobi.)

Fulton, W., Algebraic Topology, Springer, 1995, especially Chapter 21.
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Part II: Finiteness Theorems

At the end of the paper!! in which he proved that all the rational points on elliptic
curve can be obtained from a finite number by the tangent and chord contruction,
Mordell made the following remark:

In conclusion, I might note that the preceding work suggests to me the
truth of the following statements concerning indeterminate equations,
none of which, however, I can prove. The left-hand sides are supposed
to have no squared factors in x, the curves represented by the equations
are not degenerate, and the genus of the equations is supposed not less
than one.

(3) The equation
az® + b’y + ... fxy® + gyb = 2*

can be satisfied by only a finite number of rational values of x and y
with the obvious extension to equations of higher degree.

(4) The same theorem holds for the equation

axt 4+ by + c2t + 2fy*2% + 29222 + 2ha*y? = 0.

(5) The same theorem holds for any homogeneous equation of genus

greater than unity, say, f(z,y,2) = 0.

Statement (5) became known as Mordell’s conjecture. In this part of the course,
we discuss Faltings’s famous paper which, among other things, proves Mordell’s con-
jecture. In the years since it was published, there have been some improvements and
simplifications.

Throughout, “(algebraic) number field” will mean a finite extension of Q.

19. INTRODUCTION

Mordell’s conjecture. It states:

if C' is a projective nonsingular curve of genus g > 2 over a number
field k, then C'(k) is finite.

This was proved by Faltings in May/June 1983:

Clearly we can omit the “projective” — removing points only makes C'(k) smaller
— and we can omit the “nonsingular” because the map C’ — C' from the desingu-
larization (normalization) C’ of C' to C induces a map C'(k) — C(k) that becomes
bijective when a finite number of points are removed from C’(k) and C(k). However,
one must be careful to check that the genus of the associated complete nonsingular
curve is > 2.

We illustrate this by examining when Faltings’s theorem implies that the equation
F(X,Y,Z) = Siyjinhen i XYIZF =0, aj, € k
has only finitely many solutions in &k (counted in the sense of projective geometry).

"'Mordell, L.J., On the rational solutions of the indeterminate equations of third and fourth
degrees, Proc. Camb. Philos. Soc. 21 (1922), 179-192.
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First we need to assume that F(X,Y,Z) is absolutely irreducible, i.e., that it is
irreducible and remains so over every extension of k. This is not a serious restriction,
because F'(X,Y,Z) will factor into absolutely irreducible polynomials over a finite
extension k' of k, and we can replace F' with one of the factors and k& with &’. Thus,
we may suppose that F'(X,Y,Z) defines a complete geometrically irreducible curve
over k. The genus of the associated nonsingular curve is

(n—1)(n—2)
2

(Pliicker’s formula)'® where the sum is over the singular points on the curve
F(X,Y,Z) = 0 with coordinates in C. There are formulas for np. For example,
if P is an ordinary singularity with multiplicity m (AG p61), then

np =m(m—1)/2.

g = —ETLP

)12

If g > 2, then Faltings’s theorem states that C'(k) is finite. For example, the Fermat
curve

X"+Y"=2" n>4,
has only finitely many solutions in any number field (up to multiplication by a con-
stant).

If g = 1, then either C(k) is empty or there is a map

(finitely generated abelian group) — C'(k)
that becomes bijective when a finite number of points are removed from each of the
curves. For example, over Q[3y/D] for a certain D, the points on

X} 4vi=2°
form an abelian group of rank > 3. [77]

If g = 0, then either C'(k) is empty, or there is a map P'(k) — C(k) that becomes
bijective when a finite number of points are removed from each of the curves. For
example, for the curve

X2 4+Y?=22
there is a bijection
PY(k) — C(k), (t:u)— (t* —u?: 2tu: t* +u?).

There is an algorithm for deciding whether a curve of genus 0 over Q has a rational
point. Thus, except for ¢ = 1, we have an algorithm for deciding whether C'(k) is
finite — therefore, g = 1 is the interesting case!

It is possible to give a bound for #C(k) — this is not entirely clear from Faltings’s
approach, but it is clear from the Vojta-Faltings-Bombieri approach. However, there
is at present no algorithm for finding all the points on C'. For this, one would need
an effective bound on the heights of the points on C' (for a point P = (z : y :
z) € P2(Q), H(P) = max(|z|, |y|, |z]) where z,y, z are chosen to be relatively prime
integers). With such a bound N, one would only need to check whether each of the
finitely many points P with H(P) < N lies on C. Finding an effective bound on
the heights appears to be an extremely difficult problem: for example, it was only in

12Gee Fulton, W., Algebraic Curves, Benjamin, 1969, p199 for a proof of Pliicker’s formula in the
case that C has only ordinary singularities.
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the 1960’s that Baker showed that there was a bound on the heights of the integer
solutions of Y? = X3 + k (for which he received the Fields medal).

Heuristic argument for the conjecture. Let C' be a complete nonsingular
curve over a number field k, and let J be its Jacobian variety. If C'(k) is empty, then
it is certainly finite. Otherwise there is an embedding C' — J. Consider the diagram:

C(C) — J(C)
T 7
Ck)=C@)nJk) — J(k)

According to the Mordell-Weil theorem, J(k) is a finitely generated group, and if
g > 2, then

dim C(C) < dim J(C).

Since there is no reason to expect any relation between C'(C) and J(k) as subsets of

J(C), and both are sparse, C'(C) N J(k) should be finite. People have tried to make

this into a proof, but without success'?.

Finiteness I and its Consequences. Most of the main theorems of Faltings’s
paper follow from the following elementary statement.

THEOREM 19.1 (Finiteness I). Let A be an abelian variety over an algebraic num-
ber field k. Then, up to isomorphism, there are only finitely many abelian varieties
B over k that are isogenous to A.

In other words, the abelian varieties over k isogenous to A fall into only finitely
many isomorphism classes. At first sight, this statement is rather surprising. Let
a: A — B be an isogeny. Then N 4 Ker(a) is a finite subgroup variety of A,
and N(k*) is a finite subgroup of A(k®) stable under the action of . Conversely,
from every finite subgroup N of A(k*) stable under Gal(k®/k) we get an isogeny
A — A/N. Clearly, there are infinitely many possible N’s, but of course there may
be isomorphisms A/N ~ A/N’; for example, A ~ A/A,, A, = Ker(4A =5 A). The
theorem is a rather strong statement about the absence of exotic finite subgroups of
A(k*) stable under Gal(k®'/k), and about the existence of isomorphisms between the
quotients A/N.

Finiteness I implies the following theorems:

THEOREM 19.2 (Semisimplicity). Let A be an abelian variety over a number field
k; for all primes {, the action of Gal(k®/k) on V,A is semisimple.

THEOREM 19.3 (Tate’s conjecture). For abelian varieties A and B over a number
field k, the map

Hom(A, B) ® Zy — Hom(T,A, T,B)", T = Gal(k"/k),
18 bijective.
THEOREM 19.4 (Finiteness II). Given a number field k, an integer g, and a finite

set of finite primes S of k, there are only finitely many isomorphism classes of abelian
varieties A over k of dimension g having good reduction outside S.

13There has been progress on these questions since the notes were written.
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For elliptic curves, Finiteness II was proved by Shafarevich — see Silverman 1986,
IX, Theorem 6.1. Faltings’s proof is (necessarily) completely different.

That V;A is a semisimple I'-module means that every subspace W of V, A stable
under the action of I' has a complement W’ also stable under I, i.e., VA=W @ W’
with W’ I'-stable. This implies that V;A is a direct sum of simple Q,[I']-modules (i.e.,
subspaces stable under I" with no nontrivial I'-stable subspaces).

The action of a finite group on a finite-dimensional vector space over a field of
characteristic zero is automatically semisimple (see 9.2). Essentially the same proof
as in (9.2) shows that the action of a compact group on a finite-dimensional vector
space over R is semisimple (replace Y gi with f gv). However, this is not true for a
compact group acting on a finite-dimensional vector space over Q,. For example the
action of the compact group

r:{(g f:) lac=1, ab,ce€ Zs)

on Q7 is not semisimple because {( ; )} is a ['-stable subspace having no I'-stable

complement.

The Tate conjecture has been discussed already in (9.17). Faltings’s methods also
allow one to prove it for a field & finitely generated over Q. It was known (Zarhin, Izv.
1975) that Finiteness II implies the Tate conjecture. Faltings turned things around
by

(i) proving a weak form of Finiteness II;

(ii) proving the Tate conjecture;

(iii) deducing Finiteness II.

Finiteness II implies the following result:

THEOREM 19.5 (Shafarevich’s conjecture). Given a number field k, an integer g,
and a finite set of finite primes S of k, there are only finitely many isomorphism
classes of nonsingular complete curves C over k of genus g having good reduction
outside S.

This is proved by applying Finiteness II to the Jacobians of the curves (see later).

In 1968, Parshin showed that Shafarevich’s conjecture implies Mordell’s conjecture.
The idea of the proof is to attach to a point P in C'(k) a covering

@Yp: Cp — Cy
where

(a) (Cp,pp) is defined over a fixed finite extension k' of k,

(b) Cp has bounded genus,

(¢) Cp has good reduction outside a fixed finite set of primes of &/,
(d) @p is ramified exactly at P.

The statements (a),(b),(c) and Shafarevich’s conjecture show that there are only
finitely many curves Cp, and (d) shows that the map P +— (Cp,pp) is injective.
Finally, a classical theorem of de Franchis states that, for fixed C' and C, there can
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be only finitely many surjective maps C’ — C when C has genus > 2, and so P — Cp
is finite-to-one. (This is the only place in the argument that g > 2 is used!)

The proof of Finiteness 1. Here I briefly sketch the proof of Finiteness I. In the
next section, we define the notion of semistable reduction for an abelian variety (it is
weaker than good reduction), and we note that an abelian variety acquires semistable
reduction at every prime after a finite extension of the ground field.

Given an abelian variety A over a number field, Faltings attaches a real number,
h(A) to A, called the Faltings height of A. The Faltings heights of two isogenous
abelian varieties are related, and Faltings proved:

THEOREM 19.6. Let A be an abelian variety with semistable reduction over a num-
ber field k. The set

{h(B)| B is isogenous to A}

18 finite.

There is natural notion of the height of a point in P"(k), namely, if P = (ag : -- - :
a,), then

H(P) = 11, max(|a,).
Here the v’s run through all primes of k£ (including the archimedean primes) and | - |,
denotes the normalized valuation corresponding to v. Note that
1, mfix(]cai]v) = (IL, mzax(’ai’v»(ﬂv co) =11y mzax(’ai’v)

because the product formula shows that II, |¢|, = 1. Therefore H(P) is independent
of the choice of a representative for P. When £ = Q , we can represent P by an

n-tuple (ag : ... : a,) with the a; relatively prime integers. Then max;(|a;|,) = 1 for
all prime numbers p, and so the formula for the height becomes

H(P) = max |a;| (usual absolute value).

A fundamental property of heights is that, for any integer IV,
Card{P € P"(k) | H(P) < N}
is finite. When k& = Q, this is obvious.

Using heights on projective space, it is possible to attach another height to an
abelian variety. There is a variety V (the Siegel modular variety) over Q that
parametrizes isomorphism classes of principally polarized abelian varieties of a fixed
dimension g. It has a canonical class of embeddings into projective space

V — P

An abelian variety A over k corresponds to a point v(A) in V' (k), and we define the
modular height of A to be

H(A) = H(v(A)).
We know that the set of isomorphism classes of principally polarized abelian varieties
over k of fixed dimension and bounded modular height is finite.

Note that if we ignore the “principally polarized” in the last statement, and the
“semistable” in the last theorem, then they will imply Finiteness I once we relate
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the two notions of height. Both heights are “continuous” functions on the Siegel
modular variety, which has a canonical compactification. If the difference of the two
functions h and H extended to the compact variety, then it would be bounded, and
we would have proved Finiteness I. Unfortunately, the proof is not that easy, and the
hardest part of Faltings’s paper is the study of the singularities of the functions as
they approach the boundary. One thing that makes this especially difficult is that,
in order to control the contributions at the finite primes, this has to be done over Z,
i.e., one has to work with a compactification of the Siegel modular scheme over Z.

References. The original source is:

Faltings, G., Endlichkeitssatze fiir Abelsche Varietédten tiber Zahlkorpern, Invent.
Math. 73 (1983), 349-366; Erratum, ibid. 1984, 75, p381. (There is a translation:
Finiteness Theorems for Abelian Varieties over Number Fields, in “Arithmetic Ge-
ometry” pp 9-27.)

Mathematically, this is a wonderful paper; unfortunately, the exposition, as in all
of Faltings’s papers, is poor.

The following books contain background material for the proof:
Serre: Lectures on the Mordell-Weil theorem, Vieweg, 1989.

Arithmetic Geometry (ed. Cornell and Silverman), Springer, 1986 (cited as Arith-
metic Geometry).

There are two published seminars expanding on the paper:

Faltings, G., Grunewald, F., Schappacher, N., Stuhler, U., and Wiistholz, G., Ra-
tional Points (Seminar Bonn/Wuppertal 1983/84), Vieweg 1984.

Szpiro, L., et al. Séminaire sur les Pinceaux Arithmétique: La Conjecture de
Mordell, Astérisque 127, 1985.

Although it is sketchy in some parts, the first is the best introduction to Faltings’s
paper. In the second seminar, the proofs are very reliable and complete, and they
improve many of the results, but the seminar is very difficult to read.

There are two Bourbaki talks:
Szpiro, L., La Conjecture de Mordell, Séminaire Bourbaki, 1983/84.
Deligne, P., Preuve des conjectures de Tate et Shafarevitch, ibid.

There is a summary of part of the theory in:
Lang, S., Number Theory III, Springer, 1991, Chapter IV.

Faltings’s proofs depend heavily on the theory of Néron models of abelian varieties
and the compactification of Siegel modular varieties over Z. Recently books have
appeared on these two topics:

Bosch, S., Liitkebohmert, W., and Raynaud, M., Néron Models, Springer, 1990.
Chai, Ching-Li and Faltings, G., Degeneration of Abelian Varieties, Springer, 1990.
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20. NERON MODELS; SEMISTABLE REDUCTION

Let R be a discrete valuation ring with field of fractions K and residue field k. Let
7 be a prime element of R, so that k¥ = R/(m). We wish to study the reduction'?
of an elliptic curve E over K. For simplicity, we assume p # 2,3. Then E can be
described by an equation

V2= X%+ aX +b AL4ed 42762 £0.

By making the substitutions X — X/c? Y +— Y/, we can transform the equation
to

Y2 = X%+ ac' X + bcb,

and this is essentially the only way we can transform the equation. A minimal equation
for E is an equation of this form with a,b € R for which ord(A) is a minimum. A
minimal equation is unique up to a transformation of the form

(a,b) — (ac*, bc®), c € R*.

Choose a minimal equation for E, and let Ey be the curve over k defined by the
equation mod (7). There are three cases:

(a) Ey is nonsingular, and is therefore is an elliptic curve. This occurs when
ord(A) = 0. In this case, we say that E has good reduction.
(b) Ep has a node. This occurs when 7|A but does not divide both a and b. In this

case Eo(k)nonsing 4 Ey(k) —{node} is isomorphic to k> as an algebraic group (or
becomes so after a quadratic extension of k), and E is said to have multiplicative
reduction.

(¢) Ep has a cusp. This occurs when 7 divides both a and b (and hence also A).
In this case Eo(k)nonsing 1S isomorphic to k%, and E is said to have additive
reduction.

The curve E is said to have semistable reduction when either (a) or (b) occurs.
Now suppose we extend the field from K to L, [L : K] < oo, and choose a discrete
valuation ring S with field of fractions L such that SN K = R. When we pass from
K to L, the minimal equation of E remains minimal in cases (a) and (b), but it may
change in case (c). For a suitable choice of L, case (c¢) will become either case (a) or
case (b). In other words, if £ has good reduction (or multiplicative) reduction over
K, then the reduction stays good (or multiplicative) over every finite extension L;
if E has additive reduction, then the reduction can stay additive or it may become
good or multiplicative over an extension L, and for a suitable extension it will become
good or multiplicative.

The proof of the statement is elementary. For example, suppose E has additive
reduction, and adjoin a sixth root w of w to K. Then we can replace the equation by

Y?=X?+ (a/") X + (b/z°).
If both ordy(a/w") > 0 and ordy (b/w®) > 0, then continue....

These statements extend to abelian varieties, but then become much more difficult
to prove.

4 For another discussion of the Néron models of elliptic curves, see EC §9.
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THEOREM 20.1 (Néron). Let A be an abelian variety over a field K as above. Then
there is a canonical way to attach to A an algebraic group Ay over k.

REMARK 20.2. In fact Néron proves the following: the functor from smooth
schemes over R,

S — Homgpee (S, A)

is representable by a smooth group scheme A over R. The scheme A is unique
(because of the Yoneda lemma-see 17.1), and we set Ay = AXgpec rSpec k. The
scheme A is called the Néron model of A.

A general theorem on algebraic groups shows that Ay has a filtration:
Ay D (A())O D) (A())l D0

with Ag/(Ap)? a finite algebraic group ((Ag)? is the connected component of Ag con-
taining the identity element), (40)°/(A4)' an abelian variety, and (A4)' a commuta-
tive affine group scheme. Again there are three cases to consider:

(a) Ap is an abelian variety. In this case A is said to have good reduction.

(b) (Ap)! is a torus'® | i.e., after a finite extension of k, (Ag)' becomes isomorphic
to a product of copies A — {0} = k*.

(c) (Ap)! contains copies of Al = k.

The abelian variety A is said to have semistable reduction in case (a) or (b).

THEOREM 20.3. If A has good reduction, then Ay doesn’t change under a finite
field extension; if A has semistable reduction, then (Ag)® doesn’t change under a
finite field extension; A always acquires semistable reduction after a finite extension.

The proofs of these theorems are long and quite difficult. Fortunately, for most
purposes one only needs the statements, and these are very believable given what is
true for elliptic curves.

References. The original paper of Néron (Publ. Math. IHES 21, 1964) is almost
unreadable, because it is written in a private language (a relative version of Weil’s
language). The article of M. Artin in “Arithmetic Geometry” is too concise. In view
of this, the book by Bosch, Liitkebohmert, and Raynaud is invaluable. It gives a very
complete and detailed treatment of the topic.

21. THE TATE CONJECTURE; SEMISIMPLICITY.

In this section, we prove that Tate’s conjecture is implied by Finiteness I. Through-
out the section, k is a field and I' = Gal(k*/k). We begin with some elementary
lemmas.

LEmMmA 21.1. If a: A — B is an isogeny of degree prime to char k, then
Ker(a) (k%) is a finite subgroup of A(k™) stable under the action of T'; conversely,
every such subgroup arises as the kernel of such an isogeny, i.e., the quotient A/N
exists over k.

15This notion should not be confused with that of a complex torus discussed in §2.
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PROOF. Over k¥, this follows from (7.10). The only additional fact needed is that,
if N(k*) is stable under the action of I', then the quotient A/N is defined over k. [

LEMMA 21.2. (a) For any abelian variety A and ¢ # char(k), there is an exact
sequence

0— TAS T,A — Ap (K — 0.
(b) An isogeny av: A — B of degree prime to char(k) defines an exact sequence
0—>TgA—>TgB—>C—>O

with the order of C equal to the power of £ dividing deg(c)..

PROOF. (a) This follows easily from the definition
TgA = {(an)n21’ ay, € Agn(kal), Ean = Qp—1, Eal = 0}
(b) To prove this, consider the following infinite diagram:

12 12

0 — K, —— BwkY) ——— Apk? —— C, —— 0

T C

0 —— Kn+1 —_— Bgn+1(l€a1) L> Agn+1(l€al) — n+l —— 0

12 12

For n sufficiently large, K,, = K,4+1 = ... = K, say. Because K is finite, it has no
element divisible by all powers of ¢, and so

lim K, 4 {(an)| an € K, La, = an-1, ba; = 0}

is zero. Since # B (k) = (£7)%9 = # A (k*), we must have #K,, = #C,,. Therefore
#C,, is constant for n large. The map C,+1 — C, is surjective; therefore for n large it
is bijective, and it follows that lim C;;, — C, is a bijection for all large n. On passing
to the inverse limit we get an exact sequence

0—>TgB—>TgA—>C—>O

as required. O

Let a: B — A be an isogeny. Then the image of Tya: TyB — T;A is I'-stable
Ze-module of finite index in T, A. Our final elementary lemma shows that every such
submodule arises from an isogeny «, and even that a can be taken to have degree a
power of £.

LEMMA 21.3. Assume € # char(k). For any I'-stable submodule W of finite index
in Ty A, there an abelian variety B and an isogeny o: B — A of degree a power of £
such that o(T;B) = W.
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PRrROOF. Choose n so large that W DO ("T;A, and let N be the image of W in
Ty AT A = Ap (k™). Then N is stable under the action of I', and we define B =
A/N. Because N C Ay, the map (": A — A factors through A — A/N:

A - A
\ /
A/N =B
It remains to show that I'm(Tya: TyB — T;A) = W. From the diagram

T,A ‘ T,A
\W /
TgOé
B

it is clear that I'm(Tya) D "T,A, and so it suffices to show that the image of I'm(Ty)
in TgA/fnTgA = Agn(l{al) is N. But

B(k™p = {a € A(k™)| £"a € N}/N,

and if b € B(k*)s is represented by a € A(k), then a(b) = ("a. It is now clear that
a maps B(k¥)sm onto N. O

Let A be an abelian variety over a field k, and let ¢ be a prime # char k. Consider
the following condition (slightly weaker than Finiteness I):

(*) up to isomorphism, there are only finitely many abelian varieties B
isogenous to A by an isogeny of degree a power of /.

LEMMA 21.4. Suppose A satisfies (*). For any W C V, A stable under T', there is
au € End(A) ® Q¢ such that uV;A=W.
ProOOF. Set Ty =T,A and V;, = V,A. Let
X, = (T, NW) + "1y,

This is a Zg-submodule of T} stable under I' and of finite index in Ty. Therefore, there
is an isogeny

fo: B(n) — A, such that f,(T,B(n)) = X,,.
According to (*), the B(n) fall into only finitely many distinct isomorphism classes,
and so at least one class has infinitely many B(n)’s: there is an infinite set I of positive

integers such that all the B(i) for ¢ € I are isomorphic. Let iy be the smallest element
of I. For each i € I, choose an isomorphism v;: B(ig) — B(i), and consider:

B(ig) —— B(i) TyB(ig) —— T;B(i)

(70
lfio lfi %lfio %lfi
A A Xio Xz



80 J.S. MILNE

Because f;, is an isogeny, u; 4 fivifi, ! makes sense as an element of End(A4) ® Q,
and hence as an element of End(A) ® Q,. Moreover, it is clear from the second
diagram that u;(X;,) = X;. Because X; C Xj,, the u; for i € I are in the compact set
End(X;,), and so, after possibly replacing (u;) with a subsequence, we can assume
(u;) converges to a limit « in End(X;,) C End(V;A). Now End(A) ® Qy is a subspace
of End(V;A), and hence is closed. Since each u; lies in End(A) ® Qy, so also does their
limit u.

For any z € X;,, u(x) = lim w;(z) C NX;. Conversely, if y € NX;, then there exists
for each i € I, an element z; € X, such that w;(z;) = y. From the compactness of
X, again, we deduce that, after possibly replacing / with a subset, the sequence
(x;) will converge to a limit x € X;,. Now u(x) = limu(x;) = limu,;(x;) = y. Thus
u(Xi,) = NX; =T, NW, and it follows that u(V,A) = W. O

Before proving the main theorem of this section, we need to review a little of the
theory of noncommutative rings (CFT, Chapter IV). By a k-algebra, I will mean a
ring R, not necessarily commutative, containing k in its centre and of finite dimension
over k, and by an R-module I'll mean an R-module that is of finite dimension over k.
If R has a faithful semisimple module, then every R-module is semisimple, and the
k-algebra R is said to be semisimple. A simple k-algebra, i.e., a k-algebra with no
two-sided ideals except for the obvious two, is semisimple (CFT 1.14) and a theorem
of Wedderburn says that, conversely, a semisimple k-algebra is a finite product of
simple k-algebras.

Another theorem of Wedderburn (CFT IV.1.9) says that every simple k-algebra is
isomorphic to M, (D) for some n and some division k-algebra D.

Let D be a division algebra over k. The right ideals in M, (D) are the sets of the

form a(J) with J C {1,2,... ,n} and a(J) the set of matrices whose j* columns
are zero for j ¢ J (CFT IV.1.6). Note that a(J) is generated by the idempotent
e = diag(ay, ... ,a,) with a; =1 for j € J and a; = 0 otherwise. On combining this

remark with the Wedderburn theorems, we find that every right ideal in a semisimple
k-algebra R is generated by an idempotent: a = eR for some e with e? = e.

The centralizer Cr(R) of subalgebra R of a k-algebra E consists of the elements ~y
of E such that ya = oy for all @ € R. Let R be a k-algebra and let £ = End (V)
for some faithful semisimple R-module V; the Double Centralizer Theorem (CFT
IV.1.11) says that Cg(Cg(R)) = R.

If R is a semisimple k-algebra, then R®y k' need not be semisimple — for example,
if R = kla] with o? € k, a ¢ k, then R ®; k* contains the nilpotent element
a®1—1® «a. However, this only happens in characteristic p: if k is of characteristic
0, then R semisimple = R ®y k' semisimple.

Let A be an abelian variety. Then End(A) ® Q is a finite-dimensional algebra over

@ (9.14), and it is isomorphic to a product of matrix algebras over division algebras
(see the first subsection of §9). It is, therefore, a semisimple Q-algebra.

THEOREM 21.5. Let A be an abelian variety over k, and assume that A x A and
A satisfy (*) for some £ # char(k). Then

(a) V2A is a semisimple Qq[I']-module.
(b) End(4) ® Q, = End(V,A)".
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PROOF. (a) Let W be a I'-subspace of V;A — we have to construct a complement
W’ to W that is stable under I'. Let

a={u € End(4) ® Q| uV;A C W}.

This is a right ideal in End(A) ® Qy, and aV; A = W because the hypothesis on A and
(21.4) imply there exists a v € End(A) ® Qg such that uV;A = W. From the above
remarks, we know that a is generated by an idempotent e, and clearly eV, = W.
Because e is idempotent

VIA=eVA® (1—e)V; A=W a W',

Since the elements of I' commute with the elements of End(A4) @ Q,, W' a (1—e)VzA
is stable under the action of I.

(b) Let C' be the centralizer of End(A)®@Qy in End(V;A), and let B be the centralizer
of C. Because End(A) ® Qy is semisimple, B = End(A) ® Q.

Consider o € End(V;A)" — we have to show that o € B. The graph of a
w L {(z,az)| v € V;A}
is a -invariant subspace of VA x VA, and so there is a u € End(A x A) ® Qp =
M3(End(A)) ® Q; such that u(Vy;(A x A)) = W. Let ¢ € C. Then ( 8 2 )
€ End(V;A x V;A) commutes with End(A x A) ® Qp, and, in particular, with w.

Consequently,
c 0 c 0 c 0
(0 C)W—(o C)MA_U(O )mcw

This says that, for any = € V,A, (cx,cax) € W =graph of a. Thus a maps cz
to cax, i.e., acx = cax. Thus ca = ac, and since this holds for all ¢, « € B =
End(A) ® Qg. ]

COROLLARY 21.6. Assume (*) holds for abelian varieties over k. Then the map
Hom(A, B) ® Q; — Hom(V, A, V,B)"
18 an isomorphism.

ProOOF. Consider the diagram of finite-dimensional vector spaces over Qy:

End(Vi(A x B))'= End(V;A)" xHom(V;A, V,B)" xHom(V, B, V;A)" x End(V,B)"
U U U U U

End(A x B) ® Q=End(A) ® Q;xHom(A, B) ® Q;xHom(B, A) ® Q;xEnd(B) @ Q.
The theorem shows that the inclusion at left is an equality, and it follows that the
remaining inclusions are also equalities. O

COROLLARY 21.7. Let R be the image of Q'] in End(VzA). Then R is the cen-
tralizer of End(A) ® Qg in End(V,A).

PROOF. Theorem 21.5a shows that V;A is a semisimple R-module. As it is also
faithful, this implies that R is a semisimple ring. The double centralizer theorem says
that C(C(R)) = R, and (21.5b) says that C'(R) = End(A4) ® Q. On putting these
statements together, we find that C'(End(A) ® Q) = R. O
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22. GEOMETRIC FINITENESS THEOREMS

In this section we prove some finiteness theorems that hold for abelian varieties over
any field k. As a corollary, we find that Finiteness I (and hence the Tate conjecture)
holds over finite fields. The first theorem says that an abelian variety can be endowed
with a polarization of a fixed degree d in only a finite number of essentially different
ways.

THEOREM 22.1. Let A be an abelian variety over a field k, and let d be an integer;

then there exist only finitely many isomorphism classes of polarized abelian varieties
(A, \) with \ of degree d.

Let (A, ) and (A, X) be polarized abelian varieties. From a homomorphism
a: A— A’ we obtain a map

(V) LaYoNoa: A— AV,

When « is an isomorphism and o*(\') = A, we call a an isomorphism (A, ) — (A", \)
of polarized abelian varieties.

The theorem can be restated as follows: Let Pol(A) be the set of polarizations on
A, and let End(A)* act on Pol(A) by u +— uY o X o u; then there are only finitely
many orbits under this action.

Note that End(A)* = Aut(A). If u is an automorphism of A, and £ is an ample
invertible sheaf on A, the u*L is also an ample invertible sheaf, and A\, = u" oAzou;
thus End(A)* does act on Pol(A).

Fix a polarization Ag of A, and let { be the Rosati involution on End(A)®Q defined
by Ao. The map A +— Ay o\ identifies Pol(A) with a subset of the set (End(4) @ Q)T
of elements of End(A)®Q fixed by t. Because )\ is an isogeny, there exists an isogeny
a: AV — A such that oo \g = n, some n € Z, and then \;' = (n}') o a. Therefore
the image of

Pol(A) — (End(4) @ Q)

lies in L < 1 End(A).
Let End(A)* act on End(A4) ® Q by

aruloaou, u€End(A)*, a€End(4)®qQ.

Then L is stable under this action, and the map Pol(A) — End(A)® Q is equivariant
for this action, because u¥ o Aou — Ayl ou¥ odou = N tou ool tolou=
uf o (N7\) ow.

Note that deg(Ao™! o \) = deg(Ao)deg(N). Also (see 9.23), for an endomorphism
a of A, deg(a) is a fixed power of Nm(a) (norm from End(A) ® Q to Q). Therefore,
as A runs through a subset of Pol(A) of elements with bounded degrees, then Ao~ o A
runs through a subset of L of elements with bounded norms. Thus the theorem is a
consequence of the following number theoretic result.

PROPOSITION 22.2. Let E be a finite-dimensional semisimple algebra over Q with
an involution t, and let R be an order in E. Let L be a lattice in E that is stable
under the action o — ulau of R* on E. Then for any integer N, there are only
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finitely many orbits for the action of R* on
S ={veL|Nm() <N},
i.e., S/R* is finite.
An order in E is a subring R of E that is a full lattice, i.e., free of rank dim(FE)
over Z. In the application, R = End(A).

This proposition will be proved using a general result from the reduction theory of
arithmetic subgroups — see below.

We come now to the second main result of this section. An abelian variety B is

said to be a direct factor of an abelian variety A if A &~ B x C' for some abelian variety
C.

THEOREM 22.3. Up to isomorphism, an abelian variety A has only finitely many
direct factors.

PROOF. Let B be a direct factor of A, say, A ~ B x (', and define e to be the
composite

AxBxC b2t p oxa

Then e is an idempotent (i.e., e =€), and B is determined by e up to isomorphism
because B = Ker(1 — e). Conversely, for any idempotent e of End(A)

A =Ker(1l —e) x Ker(e).
The map e — Ker(1 — e) is a surjection
{idempotents in End(A)} — {direct factors of A}/ = .

Let u € End(A)*. Then ¢ = ueu™" is also an idempotent in End(A), and u defines
an isomorphism

Ker(1 —e) — Ker(1 — ¢').
Therefore, we have a surjection
{idempotents in End(A)}/End(A)* — {direct factors of A}/ =,
and so the theorem is a consequence of the following number theoretic result. O

PROPOSITION 22.4. Let E be a semisimple algebra of finite dimension over Q, and
let R be an order in E. Then

{idempotents in R}/R*
is finite (here u € R* acts by e — ueu™").

This proposition will again be proved using a general result from the reduction
theory of arithmetic subgroups, which we now state.

THEOREM 22.5. Let G be a reductive group over Q, and let I be an arithmetic
subgroup of G(Q); let G — GL(V') be a representation of G on a Q-vector space V,
and let L be a lattice in V' that is stable under I'. If X is a closed orbit of G in'V,
then L N X is the union of a finite number of orbits of T.
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PROOF. See Borel, A., Introduction aux Groupes Arithmétiques, 1958, 9.11. (The
theorem is due to Borel and Harish-Chandra, but special cases of it were known to
the ancients.) O

REMARK 22.6. (a) By an algebraic group we mean an affine group variety. It is
reductive if it has no closed normal connected subgroup U consisting of unipotent
elements (i.e., elements such that u™ = 1 for some n). A connected algebraic group
G is reductive if and only if the identity component Z° of its centre is a torus and
G/Z° is a semisimple group. For example, GL, is reductive. The group

B={( 1)1 awr0)

1

is not reductive, because U = {( 0

Zl) )} is a closed normal connected subgroup

consisting of unipotent matrices.

(b) Let G be an algebraic group over Q. Then G can be realized as a closed subgroup
of GL,(Q) for some n (this is often taken to be the definition of an algebraic group).
Let

GLn(Z) = {A € M,(Z) | det(A) = +1}.

Then GL,(Z) is a group, and we let I'y = GL,,(Z) N G(Q). A subgroup I' of G(Q) is
said to be arithmetic if it is commensurable with Iy, i.e., if ' N T’y is of finite index
in both I" and I'y. One can show that, although I'y depends on the choice of the
embedding G — GL,, two embeddings give commensurable groups, and hence the
notion of an arithmetic subgroup doesn’t depend on the embedding. Let

I(N)={A€GQ)| Ae My(Z), A=Imod(N)}.

Then I'(N) is a subgroup of finite index in I'y, and so it is arithmetic. An arithmetic
subgroup of this type is said to be a principal congruence subgroup. [The congruence
subgroup problem asks whether every arithmetic subgroup contains a congruence
subgroup. It has largely been solved — for some groups G they do; for some groups
G they don’t.]

(c) By a representation of G on a vector space V' we mean a homomorphism G —
GL(V) of algebraic groups. We can regard V itself as an algebraic variety (the choice
of a basis for V' determines an isomorphism V' ~ A", n = dim(V')), and we are given
mapping of algebraic varieties

GxV —=V.
If v is an element of V', then the orbit Guv is the image of the map
Gx{v}—->V, g—g-v.

It is a constructible set, but it need not be closed in general. To check that the orbit
is closed, one needs to check that

X(k) = {gv | g € G(:")}
is closed in V @ k* (=~ A™). One should interprete L N X as L N X (k).

We give three applications of (22.5).
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APPLICATION 22.7. Let G = SL,, and let I' = SL,(Z). Then G acts in a natural
way on the space V' of quadratic forms in n variables with rational coefficients,

V= {Z a;j XiX; | a;; € Q} = {symmetric n x n matrices, coeffs in Q},

— if ¢(X) = XAX"™, then (gq)(X) = X - gAg"™ - X' — and T preserves the lattice
L of such forms with integer coefficients. Let ¢ be a quadratic form with nonzero
discriminant d, and let X be the orbit of ¢, i.e., the image G - ¢ of G under the
map of algebraic varieties g — ¢ -q: G — V. The theory of quadratic forms shows
that X (Q%) is equal to the set of all quadratic forms (with coefficients in Q) of
discriminant d. Clearly this is closed, and so the theorem shows that X N L contains
only finitely many SL, (Z)-orbits: the quadratic forms with integer coefficients and
discriminant d fall into a finite number of proper equivalence classes.

APPLICATION 22.8. With the notations of (22.4), there exists an algebraic group
G over Q with G(Q) = E* which is automatically reductive (this only has to be
checked over Q*; but F ® Q is a product of matrix algebras, and so Gga is a
product of GL,’s). Take I' to be the arithmetic subgroup R* of G(Q), V to be E
with GG acting by inner automorphisms, and L to be R. Then the idempotents in F
form a finite set of orbits under GG, and each of these orbits is closed. In proving these
statements we may again replace Q by Q* and assume E to be a product of matrix
algebra; in fact, we may take E = M, (k). Then the argument in the proof of (4.3)
shows that

{idempotents in E}/E* = {direct factors of £k"}/ ~ .

But, up to isomorphism, there is only one direct factor of k" for each dimension < n.
Thus, each idempotent is conjugate to one of the form e = diag(1, ..., 1,0,...,0). If r
is the number of 1’s, then the orbit of e under E* corresponds to the set of subspaces
of k™ of dimension r. The latter is a Grassmann variety, which is complete (e.g., the
orbit of e = diag(1,0, ...,0) corresponds to the set of lines in k™ through the origin,
i.e., with P), and hence is closed when realized as a subvariety of any variety. Now
we can apply Theorem 22.5 to obtain Proposition 22.4.

APPLICATION 22.9. With the notations of (22.2), let G be the algebraic group
over Q such that

G(Q) ={a € E|Nm(a) = £1},
let ' = R*, let V= E, and let L C V the lattice in (4.2). One verifies:

(a) G is a reductive group having I' as an arithmetic subgroup;

(b) the orbits of G on V' are all closed;

(c) for any rational number d, V; =4 {v € V | Nm(v) = d} is the union of a finite
number of orbits of G.

Then (22.5) shows that L NV, comprises only finitely many I-orbits, as is asserted
by (22.1). For details, see AV, §18.

THEOREM 22.10 (Zarhin’s trick). For any abelian variety A, A* x (A1) is prin-
cipally polarized.
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Since (A x AY)Y = AY x A, there is a canonical isomorphism A x AY — (A x AY)Y.
The problem is to show that there is such an isomorphism that is a polarization, i.e.,

of the form A\, for some ample invertible sheaf £ — for this we need to replace A
with A%, We sketch the proof of (22.10) (for more details, see AV, §18).

Recall from §16 that there is a canonical nondegenerate pairing
e: TyA x TyAY — Zy.
For each \: A — AV, we get a pairing
et TyA x TyA — Ty, (,y) — e(z, \y).

Let av: A — B be an isogeny of degree prime to char(k). Let A be a polarization of
B,and let N =a"oXoa: A — AY; then X is a polarization of A, and

e’\/(ax, ay) = eMx,y), all z,y € T/A.

This statement follows directly from the definitions, but the key point for the proof of
(22.10) is that there is a converse: let X' be a polarization of A; then X' = a¥oloa for
some polarization A of B if and only if there is a skew-symmetric form e: T;BxT;,B —
Zy such that

ex(ax, ay) =e(z,y), all z,y € T A.

This gives an easy criterion for when a polarization passes to a quotient variety. Using
it one can prove the following statement:

Let A be a polarization of A such that Ker(\) C A,,. If there exists an element
a of End(A) such that a(Ker(\)) C Ker()\) and af = —a on 4,2, then A x A is
principally polarized.

Thus, to prove the theorem, we have to prove that, for every polarized abelian
variety (A, \), there exists an « satisfying this condition for (A%, \*). Lagrange showed
that every positive integer is a sum of 4 squares (ANT 4.19). Therefore, there are
integers a, b, ¢, d such that

A+ b+ +d*=—-1mod m?,

and we let
a —b —c —d
|0 oe 4 e canz) C End(at
Tl e —d a b +(2) nd(A%).
d ¢ =b a

Since @ commutes with A* = diag(\, A\, A\, \), we have
a(Ker(A\*)) € Ker(\?h).
Moreover, o is the transpose of « (as a matrix), and so
adloa=a"oa=(a®+b+c*+d),.

COROLLARY 22.11. Let k be a finite field; for each integer g, there exist only
finitely many isomorphism classes of abelian varieties of dimension g over k.
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PROOF. Let A be an abelian variety of dimension g over k. From (22.10) we know
that (A x AY)? has a principal polarization, and according to (10.2), the abelian
varieties of dimension 8¢ over k having principal polarizations fall into finitely many
isomorphism classes. But A is a direct factor of (A x AY)1, and (22.1) shows that
(A x AV)* has only finitely many direct factors. O

23. FINITENESS I IMPLIES FINITENESS II.

In this section we assume Finiteness I (up to isomorphism, there are only finitely
many abelian varieties over a number field k isogenous to a fixed abelian variety).
Hence we can apply Tate’s conjecture and the semisimplicity theorem.

We first need a result from algebraic number theory which is the analogue of the
theorem that a compact Riemann surface has only finitely many coverings with fixed
degree unramified outside a fixed finite set.

THEOREM 23.1. For any number field K, integer N, and finite set of primes S of
K, there are only finitely many fields L D K unramified outside S and of degree N
(up to K-isomorphism of course).

PROOF. First recall from ANT, 7.56, that for any prime v and integer N, there are
only finitely many extensions of K, of degree dividing N (K, = completion of K at v).
This follows from Krasner’s lemma: roughly speaking, such an extension is described
by a monic polynomial P(T') of degree d|N with coefficients in O,; the set of such
polynomials is compact, and Krasner’s lemma implies that two such polynomials that
are close define the same extension.

Now, recall that Disc(L/K) = [[ Disc(Ly/K,) (in an obvious sense), and because
we are assuming L is ramified only at primes in S, the product on the right is over
the primes w dividing a prime v in S. Therefore Disc(L/K) is bounded, and we can
apply the the following classical result. O

THEOREM 23.2 (Hermite 1857). There are only finitely many number fields with
a given discriminant (up to isomorphism,).

PRrROOF. Recall (ANT 4.3) that, for an extension K of Q of degree n, there exists
a set of representatives for the ideal class group of K consisting of integral ideals a
with

n! 4 s . 1
N(a) < — (;) |Discigl?.

/n/TL

Here s is the number of conjugate pairs of nonreal complex embeddings of K. Since

N(a) > 1, this implies that
aN2s ™) 2
Di > (—) .
| Discrjal > (7 (n,)

Since “r — 00 as n — oo (by Stirling’s formula, if it isn’t obvious), we see that if
we bound |Discg | then we bound n. Thus, it remains to show that, for a fixed n,
there are only finitely many number fields with a given discriminant d. Let D = |d].
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Let 01, ... ,0, be the embeddings of F'into R, and let 0,411,741, ... , 0415, 0p1s be
the complex embeddings. Consider the map
o: K >Rz (01(2),...,00.(2),Ror1(2), Sopia(z),. .. ).

In the case that r # 0, define X to be the set of n-tuples (x1,... , Zr, Yri1, Zri1, - - - )
such that |z;] < Cj and y? + 27 < 1, where C; = D+ 1 and C; = 1 for i # 1. In
the contrary case, define Y to be the set of n-tuples (yi, 21,...) such that |y1| < 1,
|21| < /D + 1, and y? + 2? < 1 for i > 1. One checks easily that the volumes of these
sets are

wX)=2"r"vV1+ D, uY)=2r""'V1+D,

and so both quotients u(X)/2'V/D and u(Y)/VD are greater than 1. By
Minkowski’s Theorem (ANT 4.18), there exist nonzero integers in K that are mapped
into X or Y, according to the case. Let a be one of them. Since its conjugates are ab-
solutely bounded by a constant depending only on D, the coefficients of the minimum
polynomial of o over Q are bounded, and so there are only finitely many possibilities
for a. We shall complete the proof by showing that K = Q[a]. If r # 0, then o1
is the only conjugate of « lying outside the unit circle (if it didn’t lie outside, then
Nmg/g(a) < 1). If r = 0, then oy and 7,c are the only conjugates of o with this
property, and oy # g1« since otherwise every conjugate of o would lie on the unit
circle. Thus, in both cases, there exists a conjugate of « that is distinct from all other
conjugates, and so o generates K. 0

Let K be a number field, and let L be a Galois extension of K with Galois group
G. Let w be a prime of L. The decomposition group is

D(w) ={o € Gal(L/K) | ow = w}.

The elements of D(w) act continuously on L for the w-adic topology, and therefore
extend to the completion L,, of L. In fact L, is Galois over K, with Galois group
D(w). The group D(w) acts on the residue field k(w), and so we get a homomorphism

D(w) — Gal(k(w)/k(v)).

The kernel is called the inertia group I(w). When I(w) = 1, L is said to be unramified
over K at w, and we define the Frobenius element Frob, at w to be the element of
D(w) corresponding to the canonical generator of Gal(k(w)/k(v)). Thus Frob,, is the
unique element of G such that

Froby, (Puw) = Puw, Froby,(a) = a®™ (mod P,)

where B, is the prime ideal of L corresponding to w, q, = #k(w), and a is any
element of the ring of integers of L. Because L is Galois, the decomposition groups
at the primes lying over v are conjugate, and so are the inertia groups. Therefore, if
one prime w lying over v is unramified they all are, and {Frob,, | w|v} is a conjugacy
class in G — we denote it by (v, L/K).

THEOREM 23.3 (Chebotarev density theorem). Let L be a finite Galois extension

of a number field K with Galois group G. Let C' be a conjugacy class of elements in
G. Then the set of primes v of L such that (v, L/K) = C has density #C/#G.
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PRrROOF. For a discussion of the theorem, see ANT, 8.26, and for a proof, see CF'T,
VII 5.4. O

REMARK 23.4. The theorem is effective, i.e., given a class C', there is a known
bound B such that there will be a prime v with N(v) < B for which (v, L/K) = C.

Now consider an infinite Galois extension L over K with Galois group G. Recall
(F'T, 5.10; Jacobson, Lectures in Abstract Algbra, Vol III, pp 147-151) that G has a
natural topology for which it is compact, and that the main theorem of Galois theory
holds for infinite extension, except that it now provides a one-to-one correspondence
between the intermediate fields M, L D M D K, and the closed subgroups of G. The
above definitions of decomposition group etc. still make sense for infinite extensions.
(One difference: the set of primes ramifying in L may be infinite.)

Let V be a finite dimensional vector space over Q. A representation of T’ 4
Gal(K*/K) on V is a continuous homomorphism

p: I' - GL(V) =df Aut(V)

The kernel of p is a closed normal subgroup of I', corresponding to a (possibly infinite)
Galois extension L of K. The representation p is said to be unramified at a prime v
of K if v is unramified in L.

We are especially interested in the representation of I' on VA, A an abelian variety
over K. Then the field L in the last paragraph is the smallest extension of K such
that all the /-power torsion points of A are rational over it, i.e., such that A(L)(¢) =
A(K™)(0).

THEOREM 23.5. Let A be an abelian variety over a number field K. Let v be a
finite prime of K, and let £ be a prime distinct from the characteristic of k(v) (i.e.,
such that vt €). Then A has good reduction at v if and only if the representation of
Gal(K%/K) on V,A is unramified at v.

PROOF. = For elliptic curves, this is proved in Silverman, 1986, VII 4.1. The
proof for abelian varieties is not much more difficult.

<: For elliptic curves, see Silverman, 1986, 7.1. As we now explain, the statement
for abelian varieties is an immediate consequence of the existence of Néron models
(and hence is best called the Néron criterion).

Clearly the statement is really about A regarded as an abelian variety over the
local field K,. As we noted in §20, Néron showed that there is a canonical way to
pass from an abelian variety A over K, to a commutative algebraic group Ag over the
residue field k = k(v). For any prime ¢ # char(k(v)), the reduction map

A(Ky)m — Ag(k)em

is a bijection. The algebraic group Ay doesn’t change when K, is replaced by an
unramified extension. It has a filtration whose quotients are successively a finite
algebraic group F' (i.e., an algebraic group of dimension 0), an abelian variety B, a
torus 7', and an additive group U. We have

dimA =dim B +dim7T + dimU.

Moreover:
#B(kal)gn — €2ndim(B);
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#T (kMo = 0T because Tha ~ GI™T G, (L) = L* all fields L D Q;
#U (k™) = 0, because Upa =~ GI™Y G, (L) = L all fields L D Q.
Now suppose that A has good reduction, so that Ay = B. For all n,

A(K™)n = Ag(k™)gn

has 2"4mA elements, and so A(K'™)m = A(K™)m. Therefore the action of
Gal(K¥/K,) on V,A factors through Gal(K/K,), which is what it means for the
representation of Gal(K*/K,) on V;A to be unramified.

On the other hand, if A does not have good reduction, then
HAK) e = #A0(k)gn < 804
for n sufficiently large. As
A = A OHUH/E)
this shows that
A(KGAES/KE) 2 A(KM Y, 0 >> 0.
Therefore the representation of the Galois group on V;A is ramified at v. O

COROLLARY 23.6. If A and B are isogenous over K, and one has good reduction
at v, then so also does the other.

PROOF. The isogeny defines an isomorphism V;A — V;B commuting with the
actions of Gal(K*/K). O

Recall that for an abelian variety A over a finite field £ with ¢ elements, the
characteristic polynomial P(A,t) of the Frobenius endomorphism 7 of A is a monic
polynomial of degree 2¢ in Z[t], and its roots all have absolute value q2 (889,16).
Also, that P(A,t) is the characteristic polynomial of 7 acting on V;A. Now consider
an abelian variety A over a number field K, and assume A has good reduction at v.
Let A(v) be the corresponding abelian variety over k(v), and define

P,(A,t) = P(A(v),t).

For any prime w lying over v, the isomorphism V;(A) — V;(A(v)) is compatible with
the map D(w) — Gal(k(w)/k(v)). Since the canonical generator of Gal(k(w)/k(v))
acts on VyA(v) as m (this is obvious from the definition of 7), we see that Frob,,
acts on V;A as m, and so P,(A,t) is the characteristic polynomial of Frob,, acting on
Vi A. TIf w' also lies over v, then Frob,, is conjugate to Frob,,, and so it has the same
characteristic polynomial.

THEOREM 23.7. Let A and B be abelian varieties of dimension g over a number
field K. Let S be a finite set of primes of K containing all primes at which A or B
has bad reduction, and let £ be a prime different from the residue characteristics of the
primes in S. Then there exists a finite set of primes T' = T'(S, ¢, g) of K, depending
only on S, ¢, and g and disjoint from S U {v | v|l}, such that

P,(A,t) = P,(B,t) allv e T = A, B isogenous.
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PrRoOF. Recall:

(a) A, B have good reduction at v € S = V;A, V;B are unramified at v € §
(provided v 1 £) (see 23.5);

(b) the action of I' =4 Gal(K®*/K) on V,A is semisimple (see 21.5; remember we
are assuming Finiteness I);

(c) A and B are isogenous if VA and V; B are isomorphic as [-modules (this is the
Tate conjecture 21.6).

Therefore, the theorem is a consequence of the following result concerning ¢-adic
representations (take V =V,A and W =V, B). O

LEMMA 23.8. Let (V. p) and (W, o) be semisimple representations of Gal(K%/K)
on Qg-vector spaces of dimension d. Assume that there is a finite set S of primes of
K such that p and o are unramified outside S U {v | v|€}. Then there is a finite set
T =T(S,¢,d) of primes K, depending only on S, £, and d and from disjoint from
SU{v|v|t}, such that

P,(A,t)=P,(B,t) allveT = (V,p) = (W,0).

PROOF. According to Theorem 23.1, there are only finitely many subfields of K
containing K, of degree < £** over K, and unramfied outside S U {v | v|¢}. Let L
be their composite — it is finite and Galois over K and unramified outside S U {v |
v[l}. According to the Chebotarev Density Theorem (23.3), each conjugacy class in
Gal(L/K) is the Frobenius class (v, L/K) of some prime v of K not in SU {v | v|(}.
We shall prove the lemma with 7" any finite set of such v’s for which

Gal(L/K) = Uyer(v, L/ K).

Let My be a full lattice in V| i.e., the Zj,-module generated by a Q-basis for
V. Then Autg,(My) is an open subgroup of Autg,(V'), and so M, is stabilized by
an open subgroup of Gal(K*/K). As Gal(K*/K) is compact, this shows that the
lattices YMpy, v € Gal(K?/K), form a finite set. Their sum is therefore a lattice M
stable under Gal(K®/K). Similarly, W has a full lattice N stable under Gal(K®/K).

By assumption, there exists a field Q C K2, Galois over K and unramified outside
the primes in SU{v | v|¢}, such that both p and o factor through Gal(2/K). Because
T is disjoint from S U {v | v|¢}, for each prime w of Q dividing a prime v of T', we
have a Frobenius element Frob,, € Gal(§2/K).

We are given an action of Gal(Q2/K) on M and N, and hence on M x N. Let R
be the Zs-submodule of End(M) x End(N) generated by the endomorphisms given
by elements of Gal(2/K). Then R is a ring acting on each of M and N, we have
a homomorphism Gal(2/K) — R*, and Gal(2/K) acts on M and N and through
this homomorphism and the action of R on M and N. Note that, by assumption, for
any w|v € T, Frob,, has the same characteristic polynomial whether we regard it as
acting on M or on N; therefore it has the same trace,

Tr(Frob,|M) = Tr(Frob,|N).

If we can show that the endomorphisms of M x N given by the Frob,, wlv € T,
generate R as a Zg,-module, then (by linearity) we have that

Tr(r|M) = Tr(r|N), all r € R.
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Then the next lemma (applied to R ® Q) will imply that V' and W are isomorphic
as R-modules, and hence as Gal(§2/K)-modules.

LEMMA 23.9. Let k be a field of characteristic zero, and let R be a k-algebra of
finite dimension over k. Two semisimple R-modules of finite-dimension over k are
1somorphic if they have the same trace.

Proo¥r. This is a standard result — see Bourbaki, Algebre Chap 8, §12, no. 1,
Prop. 3. U

It remains to show that the endomorphisms of M x N given by the Frob,,, w|v € T,
generate R (as a Zy-module). By Nakayama’s lemma, it suffices to show that R/(R is
generated by these Frobenius elements. Clearly R is a free Zs,-module of rank < 2d?,
and so

#(R/IR)* < #(R/IR) < 1**.

Therefore the homomorphism Gal(Q/K) — (R/(R)* factors through Gal(K'/K)
for some K’ C Q with [K’ : K] < >, But such a K’ is contained in L, and by
assumption therefore, Gal(K'/K) is equal to {Frob,, | w|v € T'}. O

THEOREM 23.10. Finiteness I = Finiteness I1.

PROOF. Recall the statement of Finiteness II:

given a number field K, an integer g, and a finite set of primes S of K, there are
only finitely many isomorphism classes of abelian varieties of K of dimension g having
good reduction outside S.

Since we are assuming Finiteness I, which states that each isogeny class of abelian
varieties over K contains only finitely many isomorphism classes, we can can replace
“isomorphism” with “isogeny” in the statement to be proved.

Fix a prime ¢ different from the residue characteristics of the primes in S, and
choose T' = T'(S,/, g) as in the statement of Theorem 5.7. That theorem then says
that the isogeny class of an abelian variety A over K of dimension g and with good
reduction outside S is determined by the finite set of polynomials:

(P(A,t)|veT).

But for each v there are only finitely many possible P,(A,t)’s (they are polynomials
of degree 2¢g with integer coefficients which the Riemann hypothesis (141.b) shows to
be bounded), and so there are only finitely many isogeny classes of A’s. O

24. FINITENESS Il IMPLIES THE SHAFAREVICH CONJECTURE.

Recall the two statements:

Finiteness II For any number field K, integer g, and finite set S of primes of
K, there are only finitely many isomorphism classes of abelian varieties over K of
dimension g having good reduction at all primes not in S.

Shafarevich Conjecture For any number field K, integer g > 2, and finite set of
primes S of K, there are only finitely many isomorphism classes of complete nonsin-
gular curves over K of dimension g having good reduction outside S.



ABELIAN VARIETIES 93

Recall from (22.1) that, for an abelian variety A over a field k, there are only finitely
many isomorphism classes of principally polarized abelian varieties (B, \) over k with
B ~ A. Therefore, in the statement of Finiteness II, we can replace “abelian variety”
with “principally polarized abelian variety”.

Recall that associated with any complete smooth curve C' over a field k, there is
an abelian variety J(C') of dimension g = genus(C'). In fact, J(C') has a canonical
principal polarization A(C'). (We noted in (18.5) that, when k = C, there is a
canonical Riemann form; for a general k, see JV §6.)

PROPOSITION 24.1. Let C' be a curve over a number field K. If C has good re-
duction at a prime v of K, then so also does Jac(C').

THEOREM 24.2 (Rational version of Torelli’s theorem). Let C' be a complete non-
singular curve of genus > 2 over a perfect field k. The isomorphism class of C' is
uniquely determined by that of the principally polarized abelian variety (J(C'), A\(C)).

On combining these two results we obtain the following theorem.

THEOREM 24.3. Finiteness II implies the Shafarevich conjecture.

PROOF. Let K be an algebraic number field, and let S be a finite set of primes
in K. From (24.1) and (24.2) we know that the map C' +— (J(C), A(C)) defines an
injection from the set of isomorphism classes of complete nonsingular curves of genus
> 2 to the set of isomorphism classes of principally polarized abelian varieties over
K with good reduction outside S. Thus Shafarevich’s conjecture follows from the
modified version of Finiteness II. O

PROOF. (of 24.1) We are given a complete nonsingular curve C' over K that reduces
to a complete nonsingular curve C'(v) over the residue field k(v). Therefore we have
Jacobian varieties J(C') over K and J(C(v)) over k(v), and the problem is to show
that J(C') reduces to J(C(v)) (and therefore has good reduction). It is possible to
do this using only varieties, but it is much more natural to use schemes. Let R
be the local ring corresponding to the prime ideal p, in Ok. To say that C has
good reduction to C'(v) means that there is a proper smooth scheme C over Spec R
whose general and special fibres are C' and C'(v) respectively. The construction of the
Jacobian variety sketched in (§17) works over R (see JV, §8), and gives us an abelian
scheme J(C) over Spec R whose general and special fibres are J(C) and J(C(v)),
which is what we are looking for. O

PROOF. (of 24.2) The original Torelli theorem applied only over an algebraically
closed field and had no restriction on the genus (of course, Torelli’s original paper
(1914-15) only applied over C). The proof over an algebraically closed field proceeds
by a combinatorial study of the subvarieties of C"), and is unilluminating (at least
to me, even my own exposition in JV, §13).

Now consider two curves C' and C” over a perfect field k, and suppose that there is an
isomorphism 3: J(C) — J(C") (over k) sending the polarization A(C') to A(C”). Then
the original Torelli theorem implies that there is an isomorphism v: C' — C’ over k?.
In fact, it is possible to specify v uniquely (in terms of 3). For any o € Gal(k?/k),
the map of curves associated with o3 is o7y. But o3 = 3 (this is what it means to be
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defined over k), and so oy = «, which implies that it too is defined over k (JV, §12,
for the details). O

EXERCISE 24.4. Does (24.2) hold if we drop the condition that g > 27 Hints: A
curve of genus 0 over a field k, having no point in k, is described by a homogeneous
quadratic equation in three variables, i.e., by a quadratic form in three variables; now
apply results on quadratic forms (e.g., CFT, VIII). If C' is a curve of genus 1 without
a point, then Jac(C) is an elliptic curve (with a point).

REMARK 24.5. Torelli’s theorem (24.2) obviously holds for curves C' of genus < 2
over k for which C(k) # ) — a curve of genus zero with C'(k) # ( is isomorphic to
P!; a curve of genus one with C'(k) # () is its Jacobian variety.

25. SHAFAREVICH’S CONJECTURE IMPLIES MORDELL’S CONJECTURE.

In this section, we write (f) for the divisor div(f) of a rational function on a curve.
A dyadic prime of a number field is a prime dividing 2.

The proof that Shafarevich’s conjecture implies Mordell’s conjecture is based on
the following construction (of Kodaira and Parshin).

THEOREM 25.1. Let K be a number field and let S be a finite set of primes of K
containing the dyadic primes. For any complete nonsingular curve C' of genus g > 1
over K having good reduction outside S, there exists a finite extension L of K with
the following property: for each point P € C(K) there exists a curve Cp over L and
a finite map pp: Cp — C)1, (defined over L) such that:

(i) Cp has good reduction outside {w | wjv € S};
(ii) the genus of Cp is bounded;
(iii) @p is ramified exactly at P.

We shall also need the following classical result.

THEOREM 25.2 (de Franchis). Let C' and C be curves over a field k. If C' has
genus > 2, then there are only finitely many nonconstant maps C' — C.

Using (25.1) and (25.2), we show that Shafarevich’s conjecture implies Mordell’s
conjecture. For each P € C(K), choose a pair (Cp,pp) as in (25.1). Because of
Shafarevich’s conjecture, the Cp fall into only finitely many distinct isomorphism
classes. Let X be a curve over L. If X ~ Cp for some P € C(K), then we have

a nonconstant map X ~ Cp 25 C)r, ramified exactly over P, and if X ~ Cg, then
we have nonconstant map X — €, ramified exactly over ) — if P # @, then the
maps differ. Thus, de Franchis’s Theorem shows that map sending (Cp, pp) to the
isomorphism class of C'p is finite-to-one, and it follows that C'(K) is finite.

Before proving 25.1, we make some general remarks. When is Q[\/]T] unramified at
p # 27 Exactly when ord,(f) is odd. This is a general phenomenon: if K is the field
of fractions of a discrete valuation ring R and the residue characteristic is # 2, then
K[\/f] is ramified if and only if ord(f) is odd. (After a change of variables, Y2 — f
will be an Eisenstein polynomial if ord(f) is odd, and will be of the form Y? —u with
w a unit if ord(f) is even. In the second case, the discriminant is a unit.)

Consider a nonsingular curve C' over an algebraically closed field £ of characteristic
# 2, and let f be a nonzero rational function on C'. Then there is a unique nonsingular
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curve C’ over k and finite map C’ — C such that the corresponding map k(C) —
k(C") is the inclusion k(C) «— k(C)[y/f]. Moreover, when we write (f) = 2D + D'
with D’ having as few terms as possible, the remark in the preceding paragraph
shows that ¢ is ramified exactly at the points of support of D'. (If C is affine,
corresponding to the ring R, then C’ is affine, corresponding to the integral closure
of Rin k(C)[y/f].) For example, consider the case when C is the affine line A', and
let f(X) € k[X]. Write

f(X) = fA(X)-9(X)?  fi(X) square-free.

Then k(C") 4 k(X)[/f] = k(X)[\/f1], and the curve

C': Y?= fi(X)
is nonsingular because f1(X) does not have repeated roots. The map C' — C,
(x,y) — x, is finite, and is ramified exactly over the roots of fi(X).

When in this last example, we replace the algebraically closed field & with Q, one
additional complication occurs: f might be constant, say f = r, r € Q. Then
C" — Specm Q is the composite

Colym — € — Specm Cgym
— here " is not geometrically connected. This doesn’t happen if ordp(f) is odd for
some point P of C.

Next fix a pair of distinct points P, P, € AY(Q), and let f € Q(X) be such that
(f) = PL — P,. Construct the C' corresponding to f. Where does C’ have good
reduction? Note we can replace f with c¢f for any ¢ € Q* without changing its
divisor. If we want C” to have good reduction on as large a set as possible, we choose

f= (X - R)/(X - Py
rather than, say, (*)

f = (X — P)J(X — P).
The curve

Y?= (X -P)/(X - B)

has good reduction at any prime where P; and P> remain distinct (except perhaps
2). After these remarks, the next result should not seem too surprising.

LEMMA 25.3. Let C' be a complete nonsingular curve over a number field K, and
consider a principal divisor of the form

P, —P,+2D, P, P,eC(K).

Choose an f € K(C)* such that (f) = P, — Po+2D, and let p: C' — C be the finite
covering of nonsingular curves corresponding to the inclusion K(C) — K(C)[/f].
With a suitable choice of f, the following hold:

(a) The map ¢ is ramified exactly at Py and P,.

(b) Let S be a finite set of primes of K containing those v at which C has bad
reduction, those v at which Py and P become equal, and all primes dividing
2. If the ring of S-integers is a principal then C" has good reduction at all the
primes in S.
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PROOF. (a) We have already seen this—it is really a geometric statement.
(b) (Sketch.) By assumption C' extends to smooth curve C over Spec(R), where R

is the ring of S-integers. The Zariski closure of D’ 4 P, — P, +2D in C is a divisor
on C without any “vertical components”, i.e., without any components containing a
whole fibre C'(v) of C — Spec(R). We can regard f as a rational function on C and
consider its divisor as well. Unfortunately, as in the above example (*), it may have
vertical components. In order to remove them we have to replace f with a multiple by
an element ¢ € K having exactly the correct value ord,(c) for every prime ideal p in
R. To be sure that such an element exists, we have to assume that R is principal. O

REMARK 25.4. (Variant of the lemma.) Recall that the Hilbert class field KHCF
of K is a finite unramified extension in which every ideal in K becomes principal.

Even if the ring of S-integers is not principal, there will exist an f as in the theorem
in KHOF(C).

PROPOSITION 25.5. Let A be an abelian variety over a number field K with good

reduction outside a set of primes S. Then there is a finite extension L of K such that
A(K) C 2A(L).

PRrOOF. The Mordell-Weil Theorem implies that A(K)/2A(K) is finite, and we
can choose L to be any field containing the coordinates of a set of representatives
for A(K)/2A(K). [In fact, the proposition is more elementary than the Mordell-Weil
Theorem — it is proved in the course of proving the Weak Mordell-Weil Theorem. [J

PRrROOF. (of 25.1). If C(K) is empty, there is nothing to prove. Otherwise, we
choose a rational point and use it to embed C' into its Jacobian. The map 2;: J — J
is étale of degree 2% (see 6.2). When we restrict the map to the inverse image of C,
we get a covering ¢: O’ — C that is étale of degree 229.

I claim that C’ has good reduction outside S, and that each point of o ~!(P) has
coordinates in a field L that is unramfied over K outside S. To see this, we need to
use that multiplication by 2 is an étale map J — J of abelian schemes over Spec Rg
(Rgs is the ring of S-integers in K'). The inclusion C' < J extends to an inclusion

C — J of schemes smooth and proper over Spec Rg, and fibre product of this with

2: J — J gives an étale map C’ de x 7 J — C. Therefore C’ — Spec Rg is smooth

(being the composite of an étale and a smooth morphism), which means that C' has
good reduction outside S. The point P defines an Rg-valued point Spec(Rs) — C,
and the pull-back of C" — C by this is a scheme finite and étale over Spec(Rg) whose
generic fibre is ¢! (P) — this proves the second part of the claim.

For any Q € ¢ (P), [K(Q) : K] < 229. Therefore, according to Theorem 23.1,
there will be a finite field extension L; of K such that all the points of ' (P) are
rational over L; for all P € C(K).

Now choose two distinct points P, and P lying over P, and consider the divisor
Py —P,. According to (25.5), for some finite extension Lo of L1, every element of J (L)
lies in 2.J(Ls). In particular, there is a divisor D on C/p, such that 2D ~ P, — P».
Now replace Lo with its Hilbert class field Lz. Finally choose an appropriate f such
that (f) = P — P» — 2D, and extract a square root, as in (25.3,25.4). We obtain a
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map ¢p
Cp — Cj1y = Oy,

over L3 of degree 2 - 229 that is ramified exactly over P. Now the Hurwitz genus
formula

2—29(Cp) = (2—29(C)) - degp + Y (eq — 1)

Q—P

shows that g(Cp) is bounded independently of P. The field L3 is independent of P,
and (by construction) Cp has good reduction outside the primes lying over S.

Thus the proof of Theorem 25.1 is complete. O

PROOF. (of 25.2.) The proof uses some algebraic geometry of surfaces (Hartshorne,
Chapter V). Consider a nonconstant map ¢: C’ — C of curves. Its graph I', C

¢’ x C L X is a curve isomorphic to C’; and is therefore of genus ¢ = genus C".
Note that

Do- (P} x Q) =1,  D,-(C'x{P}) = #¢7'(P) = d, d=deg(¢).
The canonical class of X is
Kx = (29 =2)(C"x{P}) + (29 =2)({F'} x C)

and so

Iy - Kx =(29—2)d+ (29’ —2).
But the adjunction formula (Hartshorne V.1.5) states that

Iy -Kx=2¢ —2-T7.
We deduce that
2 = —(2g—2)d
which is negative, because of our assumption on g = g(C).
Note that d is bounded: the Hurwitz formula says that

29 — 2 =d(2¢9' — 2) + (positive).

Thus, there is an integer N (independent of ¢) such that
N <T? <0.

For each polynomial P there exists a Hilbert scheme, Hilbp, classifying the curves
on X with Hilbert polynomial P. We know that Hilbp is a finite union of varieties
V; (when the ambient space is P, it is even connected), and that if I' € V;, then
dim V; = dim H°(T, Nr) (by deformation theory) where Nt is the normal bundle. In
our case, Np = 0 since F?D < 0. Thus each V; is a point. We deduce that

{F[p ’ 30 c Homnoncnst(c’ C/)}

is finite, and since a map is determined by its graph, this proves the theorem.

Alternative approach: Use differential geometry. The condition g(C') > 1 implies
that C'(C) is hyperbolic. O
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26. THE FALTINGS HEIGHT.

To any abelian variety A over a number field K, Faltings attaches a canonical
height H(A) € R.

The Faltings height of an elliptic curve over Q. Consider first an elliptic curve
E over C. We want to attach a number H(F) to E which is a measure of its “size”.
The most natural first attempt would be to write £ ~ C/A, and define H(FE) to be
the reciprocal of the area of a fundamental domain for A, i.e., if A = Zw; + Zw,, then

H(E) = ]wl N CUQ’_I.

Unfortunately this doesn’t make sense, because we can scale the isomorphism to make
the area of the fundamental domain any positive real number we choose. In order to
get a height, we need additional data.

PROPOSITION 26.1. Let E be an elliptic curve over C. Then each of the following
choices determines the remainder:

(a) an isomorphism C/A — E(C);

(b) the choice of a basis for T(E,QY), i.e., the choice of a mnonzero holomorphic
differential on E;

(c) the choice of an equation

V2 =4X? — X — gy (*)
for E.

PROOF. (a)—(c). There are associated with a lattice A, a Weierstrass function
©(2) and numbers g2(A), g3(A) for which there is an isomorphism

E(C)=C/A — E' CP? 2 (p(2) 1 9'(2): 1)
where E’ is the projective curve given by the equation (*).
(c) — (b). Take w = &

s

(b) — (a). From a differential w on E and an isomorphism «: C/A — E(C) we
obtain a differential a*(w) on C invariant under translation by elements of A. For
example, if o is the map given by p and w = £, then o*(w) = ?j’((j)) = dz. Thus we
should choose the a so that a*(w) = dz. This we can do as follows: consider the map
P — fopw: E(C) — C. This is not well-defined because the integral depends on the
choice of the path. However, if 71 and ~, are generators for H;(E,Z), then (up to
homotopy), two paths from 0 to P will differ by a loop m1v;1 +ma72, and because w is
holomorphic, the integral depends only on the homotopy class of the path. Therefore,
we obtain a well-defined map E(C) — C/A, A = Zwy + Zws, w; = f% w, which is an

isomorphism. O

Now, given a pair (E,w) over C, we can define

H(E,w)_lz—/ w/\wzz/dz/\dizz/d(a:—l—iy)/\d(x—iy):/dx/\dy
2 JE(@) 2Jp 2Jp

D

where D is a fundamental domain for A. Thus H(F,w)™! is the area of D.
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When the elliptic curve is given over Q (rather than C), then we choose an equation
Y2 :4X3_g2X_g37 92, 93 e@:

and take the differential w to be dX/Y. When we change the choice of the equation,
w is only multiplied by a nonzero rational number, and so

HE) L HE,w)

is a well-defined element of RT/Q", but we can do better: we know that F has a
global minimal model i.e., an equation

)&

Y2+ XY +asY = X34+ asX?+asX +ag, a; €7Z, /A minimal.
The Weierstrass (=Néron) differential,

B dX
v 2Y—|—CL1X—|—CL3'

is well-defined up to a multiplication by a unit in Z, i.e., up to sign. Now H(F) =
H(FE,w) is uniquely determined.

When we consider an elliptic curve over a number field K two complications arise.
Firstly, K may have several infinite primes, and so we may have to take the product
over their separate contributions. Secondly, and more importantly, Ox may not be a
principal ideal domain, and so there may not be a global minimal equation. Before
describing how to get around this last problem, it is useful to consider a more general
construction.

The height of a normed module. A norm on a vector space M over R or C is a
mapping | - ||: M — R such that

Iz +yll < ll=ll +llyll,  [laz] = lallz]l, .y M, ascalar.

Here | - | is the usual absolute value.

Now let K be a number field, and let R be the ring of integers in K. Recall
that a fractional ideal in K is a projective R-module of rank 1; conversely, if M is a
projective R-module of rank 1, then M ®r K =~ K, and the choice of an isomorphism
identifies M with a fractional ideal in K. Let M be such an R-module. Suppose we
are given a norm || - ||, on M ®pg K, for each v|oo. We define the height of M (better,
of (M, (|| - [[)vlec)) to be

(M : Rm)
ILo [Im

LEMMA 26.2. The definition is independent of the choice of m.

1 v real

H(M) = 2 v complex.

—, m any nonzero element of M, &,= {
v
v

PROOF. Recall that, for a finite prime v corresponding to a prime ideal p, the
normalized absolute value is defined by,

lal, = (R : p)_ord“(“), ord,: K — 7,

and that for any infinite prime v,

Ev

jalo = la
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Moreover, for the normalized absolute values, the product formula holds:

[Tlal. =1.

The Chinese remainder theorem shows that
M/Rm ~ Dy ﬁniteMv/Rvm
where R, is the completion of R at v and M, = R, ®zg M. Now M, is a projective
module of rank 1 over R,, and hence it is free of rank 1 (because R, is principal), say
M, = R,m,. Therefore
(M, : R,m) = (Rym, : Rym) = ’@
m

Y
v

where by m,/m we mean the unique element a of K, such that am = m,. Hence we
find that (26.2.1)

1
[T, pnie | 2] - Tl I

It is obvious that the expression on the right is unchanged when m is replaced with
am. U

LEMMA 26.3. In the expression (26.2.1) for H(M), m can be taken to be any
element of M ®r K. When we define,

D = g

then, for any finite extension L of K,
h(Rr ®@r M) = h(M).

H(M) =

Ev
v

log H(M),

PRrOOF. Exercise in algebraic number theory. O

The Faltings height of an abelian variety.

PROPOSITION 26.4. Let V' be a smooth algebraic variety of dimension g over a
field k.

(a) The sheaf of differentials Q%//k on 'V is a locally free sheaf of Oy -modules of rank
qg.
(b) IfV is a group variety, then Q' is free.

PROOF. See T. Springer, Linear Algebraic Groups, Birkhauser, 1981, 3.2, 3.3. [

COROLLARY 26.5. Let V' be a smooth algebraic variety of dimension g over a field
k. Then Q9 =g ANIQ is a locally free sheaf of rank 1, and it is free if V is a group
variety.

PROOF. Immediate from (26.4). O

Let M be a coherent sheaf on a variety V. For any point v € V we obtain
a vector space M(v) over the residue field k(v). For example, if V is affine, say
V' = Specm(R), then M corresponds to the R-module M = I'(V, M), and if v <> m,
then M(v) = M/mM. Note that, for any open subset U of V' containing v, there is
a canonical map I'(U, M) — M(v).
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PROPOSITION 26.6. Let V' be a complete geometrically connected variety over a
field k, and let M be a free sheaf of finite rank on V. For any v € V(k), the map
LV, M) — M(v) is an isomorphism.

PRrROOF. For M = Oy, I'(V, M) = k (the only functions regular on the whole of a
complete variety are the constant functions), and the map is the identity map k — k.
By assumption M =~ (Oy )" for some n, and so the statement is obvious. O

PROPOSITION 26.7. Let A be an abelian variety of dimension g over a field k. The
canonical maps

I'(A, QY — QY0), ['(A, Q%) — Q9(0)
are 1somorphisms.

PROOF. By 0 we mean the zero element of A. For the proof, combine the last two
results. 0

Now let A be an abelian variety over a number field K, and let R be the ring
of integers in K. Recall from §20 that there is a canonical extension of A to a
smooth group scheme A over Spec R (the Néron model). The sheaf 2% . of (relative)

differential g-forms on A is a locally free sheaf of O4-modules of rank 1 (it becomes
free of rank 1 when restricted to each fibre, but is not free on the whole of A). There
is a section s: Spec R — A whose image in each fibre is the zero element. Define
M = S*QZ\/R' It is a locally free sheaf of rank 1 on Spec R, and it can therefore be
regarded as a projective R-module of rank 1. We have

MopK =95, (0)=T(4,9,,.)

A/K A/K
—the first equality simply says that Q7 R restricted to the zero section of A and then
to the generic fibre, is equal to QZ\/R restricted to the generic fibre, and then to the
zero section; the second equality is (26.7).
Let v be an infinite prime of K. We have to define a norm on M ®x K,. But

M@k K, =T'(Ak,, QiKU/KU), and we can set

,L' g
ol = ( (2 / oy
2/ Jaga

Note that K = C. Now (M, (]| - ||»)) is a normed R-module, and we define the
Faltings height of A,

(S

We can make this more explicit by using the expression (26.2.1) for H(M). Choose
a holomorphic differential g-form w on A/K-—this will be our m. It is well-defined
up to multiplication by an element of K*. For a finite prime v, we have a Néron
differential g-form w, for A/K, (well-defined up to multiplication by a unit in R,),
and we have
1

. 3 €v/2
oo <(%)g fA(K;";‘) w A w)

H(A) =

Hv’[oo
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For any infinite prime v, choose an isomorphism
a: CI/A — A(K™M
such that a*(w) = dz; A dza A ... A dzg; then the contribution of the prime v is
(volume of a fundamental domain for A)% .

This is all very explicit when A is an elliptic curve. In this case, w, is the differential
corresponding to the Weierstrass minimal equation (see above, and Silverman 1986,
VII.1). There is an algorithm for finding the Faltings height of an elliptic curve, which
has surely been implemented for curves over QQ (put in the coefficients; out comes the
height).

Define

1
h(A) = ——=log H(A).
(4) = g e 1A
If L is a finite extension of K, it is not necessarily true that h(Az) = h(A) because
the Néron minimal model may change (Weierstrass minimal equation in the case of
elliptic curves). However, if A has semistable reduction everywhere, then h(A) is
invariant under finite field extensions. We define the stable Faltings height of A,

hr(A) = h(AL)
where L is any finite field extension of K such that Aj; has stable reduction at all
primes of L (see 20.3).

27. THE MODULAR HEIGHT.

Heights on projective space. (Serre, 1989, §2). Let K be a number field, and let

P=(zg:...:2,) € P*(K). The height of P is defined to be
H(P) = max |;|,.
0<i<n
Define
1
h(P) = ——log H(P).
(P) = g loa ()

(Warning: Serre puts the factor [K : Q] into H(P).)

PROPOSITION 27.1. For any number C, there are only finitely many points P of
P"(K) with H(P) < C.

Note that an embedding a.: V' — P" of an algebraic variety into P" defines on it a
height function, H(P) = H(a(P)).

PROPOSITION 27.2. Let ay and as be two embedding of V into P such that
oq !t (hyperplane) ~ ay'(hyperplane). Then the height functions defined by o and
as on V differ by a bounded amount.

In other words, given a variety V and a very ample divisor on V| we get a height
function on V(K), well defined up to a bounded function.
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The Siegel modular variety. For any field L, let M 4(L) be the set of isomorphism
classes of pairs (A,\) with A an abelian variety over L of dimension g and A a
polarization of A of degree d.

THEOREM 27.3. There exists a unique algebraic variety My 4 over C and a bijec-
tion j: My a(C) — M, 4(C) such that:

(a) for every point P € M, 4, there is an open neighbourhood U of P and a family
A of polarized abelian varieties over U such that the fibre Ag represents 771 (Q)
for all Q) € My q;

(b) for any variety T over C, and family A of polarized abelian varieties over T of
dimension g and degree d, the map T — My 4, t — j(Ay), is regular (i.e., is a
morphism of algebraic varieties).

PrROOF. Uniqueness: Let (M’ ;') be a second pair, and consider the map j' o
j: My qa(C) — M'(C). To prove that this is regular, it suffices to prove that it is
regular in a neighbourhood of each point P of M, 4. But given P, we can find a
neighbourhood U of P as in (a), and condition (b) for M’ implies that (j' o 5)|U is
regular. Similarly, its inverse is regular.

Existence: This is difficult. Siegel constructed M, as a complex manifold, and
Satake and others showed about 1958 that it was an algebraic variety. See E. Freitag,
Siegelsche Modulfunktionen, Springer, 1983. O

The variety in the theorem is called the Siegel modular variety.
EXAMPLE 27.4. The j-invariant defines a bijection
{elliptic curves over C}/~ = M;1(C) — M;1(C), My, = A
(See MF §8.)

Note that the automorphisms of C act on M, 4(C).

Let V' be a variety over C, and suppose that there is given a model Vj of V' over Q
(AG §9). Then the automorphisms of C act on V5(C) = V(C).

THEOREM 27.5. There exists a unique model of My 4 over Q such the bijection
Jj: Mya(C) — M, 4(C) commutes with the two actions of Aut(C) noted above.

Write M, 4 again for this model. For each field L D Q, there is a well-defined map
J: Mga(L) — Mya(L)
that is functorial in L and is an isomorphism whenever L is algebraically closed.
PROOF. This is not difficult'®, given (27.3). O

EXAMPLE 27.6. The model of M;; over Q is just A! again. The fact that j
commutes with the actions of Aut(C) simply means that, for any automorphism o of
C and elliptic curve E over C, j(cF) = 0j(E)—if E has equation

Y2=X34+aX+b

16That’s what my original notes say, but I'm not sure I believe it.
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then o F has equation
Y2 = X34 0aX + ob,

and so this is obvious.

Note that j: My (L) — A'(L) = L will not in general be a bijection unless L is
algebraically closed. For example, if ¢ € L, then the curve

E.: Y?’=X*4a®X +0bc
has the same j-invariant as
E: Y’=X°+aX+b
but it is not isomorphic to E over L unless c is a square in L.

REMARK 27.7. Let K be a number field, and consider the diagram:

Mg,d(K> ’ g,d(K>
l linjection
My a(K™) —— My a(K™)
bijection

Clearly j(A,\) = j(A’, X) if and only if (A, \) becomes isomorphic to (A’, \') over
KA,

The modular height. The proof that M,  is an algebraic variety shows more,
namely, that there is a canonical ample divisor on M, 4, and therefore a height function
h on M, 4(K), any number field K, well-defined up to a bounded function, and we
define the modular height of a polarized abelian variety (A, A\) over K by

For example, consider the elliptic curve £ over Q; write j(£) = 7 with m and n
relatively prime integers. Then hy/(E) = log max{|m/|, |n|}.

THEOREM 27.8. For every polarized abelian variety (A, \) over a number field K,
PRrOOF. Technically, this is by far the hardest part of the proof. It involves studying

the two height functions on a compactification of the modular variety over Z (see Chai
and Faltings 1990 for moduli schemes over Z). O

EXERCISE 27.9. Prove (27.8) for elliptic curves.

THEOREM 27.10. Let K be a number field, and let g, d, C be integers. Up to
isomorphism, there are only finitely many polarized abelian varieties (A, ) over K of
dimension g and degree d with semistable reduction everywhere and

hat(A,\) < C.

REMARK 27.11. The semistability condition is essential, for consider an elliptic
curve

E: Y’=X3+aX+b
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over K. For any c € K*, c ¢ K*?,
E.: Y?=X*+ac*X + b

has the same height as E' (because it has the same j-invariant), but it is not isomorphic
to E over K.

PrROOF. We know from (27.1) that {P € M, q(K) | H(P) < C} is finite, and we
noted above, that (A, \) and (A’, \') define the same point in M, 4(K) if and only if
they become isomorphic over K?. Therefore, it suffices to prove the following state-
ment: Let (Ag, \g) be a polarized abelian variety over K with semistable reduction
everywhere; then up to K-isomorphism, there are only finitely many (A, \) over K
with semistable reduction everywhere such that (A, \) ~ (Ao, \o) over K?.

Step 1. Let S be the set of primes of K at which Ay has bad reduction, and let A
be as in the statement. Then S is also the set of primes where A has bad reduction.

Proof: We know that A and Ay become isomorphic over a finite extension L of K.
Because Ag and A have semstable stable reduction everywhere, when we pass from
K to L, bad reduction stays bad reduction and good reduction stays good reduction,
and so the set of primes of K where A has bad reduction can be read off from the
similar set for L.

Step 2. Now fix an ¢ > 3. There exists a finite extension L of K such that all the
A’s in the statement have their points of order ¢ rational over L.

Proof: The extension K (Ay) of K obtained by adjoining the points of order ¢ is an
extension of K of degree < # GLqyy(Fy)Z/¢Z) unramified outside S and {v | v|¢} (see
23.5), and so we can apply (23.1).

Step 3. Every (A, ) as in the statement becomes isomorphic to (Ag, Ag) over the
field L in the Step 2.

Proof: Recall from AV, 17.5, that any automorphism of (A, \) that acts as the
identity map on the points of order 3 is itself the identity map. We are given that
there is an isomorphism a: (A, \) — (A, Ao) over K?. Let o € Gal(K®/L). Then
oa is a second isomorphism (A, A) — (Ag, \o), and oo and a have the same action
on the points of order 3 of A. (By definition (ca)(P) = o(a(c™!P), but because o
fixes L, 07'P = P and o(aP) = aP.) Hence caoa™! is an automorphism of (Ag, \o)
fixing the points of order 3, and so it is the identity map. Therefore ca = v, and this
means « is defined over L.

Step 4. Take the field L in step 2 to be Galois over K. Then the set
{(A,N) | (A, \) = (Ap, \o) over L}/(K -isomorphism) ~ H'(Gal(L/K), Aut(Az, \r)).
Proof: Given (A, \), choose an isomorphism a: (A, \) — (Ag, \g) over L, and let
a, =caoa ', o€ Gal(L/K).
Then o — a, is a crossed homomorphism Gal(L/K) — Aut(Ar,Az), and it is not

difficult to prove that the map sending (A, ) to the cohomology class of (a,) is a
bijection.
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The group H'(Gal(L/K),Aut(Ap,\r)) is finite because Gal(L/K) and
Aut(Agr, Ar)) are both finite (for the second group, see AV 17.5), and this completes
the proof of the Theorem. O

COROLLARY 27.12. Let K be a number field, and let g, d, C' be integers. Up to
isomorphism, there are only finitely many polarized abelian varieties (A, ) over K of
dimension g and degree d with semistable reduction everywhere and

he(A) < C.

PROOF. Apply (27.8). O

COROLLARY 27.13. Let K be a number field, and let g, C' be integers. Up to
1somorphism, there are only finitely many abelian varieties A over K of dimension g
with semistable reduction everywhere and

he(A) < C.

PROOF. We need one more result, namely that hp(A) = hp(AY). (This is proved
by Raynaud in the Szpiro seminar.) Given an A as in the statement, B =4 (A x AV)*
is a principally polarized abelian variety over K (see 22.9) with semistable reduction
everywhere, and

h(B) = 8h(A) < 8C.
Therefore we can apply (27.12) (and 22.3). O

28. THE COMPLETION OF THE PROOF OF FINITENESS I.

It remains to prove:

Finiteness I: Let A be an abelian variety over a number field K. There
are only finitely many isomorphism classes of abelian varieties B over
K isogenous to A.

THEOREM 28.1. Let A be an abelian variety over a number field K having
semistable reduction everywhere. The set of Faltings heights of abelian varieties B
over K isogenous to A is finite.

Before discussing the proof of (28.1), we explain how to deduce Finiteness I. First
assume that A has semistable reduction everywhere. Then so also does any B isoge-
nous to A, and so (27.13) and (28.1) show that the set of isomorphism classes of such
B’s is finite.

Now consider an arbitrary A. There will be a finite extension L of K such that
A acquires semistable reduction over L, and so Finiteness I follows from the next
statement: up to isomorphism, there are only finitely many abelian varieties B over
K isogenous to a fixed abelian variety By over K, and isomorphic to By over L. (Cf.
the proof of the last step of 27.10.)

PROOF. (of 28.1) Faltings’s original proof used algebraic geometry, and in particu-
lar a theorem of Raynaud’s on finite group schemes. In his talks in Szpiro’s seminar,
Raynaud improved Faltings’s results by making them more effective. O
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APPENDIX: REVIEW OF FALTINGS 1983 (MR 85G:11026)

Faltings, G.,
Endlichkeitssitze fiir abelsche Varietidten iiber Zahlkorpern. [Finiteness

Theorems for Abelian Varieties over Number Fields],
Invent. Math. 73 (1983), 349-366; Erratum,ibid. (1984), 75, 381.

The most spectacular result proved in this paper is Mordell’s famous 1922 conjec-
ture: a nonsingular projective curve of genus at least two over a number field has
only finitely many points with coordinates in the number field. This result is in fact
obtained as a corollary of finiteness theorems concerning abelian varieties which are
themselves of at least equal significance. We begin by stating them. Unless indicated
otherwise, K will be a number field, I' the absolute Galois group Gal(K/K) of K, S
a finite set of primes of K, and A an abelian variety over K. For a prime number [,
T, A will denote the Tate group of A (inverse limit of the groups of {"-torsion points
on A) and VA = Q; ®z, T}A. The paper proves the following theorems.

THEOREM 3. The representation of I' on V;A is semisimple.
THEOREM 4. The canonical map End g (A) ®77; — End(T;A)" is an isomorphism.

THEOREM 5. For given S and g, there are only finitely many isogeny classes of
abelian varieties over K with dimension g and good reduction outside S.

THEOREM 6. For given S,g, and d, there are only finitely many isomorphism
classes of polarized abelian varieties over K with dimension g, degree (of the polar-
ization) d, and good reduction outside S.

Both Theorem 3 and Theorem 4 are special cases of conjectures concerning the
étale cohomology of any smooth projective variety. The first is sometimes called
the Grothendieck-Serre conjecture; the second is the Tate conjecture. Theorem 6
is usually called Shafarevich’s conjecture because it is suggested by an analogous
conjecture of his for curves (see below).

In proving these theorems, the author makes use of a new notion of the height h(A)
of an abelian variety: roughly, h(A) is a measure of the volumes of the manifolds
A(K,), v an Archimedean prime of K, relative to a Néron differential on A. The
paper proves:

THEOREM 1. For given g and h, there exist only finitely many principally polarized
abelian varieties over K with dimension g, height < h, and semistable reduction
everywhere.

THEOREM 2. Let A(K)(I) be the l-primary component of A(K), some prime num-
ber I, and let G be an l-divisible subgroup of A(K)(l) stable under I'. Let G, denote
the set of elements of G killed by I™. Then, for n sufficiently large, h(A/G) is
independent of n.

THEOREM (*) Let A be an abelian variety over K with semistable reduction every-

where; then there is an N such that for every isogeny A — B of degree prime to N,
h(A) = h(B).

The proof of Theorem 4 is modelled on a proof of J. T. Tate for the case of a finite
field K [same journal 2 (1966), 134-144; MR 34#5829]. There, Tate makes use of
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a (trivial) analogue of Theorem 6 for a finite field to show that a special element of
End(T;A)" lies in the image of the map. At the same point in the proof, the author
applies his Theorems 1 and 2. An argument of Yu. G. Zarkhin [Izv. Akad. Nauk
SSSR Ser. Mat. 39 (1975), no. 2, 272-277; MR 514#8114] allows one to pass from
the special elements to a general element. Theorem 3 is proved simultaneously with
Theorem 4.

From Theorem 4 in the case of a finite field, it follows that the isogeny class of an
abelian variety over a finite field is determined by the characteristic polynomial of
the Frobenius element. By making an adroit application of the Chebotarev density
theorem (and Theorems 3 and 4), the author shows the following: given S and g,
there exists a finite set T' of primes of K such that the isogeny class of an abelian
variety over K of dimension g with good reduction outside S is determined by the
characteristic polynomials of the Frobenius elements at the v in 7. (This in fact
seems to give an algorithm for deciding when two abelian varieties over a number
field are isogenous.) Since the known properties of these polynomials (work of Weil)
imply there are only finitely many possibilities for each prime, this proves Theorem
5.

In proving Theorem 6, only abelian varieties B isogenous to a fixed abelian variety
A need be considered (because of Theorem 5), and, after K has been extended, A can
be assumed to have semistable reduction everywhere. The definition of the height is
such that

e(B/A) = exp(2[K : Q](h(B) — h(A))

is a rational number whose numerator and denominator are divisible only by primes
dividing the degree of the isogeny between A and B. Therefore (*) shows that there
exists an integer N such that e(A/B) involves only the primes dividing N. The
isogenies whose degrees are divisible only by the primes dividing /N correspond to the
I'-stable sublattices of Hl| v [1A. From what has been shown about 1A, there exist
only finitely many isomorphism classes of such sublattices, and this shows that the

set of possible values h(B) is finite. Now Theorem 1 can be applied to prove Theorem
6.

The proof of Theorem 1 is the longest and most difficult part of the paper. The
basic idea is to relate the theorem to the following elementary result: given h, there
are only finitely many points in P"(K) with height (in the usual sense) < h. The
author’s height defines a function on the moduli space M, of principally polarized
abelian varieties of dimension g. If M, is embedded in P by means of modular forms
rational over K, then the usual height function on P" defines a second function on M,.
The two functions must be compared. Both are defined by Hermitian line bundles
on M, and the main points are to show (a) the Hermitian structure corresponding
to the author’s height does not increase too rapidly as one approaches the boundary
of M, (it has only logarithmic singularities) and (b) by studying the line bundles on
compactifications of moduli schemes over Z, one sees that the contributions to the
two heights by the finite primes differ by only a bounded amount. This leads to a
proof of Theorem 1. (P. Deligne has given a very concise, but clear, account of this
part of the paper [“Preuve des conjectures de Tate et de Shafarevitch”, Seminaire
Bourbaki, Vol. 1983/84 (Paris, 1983/84), no. 616; per revr.].)
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The proofs of Theorems 2 and (*) are less difficult: they involve calculations which
reduce the questions to formulas of M. Raynaud [Bull. Soc. Math. France 102 (1974),
241-280; MR 547488]. (To obtain a correct proof of Theorem 2, one should replace
the A of the proof in the paper by A/G,,, some n sufficiently large.)

Torelli’s theorem says that a curve is determined by its canonically polarized Jaco-
bian. Thus Theorem 6 implies the (original) conjecture of Shafarevich: given S and
g, there exist only finitely many nonsingular projective curves over K of genus g and
good reduction outside S. An argument of A. N. Parshin [Izv. Akad. Nauk SSSR Ser.
Mat. 32 (1968), 1191-1219; MR 411740] shows that Shafarevich’s conjecture implies
that of Mordell: to each rational point P on the curve X one associates a covering
pp : Xp — X of X; the curve Xp has bounded genus and good reduction outside
S; thus there are only finitely many possible curves Xp, and a classical theorem of
de Franchis shows that for each Xp there are only finitely many possible pp; as the

association P +— (Xp, @p) is one-to-one, this proves that there are only finitely many
P.

Before this paper, it was known that Theorem 6 implies Theorems 3 and 4 (and
Mordell’s conjecture). One of the author’s innovations was to see that by proving a
weak form of Theorem 6 (namely Theorem 1) he could still prove Theorems 3 and 4
and then could go back to get Theorem 6.

Only one misprint is worth noting: the second incorrect reference in the proof of
Theorems 3 and 4 should be to Zarkhin’s 1975 paper [op. cit.], not his 1974 paper.

James Milne (1-MI).
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