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Preface

For one who attempts to unravel the story, the
problems are as perplexing as a mass of hemp
with a thousand loose ends.

Dream of the Red Chamber, Tsao Hsueh-Chin.

Algebraic groups are groups defined by polynomials. Those that we shall be concerned
with in this book can all be realized as groups of matrices. For example, the group of
matrices of determinant 1 is an algebraic group, as is the orthogonal group of a symmetric
bilinear form. The classification of algebraic groups and the elucidation of their structure
were among the great achievements of twentieth century mathematics (Borel, Chevalley,
Tits and others, building on the work of the pioneers on Lie groups). Algebraic groups
are used in most branches of mathematics, and since the famous work of Hermann Weyl
in the 1920s they have also played a vital role in quantum mechanics and other branches
of physics (usually as Lie groups). Arithmetic groups are groups of matrices with integer
entries. They are a basic source of discrete groups acting on manifolds.

The first goal of the present work is to provide a modern exposition of the theory of al-
gebraic groups. It has been clear for fifty years, that in the definition of an algebraic group,
the coordinate ring should be allowed to have nilpotent elements,! but the standard exposi-
tions? do not allow this.® In recent years, the tannakian duality* between algebraic groups
and their categories of representations has come to play a role in the theory of algebraic
groups similar to that of Pontryagin duality in the theory of locally compact abelian groups.
Chapter ] develops the basic theory of algebraic groups, including tannakian duality.

Lie algebras are a essential tool in studying both algebraic groups and Lie groups. In
Chapter [IT] develops the basic theory of Lie algebras and discusses the functor from alge-
braic groups to Lie algebras.

As Cartier (1956) noted, the relation between Lie algebras and algebraic groups in char-
acteristic zero is best understood through their categories of representations. In Chapter[llT]
we review the classification of semisimple Lie algebras and their representations, and we

1See, for example, (Cartier|[1962. Without nilpotents the centre of SLp in characteristic p is visible only
through its Lie algebra. Moreover, the standard isomorphism theorems fail, and so the intuition provided by
group theory is unavailable. Consider, for example, the subgroups H D SLp and N D G, (diagonal) of GL,
over a field of characteristic p. If nilpotents are not allowed, then N\ H D 1, and the map H=H \ N !
HN=N is the homomorphism SL, ! PGLp, which is an inseparable isogeny of degree p; in particular, it is
injective and surjective but not an isomorphism. While it is true that in characteristic zero all algebraic groups
are reduced, this is a theorem that can only be stated when nilpotents are allowed.

2The only exceptions | know of are Demazure and Gabriel|[1970, |Waterhouse|1979, and SGA3. While the
first two do not treat the classification of semisimple algebraic groups over fields, the third assumes it.

3Worse, much of the expository literature is based, in spirit if not in fact, on the algebraic geometry of
Weil’s Foundations (Weil|1962)). Thus an algebraic group over k is defined to be an algebraic group over some
large algebraically closed field together with a k-structure. This leads to a terminology in conflict with that of
modern algebraic geometry, in which, for example, the kernel of a homomorphism of algebraic groups over a
field k need not be an algebraic group over k. Moreover, it prevents the theory of split reductive groups being
developed intrinsically over the base field.

When Borel first introduced algebraic geometry into the study of algebraic groups in the 1950s, Weil’s
foundations were they only ones available to him. When he wrote his influential book [Borel[1969b) he persisted
in using Weil’s approach to algebraic geometry, and, with the exceptions noted in the preceding footnote, all
subsequent authors have followed him.

4Strictly, this should be called the “duality of Tannaka, Krein, Milman, Hochschild, Grothendieck, Saave-
dra Rivano, Deligne, et al.,” but “tannakian duality” is shorter. In his Récoltes et Semailles, 1985-86, 18.3.2,
Grothendieck argues that “Galois-Poincaré” would be more appropriate than “Tannaka” .



exploit tannakian duality to deduce the classification of semisimple algebraic groups and
their representations in characteristic zero.> The only additional complication presented by
algebraic groups is that of determining the centre of the simply connected algebraic group
attached to a semisimple Lie algebra, but this centre can also be seen in the category of
representations of the Lie algebra.

Although there are many books on algebraic groups, and even more on Lie groups, there
are few that treat both. In fact it is not easy to discover in the expository literature what the
precise relation between the two is. In Chapter [[V]we show that all connected complex
semisimple Lie groups are algebraic groups,® and that all connected real semisimple Lie
groups arise as covering groups of algebraic groups. Thus the reader who understands the
theory of algebraic groups and their representations will find that he also understands much
of the basic theory of Lie groups. Realizing a Lie group as an algebraic group is the first
step towards understanding the discrete subgroups of the Lie group.

In Chapter [V} which is largely independent of Chapters Il and IV, we study split
reductive groups over arbitrary fields. It is a remarkable observation of Chevalley that, for
reductive groups containing a split maximal torus, the theory is independent of the ground
field (and, largely, even of the characteristic of the ground field). We define the root datum
of a split reductive and explain how this describes the structure of groups, and we prove the
fundamental isogeny theorem following the approach in|Steinberg|[1999|

In Chapter [VI} we explain how descent theory and Galois cohomology allow one to
extend to study nonsplit reductive groups. In particular, we prove that the list of classical
semisimple algebraic groups in Chapter [l «[I9 is complete, and we include Tits’s classifi-
cation of nonsplit groups (Tits|[1966) [Selbach(1976).

For an algebraic group G over Q, any subgroup of G.Q/ commensurable with G.Z/
is said to be arithmetic. In Chapter [VIT] we show that such a group s discrete in the
Lie group G.R/ and that the quotient G.R/= has finite volume. Selberg conjectured,
and Margulis proved, that, except for SO.1;n/ and SU.1;n/, every discrete subgroup of
finite covolume in a semisimple Lie group is arithmetic. In combination with the results of
Chapter V1] and [VTI this gives a classification of Riemannian locally symmetric spaces up
to finite covers (with a few exceptions). ’

TERMINOLOGY

For readers familiar with the old terminology, as used for example in [Borel|[1969b), (1991,
we point out some differences with our terminology, which is based on that of modern
(post-1960) algebraic geometry.

5The classical proof of the classification theorems for semisimple groups in characteristic zero uses the
similar theorems for Lie algebras, deduces them for Lie groups, and then passes to algebraic groups (Borel
1975 «1). The only other proof in the expository literature that | know of is that of Chevalley, which works in
all characteristics, but is quite long and complicated and requires algebraic geometry. The proof presented here
requires neither analysis nor algebraic geometry.

61n other words, the convergent power series defining the group can be replaced by polynomials.

"Briefly, the universal covering space of such a space X is a Riemannian symmetric space X2 The identity
component of Aut. X is a real semisimple Lie group G, and X nG=K with K a maximal compact subgroup
of Gand a discrete subgroup of G of finite covolume. The pairs .G; K/ can be classified in terms of Dynkin
diagrams. Except in SO.1;n/ and SU.1;n/, the group  is commensurable with i.G. Z// where G is an
algebraic group over Q and iVB.R/ ! G is a homomorphism of Lie groups with compact kernel and finite
cokernel. That a pair .G;i/ exists over R is shown in Chapter IlI, and the pairs .G;i/ over Q giving rise to a
given pair over R are classified for the classical groups in Chapter@



We allow our rings to have nilpotents, i.e., we don’t require that our algebraic groups
be reduced.

We do not identify an algebraic group G with its points G.k/ with in k, even when
the ground field k is algebraically closed. Thus, a subgroup of an algebraic group G
is an algebraic subgroup, not an abstract subgroup of G.k/ .

An algebraic group G over a field k is intrinsically an object over k, and not an
object over some algebraically closed field together with a k-structure. Thus, for
example, a homomorphism of algebraic groups over k is truly a homomorphism over
k, and not over some large algebraically closed field. In particular, the kernel of such
a homomorphism is an algebraic subgroup over k. Also, we say that an algebraic
group over k is simple, split, etc. when it simple, split, etc. as an algebraic group
over Kk, not over some large algebraically closed field. When we want to say that G
is simple over k and remains simple over all fields containing k, we say that G is
geometrically (or absolutely) simple.

For an algebraic group G over k and an extension field K, G.K/ denotes the points
of G with coordinates in K and Gk denotes the algebraic group over K obtained
from G by extension of the base field.

Beyond its greater simplicity, there is another reason for replacing the old terminology with
the new: for the study of group schemes over bases more general than fields there is no old
terminology.



Oa Notations; terminology

We use the standard (Bourbaki) notations: N D f0;1;2;::g Z D ring of integers; Q D
field of rational numbers; R D field of real numbers; C D field of complex numbers; F, D
Z=pZ D field with p elements, p a prime number. For integers m and n, mjn means that
m divides n, i.e., n 2 mZ. Throughout the notes, p is a prime number, i.e., p D 2;3;5;:::

Throughout k is the ground ring (always commutative, and usually a field), and R
always denotes a commutative k-algebra. Unadorned tensor products are over k. Notations
from commutative algebra are as in my primer CA (see below). When k is a field, kP
denotes a separable algebraic closure of k and k& an algebraic closure of k. The dual
Homyjin-V; k/ of a k-module V is denoted by V-. The transpose of a matrix M is denoted
by M t.

We use the terms “morphism of functors” and “natural transformation of functors” in-
terchangeably. When F and F ©are functors from a category, we say that “a homomorphism
F.a/ ! FQ%a/ isnatural in a” when we have a family of such maps, indexed by the objects
a of the category, forming a natural transformation F ! F© For a natural transformation

W ! FOC we often write g for the morphism .R/ W.R/ ! FOR/. When its action on
morphisms is obvious, we usually describe a functor F by giving its action R F.R/ on
objects. Categories are required to be locally small (i.e., the morphisms between any two
objects form a set), except for the category A- of functors A! Set. AdiagramA! B C
is said to be exactif the first arrow is the equalizer of the pair of arrows; in particular, this
means that A! B is a monomorphism (cf. EGA I, Chap. 0, 1.4).

Here is a list of categories:

Category Objects Page
Algy commutative k-algebras

A- functors A! Set

Comody .C/ | finite-dimensional comodules over C p.[100|
Grp (abstract) groups

Repy .G/ finite-dimensional representations of G | p. |%|
Rep, .9/ finite-dimensional representations of g

Set sets

Vecy finite-dimensional vector spaces over k

In each case, the morphisms are the usual ones, and composition is the usual composition.
Throughout the work, we often abbreviate names. In the following table, we list the
shortened name and the page on which we begin using it.



Shortened name Full name Page
algebraic group affine algebraic group p.[29
algebraic monoid affine algebraic monoid p.[29
bialgebra commutative bi-algebra p.jb1
Hopf algebra bialgebra with an inversion p. b1
group scheme affine group scheme p. 160
algebraic group scheme | affine algebraic group scheme | p.|[60
group variety affine group variety p. 160
subgroup affine subgroup p. 194
representation linear representation p. |97
root system reduced root system p. 297|

When working with schemes of finite type over a field, we typically ignore the nonclosed
points. In other words, we work with max specs rather than prime specs, and “point” means
*“closed point”.

We use the following conventions:

X Y Xisasubset of Y (not necessarily proper);

X B5Y X is defined to be Y, or equals Y by definition;
X Y XisisomorphictoY;
X' Y Xandy are canonically isomorphic (or there is a given or unique isomorphism);

Passages designed to prevent the reader from falling into a possibly fatal error are sig-
nalled by putting the symbol A in the margin.

AsIDES may be skipped; NOTES should be skipped (they are mainly reminders to the
author). There is some repetition which will be removed in later versions.

Ob Prerequisites

Although the theory of algebraic groups is part of algebraic geometry, most people who use
it are not algebraic geometers, and so | have made a major effort to keep the prerequisites
to a minimum.

All chapters assume the algebra usually taught in first-year graduate courses and in
some advanced undergraduate courses, plus the basic commutative algebra to be found in
my primer CA.

Chapter V] assumes the analysis usually taught in first-year graduate courses and in
some advanced undergraduate courses.

Chapter [V]assumes some knowledge of algebraic geometry (my notes AG suffice).

Chapter [V1) assumes familiarity with the main statements of algebraic number theory
(including class field theory, e.g., CFT, Chapter | «1; Chapter V).

Oc References

In addition to the references listed at the end (and in footnotes), I shall refer to the following
of my notes (available on my website):

CA A Primer of Commutative Algebra (v2.22, 2011).
GT Group Theory (v3.11, 2011).
FT Fields and Galois Theory (v4.22, 2011).



AG Algebraic Geometry (v5.21, 2011).
CFT Class Field Theory (v4.00, 2008).

The links to CA, GT, FT, and AG in the pdf file will work if the files are placed in the same
directory.
Also, I use the following abbreviations:

Bourbaki A Bourbaki, Algébre.

Bourbaki AC Bourbaki, Algébre Commutative (I-1V 1985; V-VI 1975; VIII-1X 1983; X
1998).

Bourbaki LIE Bourbaki, Groupes et Algébres de Lie (1 1972; 11-111 1972; IV-V1 1981).

Bourbaki TG Bourbaki, Topologie Générale.

DG Demazure and Gabriel, Groupes Algébriques, Tome I, 1970.

EGA Eléments de Géométrie Algébrique, Grothendieck (avec Dieudonng).

SGA Séminaire de Géométrie Algébrique, Grothendieck et al.

monnnnn http://mathoverflow.net/questions/nnnnn/

 Subsection (so I, *3c means Chapter II, Section 3, Subsection c).

0d Sources

I list some of the works that | have found particularly useful in writing this book, and which
may be useful also to the reader.

Chapter[l] [Demazure and Gabriel[1970; [Serre|1993; |Springer|1998; Waterhouse|[1979.

Chapters[lT] [TT:] [Bourbaki|LIE} Demazure and Gabriel[1970; [Erdmann and Wildon|2006;
Humphreys|1972; [Serre|1965; |Serre|1966.

Chapter[IV] |Lee|2002.

Chapter |V} |Conrad et al.|2010, Demazure and Gabriel[1970; SGA3; Springer[1979; [Springer
1989; Springer|1998.

Chapter V] [Kneser|1969

Chapter |VIT] [Borel|1969al

History: [Borell [2001; [Hawkins| 2000} [Helgason| {1990, [1994; chapter notes in [Springer
1998l
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CHAPTER I

Basic Theory of Af ne Groups

The emphasis in this chapter is on affine algebraic groups over a base field, but, when it
requires no extra effort, we often study more general objects: affine groups (not of finite
type); base rings rather than fields; affine algebraic monoids rather than groups; affine
algebraic supergroups (very briefly); quantum groups (even more briefly). The base field
(or ring) is always denoted k, and R is always a commutative k-algebra.

NOTES Most sections in this chapter are complete but need to be revised. The main exceptions are
Sections 18 and 19, which need to be completed, and Section 20, which needs to be written.
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[© Group theory: the Isomorphism theorems| . . . . . . . . . . ... ... ... 121
[0 Recovering a group from Its representations, Jordan decompositions| . . . . . 128
[11  Characterizations of categories of representations| . . . . . .. ... ... .. 137
(12 Finite flat affinegroups| . . . . . . . . . . .. 144
[I3~ The connected components of an algebraicgroup| . . . . . .. ... ... .. 152
(14 Groups of multiplicative type; torl] . . . . . . . .. .. ... 163
(15 Unipotentaffinegroups| . . . . . . . . . . .. ... . . ... 176
(16 Solvable affinegroups|. . . . . . . . .. ... .o 183
[/ The structure of algebraic groups| . . . . . . . ... ... ... ... ..... 194
(18  Example: thespingroups| . . . . . . . . . .. ... 203
[19  The classical semisimplegroups| . . . . . .. ... ... ... .. ... ... 217
[20  The exceptional semisimple groups|. . . . . . . . . ... ... ... ... .. 232
[21  Tannakian categories| . . . . . . . . . .. 233
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14 I. Basic Theory of Affine Groups

1 Introductory overview

Loosely speaking, an algebraic group over a field k is a group defined by polynomials. Be-
fore giving the precise definition in the next section, we look at some examples of algebraic
groups.

Consider the group SL,.k/ of N n matrices of determinant 1 with entries in a field k.
The determinant of a matrix .a; / is a polynomial in the entries a; of the matrix, namely,

X
det.aj / D oS sign./ a; 1y an g (Sn D symmetric group),

and so SLn.k/ is the subset of M,.k/ D k"’ defined by the polynomial condition det.a; / D
1. The entries of the product of two matrices are polynomials in the entries of the two
matrices, namely,

i l.bj /D .cj/ withcy Dajgby C Cajnby;

and Cramer’s rule realizes the entries of the inverse of a matrix with determinant 1 as poly-

nomials in the entries of the matrix, and so SLy.k/ is an algebraic group (called the special

linear group). The group GLn.k/ of n n matrices with nonzero determinant is also an
algebraic group (called the general linear group because its elements can be identified

with the n? C 1-tuples ..aj /1 ij n;d/ such that det.aj / d D 1. More generally, for a
finite-dimensional vector space V, we define GL.V / (resp. SL.V /) to be the group of au-
tomorphisms of V (resp. automorphisms with determinant 1). These are again algebraic

groups.

To simplify the statements, for the remainder of this section, we assume that the base

eld k has characteristic zero.

la The building blocks

We now list the five types of algebraic groups from which all others can be constructed
by successive extensions: the finite algebraic groups, the abelian varieties, the semisimple
algebraic groups, the tori, and the unipotent groups.

FINITE ALGEBRAIC GROUPS

Every finite group can be realized as an algebraic group, and even as an algebraic subgroup
of GL.k/. Let be a permutation of f1;:::;ngand let I. / be the matrix obtained from
the identity matrix by using to permute the rows. For any n n matrix A, the matrix
I. /A is obtained from A by using to permute the rows. In particular, if and Care two
permutations, then 1. /.~ 9 D 1. Y. Thus, the matrices . / realize S, as a subgroup
of GL,,. Since every finite group is a subgroup of some S, this shows that every finite
group can be realized as a subgroup of GL,,, which is automatically defined by polynomial
conditions. Therefore the theory of algebraic groups includes the theory of finite groups.
The algebraic groups defined in this way by finite groups are called constant nite algebraic
groups.

More generally, to give an étale finite algebraic group over k is the same as giving a
finite group together with a continuous action of Gal.k®=k/ — all finite algebraic groups
in characteristic zero are of this type.

An algebraic group is connectedf its only finite quotient group is trivial.
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ABELIAN VARIETIES

Abelian varieties are connected algebraic groups that are projective when considered as
algebraic varieties. An abelian variety of dimension 1 is an elliptic curve, which can be
described by a homogeneous equation

Y?Z D X3Chxz?Ccz®:
Therefore, the theory of algebraic groups includes the theory of abelian varieties. We shall
ignore this aspect of the theory. In fact, we shall study only algebraic groups that are af ne
when considered as algebraic varieties. These are exactly the algebraic groups that can be

realized as a closed subgroup of GL, for some n, and, for this reason, are often called linear
algebraic groups.

SEMISIMPLE ALGEBRAIC GROUPS

A connected affine algebraic group G is simpleif it is not commutative and has no normal
algebraic subgroups (other than 1 and G), and it is almost-simplé if its centre Z is finite
and G=Z is simple. For example, SL, is almost-simple for n > 1 because its centre
0!
ZD i "D1
0

is finite and the quotient PSL, D SL =Z is simple.

An isogenyof algebraic groups is a surjective homomorphism G ! H with finite ker-
nel. Two algebraic groups H1 and H are isogenousf there exist isogenies

Hq G! Ho:

This is an equivalence relations. When k is algebraically closed, every almost-simple alge-
braic group is isogenous to exactly one algebraic group on the following list:

An .n 1/; the special linear group SLnc 1!
B, .n  2/; thespecial orthogonal group SO2,c1 consistingofall2nC1 2nC 1 matrices

A such that At AD | anddet.A/ D 1;

Cn .n  3/; the symplectic group Sp,,, consisting of all invertible 2n  2n matrices A such
that A' J ADJ whereJ D 02/ ;

Dn.n  4/; the special orthogonal group SOz ;

Ees;E7;Eg;Fa4;G, the five exceptional groups.

We say that an algebraic group G is an almost-direct producof its algebraic subgroups

gung/ 7' g1 g VB, G! G

is an isogeny. In particular, this means that each G; is a normal subgroup of G and that the
Gi commute with each other. For example,

GDSL, SL,=N; NDf.;I5;. 1, 1g 1)

is the almost-direct product of SL, and SL, but it is not a direct product of two almost-
simple algebraic groups.

A connected algebraic group is semisimplef it is an almost-direct product of almost-
simple subgroups. For example, the group G in (I)) is semisimple. Semisimple algebraic
groups will be our main interest.

10ther authors say “quasi-simple” or “simple”.



16 I. Basic Theory of Affine Groups

GROUPS OF MULTIPLICATIVE TYPE; ALGEBRAIC TORI

An affine algebraic subgroup T of GL.V/ is said to be of multiplicative typeif, over k¥,
there exists a basis of V relative to which T is contained in the group Dy of all diagonal

matrices 0 1
0 00
0 0O
0 0]
00 0

In particular, the elements of an algebraic torus are semisimple endomorphisms of V. A
connected algebraic group of multiplicative type is a torus.
UNIPOTENT GROUPS

An affine algebraic subgroup G of GL.V/ is unipotentif there exists a basis of V relative
to which G is contained in the group U, of all n  n matrices of the form
1

()

In particular, the elements of a unipotent group are unipotent endomorphisms of V.

1b Extensions

We now look at some algebraic groups that are nontrivial extensions of groups of the above
types.

SOLVABLE GROUPS

An affine algebraic group G is solvableif there exists a sequence of algebraic subgroups
GD Gy Gi GhD1

such that each Gjc1 isnormal in G; and G; =G; ¢ ; is commutative. For example, the group
U, is solvable, and the group T,, of upper triangular n  n matrices is solvable because it
contains Uy, as a normal subgroup with quotient isomorphic to D,. When Kk is algebraically
closed, a connected subgroup G of GL.V / is solvable if and only if there exists a basis of
V relative to which G is contained in T, (Lie-Kolchin theorem [16.31).

REDUCTIVE GROUPS

A connected affine algebraic group is reductiveif it has no connected normal unipotent
subgroup other than 1. According to the table below, they are extensions of semisimple
groups by tori. For example, GLp, is reductive. It is an extension of the simple group PGL,
by the torus G,

1! Gn! GLy! PGL,! 1:
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Here G, D GL1 and the map G, ! GL, sends it onto the subgroup of nonzero scalar
matrices.

NONCONNECTED GROUPS

We give some examples of naturally occurring nonconnected algebraic groups.

The orthogonal group. For an integer n 1, let O denote the group of N n matrices A
such that AYAD | . Then det.A/ 2 D det.A'/det.A/ D 1, and so det.A/ 2f 1g The matrix
diag. 1;1;:::/liesin Oy and has determinant 1, and so O, is not connected: it contains

SOn B Ker On !d’rEt 1g as a normal algebraic subgroup of index 2 with quotient the

constant finite group f  1g

The monomial matrices.Let M be the group of monomial matricesi.e., those with ex-
actly one nonzero element in each row and each column. This group contains both the
algebraic subgroup Dy, and the algebraic subgroup S, of permutation matrices. Moreover,

I./ diag.as;::;an/ 1./ 'Ddiag.a 1 ;iia gy /. 3)

As M D Dy Sy, this shows that Dy, is normal in M. Clearly D\ S, D 1, and so M is the
semi-direct product
M DDho Sy

where VB, ! Aut.D,/ sends to the automorphism in (3).

1c Summary

Recall that we are assuming that the base field k has characteristic zero. Every algebraic
group has a composition series whose quotients are respectively a finite group, an abelian
variety, a semisimple group, a torus, and a unipotent group. More precisely:

(a) An algebraic group G contains a unique normal connected subgroup G such that
G=G is a finite étale algebraic group (see[13.17).

(b) A connected algebraic group G contains a largest? normal connected affine algebraic
subgroup N ; the quotient G=N is an abelian variety (Barsotti, Chevalley, Rosen-
licht).

(c) A connected affine algebraic group G contains a largest normal connected solvable
algebraic subgroup N (see *[17a); the quotient G=N semisimple.

(d) A connected solvable affine algebraic group G contains a largest connected normal

unipotent subgroup N ; the quotient G=N is a torus (see 16.33).

In the following tables, the group at left has a subnormal series whose quotients are the
groups at right.

2This means that it contains all other such algebraic subgroups; in particular, it is unique.

3The theorem is proved in|Barsotti|1955b|and in|Rosenlicht|1956, Rosenlicht (ibid.) notes that it had been
proved earlier with a different proof by Chevalley in 1953, who only published his proof in|Chevalley|1960, A
modern proof can be found in|Conrad|2002
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General algebraic group Affine algebraic group ~ Reductive algebraic groups
general
j finite étale affine
connected j finite étale
j abelian variety connected reductive
connected affine j  semisimple j  semisimple
j  semisimple solvable torus
solvable j torus j torus
j torus unipotent fig
unipotent j  unipotent
j  unipotent fig
flg

When K is perfect of characteristic p @ 0and G is smooth, the same statements hold.
However, when k is not perfect the situation becomes more complicated. For example, the
algebraic subgroup N in (b) need not be smooth even when G is, and its formation need
not commute with extension of the base field. Similarly, a connected affine algebraic group
G without a normal connected unipotent subgroup may acquire such a subgroup after an
extension of the base field — in this case, the group G is said to be pseudo-reductive (not
reductive).

1d Exercises

EXERCISE 1-1 Letf.X;Y/ 2 REX;Y. €how that if f.x;e */ D Oforall x 2 R, thenf is
zero (as an element of REX; Y)s Hence the subset f.x;eX/ j x 2 Rgof R? is not the zero-set
of a family of polynomials.

EXERCISE 1-2 Let T be a commutative subgroup of GL.V / consisting of diagonalizable
endomorphisms. Show that there exists a basis for V relative to which T D,,.

EXERCISE 1-3 Let be a positive definite bilinear form on a real vector space V, and let
SO. / be the algebraic subgroup of SL.V/ of maps suchthat . x;y/ D .x;y/ forall
X;y 2 V. Show that every element of SO. / is semisimple (but SO. / is not diagonalizable
because it is not commutative).

EXERCISE 1-4 Let Kk be a field of characteristic zero. Show that every element of GL,,.k/
of finite order is semisimple. (Hence the group of permutation matrices in GL,,.k/ consists
of semisimple elements, but it is not diagonalizable because it is not commutative).

2 De nitions

What is an affine algebraic group? For example, what is SL,? We know what SL.R/ is
for any commutative ring R, namely, it is the group of n  n matrices with entries in R and
determinant 1. Moreover, we know that a homomorphism R!  Rof rings defines a homo-
morphism of groups SL,.R/ ! SL,.RY. So what is SL,, without the “.R/"? Obviously, it
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is a functor from the category of rings to groups. Essentially, this is our definition together
with the requirement that the functor be “defined by polynomials”.
Throughout this section, k is a commutative ring.

2a Motivating discussion

We first explain how a set of polynomials defines a functor. Let S be a subset of KEX; :::; Xpe.
For any k-algebra R, the zero-set of S in R" is

A homomorphism of k-algebras R! R defines a map S.R/ ! S.RY, and these maps
make R S.R/ into a functor from the category of k-algebras to the category of sets.

This suggests defining an affine algebraic group to be a functor Alg, ! Grp that is
isomorphic (as a functor to sets) to the functor defined by a set of polynomials in a finite
number of symbols. For example, the functor R SL,.R/ satisfies this condition because
it is isomorphic to the functor defined by the polynomial det.X / 1 where

X
det.X; /D o5 sign. / X1 1y Xnnw 2KEX;X12;::5Xnne: 4

The condition that G can be defined by polynomials is very strong: it excludes, for example,

the functor with (

G.R/ D Z2=2Z ifR D-k
flg otherwise.

Now suppose that k is noetherian, and let S be a subset of KEX;:::; Xne The ideal a
generated by S consists of the finite sums

X
gifi; gi 2k@EX:::; Xpe; f;28S:

Clearly S and a have the same zero-sets for any k-algebra R. According to the Hilbert
basis theorem (CA [3.6), every ideal in kEX;:::;Xn* can be generated by a finite set of
polynomials, and so an affine algebraic group is isomorphic (as a functor to sets) to the
functor defined by a nite set of polynomials.

We have just observed that an affine algebraic group G is isomorphic to the functor
defined by an ideal a of polynomials in some polynomial ring kCEX;:::; X Let AD
KEX;:::;Xpe=a. For any k-algebra R, a homomorphism A ! R is determined by the

exactly those in the zero-set of a. Therefore the functor R a.R/ sending a k-algebra R
to the zero-set of ain R" is canonically isomorphic to the functor

R Homk_a|g.A; R/:

Since the k-algebras that can be expressed in the form KEX;:::; Xn*=a are exactly the
finitely generated k-algebras, we conclude that the functors Alg, ! Set defined by a set
of polynomials in a finite number of symbols are exactly the functors R~ Homy_54.A; R/
defined by a finitely generated k-algebra A.

Before continuing, it is convenient to review some category theory.
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2b Some category theory

An object A of a category A defines a functor

hA.R/ D Hom.A:R/; R 2 ob.A/;

AV 1
PVKY Set by yatiq/ Df g fWR! R g2hAR/D HomA:R/

A morphism  WC! A of objects definesamapf 7! f  WA.R/ ! hA°R/ which is
natural in R (i.e., it is a natural transformation of functors h* ! hAo):

THE YONEDA LEMMA

Let FWK! Set be a functor from A to the category of sets, and let A be an object of A. A
natural transformation TWA | F defines an element a; D Ta.ida/ of F.A/ .

2.1 (YONEDA LEMMA) The mapT 7! a7 is a bijection
Hom.h”:F/' F.A/ (5)
with inversea 7! T, where
Ta/rf/ DF.flal; f 2h*.R/ D Hom.A;R/:

The bijection is natural in botA andF (i.e., it is an isomorphism of bifunctors).

PROOF. Let T be a natural transformation h® ! F. For any morphism f k| R, the
commutative diagram

hA £/

hA. Al —— hA.R/ ida f
F.f/
F.Al —— F.R/ ar — F.fl.a 1/ D Tr.f/

shows that
Tr.f/ DF.fla 1/ (6)

Therefore T is determined by at, and so the map T 7! ar is injective. On the other hand,
fora2 F.A/,
Tala.ida/ D F.idal.a/ D a;

andsothemap T 7! ar is surjective.
The proof of the naturality of (5) is left as an (easy) exercise for the reader. 2

2.2 When we take F D hB in the lemma, we find that
Hom.h”:hB/' Hom.B:A/:

In other words, the contravariant functor A~ hAWK!  A- is fully faithful.
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REPRESENTABLE FUNCTORS

2.3 A functor FW ! Set is said to be representabldf it is isomorphic to h* for some
object A. A pair .A;a/, a2 F.A/, is said to represent if T,W” ! F is an isomorphism.
Note that, if F is representable, say F h”, then the choice of an isomorphism TWA | F
determines an element ar 2 F.A/ such that .A;at/ represents F — infact, T D Ta, —
and so we sometimes say that .A; T/ represents F .

2.4 LetFq and F», be functors A! Set. In general, the natural transformations F; ! F»
will form a proper class (not a set), but the Yoneda lemma shows that Hom.F 1; F2/ is a set
if F1 is representable (because it is isomorphic to a set).

There are similar statements for the contravariant functors Hom. ;A/ defined by ob-
jects.

GROUP OBJECTS IN CATEGORIES

Let C be a category with finite products (including a final object ).

2.5 A group objectin C is an object G of C together with a morphism Mm@ G! G
such that the induced map G.T/ G.T/! G.T/ makes G.T/ into a group for every T in
C. Here G.T/ D Hom.T; G/.

2.6 Apair.G;m/ isagroup object if and only if there exist mapseW ! Gandinv! G
making the diagrams (35)) and (36)), p. 46l commute. (Exercise!).

2.7 Let .G:;m/ be a group object in C. For every map T ! T 9of objects in C, the map
G.T/! G.TY isahomomorphism, and so .G;m/ defines a functor C! Grp. Conversely,
suppose that for each object T in C we are given a group structure on G.T/, and that
for each morphism T ! T%in C the map G.T/! G.T Y is a homomorphism of groups.
According to the Yoneda lemma, the product maps G.T/ G.T/! G.T/ arise from a
(unique) morphismm\& G ! G, and clearly .G;m/ is a group object in C. We conclude
that to give a group object in C is the same as giving a functor C! Grp such that the
underlying functor to Set is representable. (For more details, see, for example, [Tate|[1997,
°1)

2.8 A monoid objecin C is an object M of C together with a morphismmwi M ! M
andamap eW ! G such that the induced map G.T/ G.T/! G.T/ makes G.T/ into a
monoid with identity element Im.e/ for every T in C. Remarks similar to and

apply.

2c De nition of an af ne (algebraic) group

Recall (CA «[8) that the tensor product of two k-algebras A1 and A is their direct sum in the
category Algy. In other words, if f 1\, ! R and f ;M2 ! R are homomorphisms of k-
algebras, there is a uniqgue homomorphism .f ;f 2/\Mk;  Ax! R suchthat .f 1;f2/a1
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1/D fq.ar/and .f 1;f2/.1 ax/ D fjy.ay/ foralla; 2 A; and as 2 As:

AL —— A1 Ape——>- Ay
\Ni’/z/ (7)
R.

Now consider a k-algebra A together with a k-algebra homomorphism V& ! A A.
For any k-algebra R, the map

frfo 7y 28 .F1:f2/ WAR/ hAR/! hARI/, (8)

is a binary operation on h”.R/, which is natural in R.

DEFINITION 2.9 An af ne group over k is a k-algebra A together with a homomorphism
such that (8) makes h”.R/ into a group for all R. A homomorphism of af ne groups

A; /1 A% Yisahomomorphism WMO! A of k-algebras such that D. /
o
A A
2 2
y y © ©)
A A A0 A0

LetG D .A; / be an affine group. The ring A is called the coordinate ring(or coordinate
algebrg of G, and is denoted O.G/, and s called the comultiplication of G. When
0.G/ is finitely presented*, G is called an af ne algebraic group.

EXAMPLE 2.10 Let A D kEX<Then h”.R/ is isomorphicto R by f 7! f.X/ . Let be
the homomorphism KEXk kEXe KEXD KEX 1;1 Xe such that

X/ DX 1C1 X.
Forfl;fZZhA.R/,
g1 f2/ X/ D .fq;folX 1C1 X/ Df1.X/ Cfo.X/;

and so the binary operation on h*.R/ ' R defined by is just addition. Hence .kEXe; /
is an affine algebraic group, called the additive group It is denoted by G;.

EXAMPLE 2.11 Let M be a (multiplicative) commutative group, and let A be its group
algebra; so the elements of A are the finite sums

P
mamm; am2k; m2 M;

and P P P
m amm nban D @mbamn:

4Recall (CA[3.11) that a k-algebra A is finitely presented if it is isomorphic to the quotient of a polynomial
ring KEX;:::;Xn* by a nitely generatedideal. The Hilbert basis theorem (CA [3.6) says that, when k is
noetherian, every finitely generated k-algebra is finitely presented.
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Set
.m/ Dm m .m2M/

Then hA.R/ Homgroup-M; R/ with its natural group structure,
f1 folm/ Dfim/ foml:

2.12 Let VA&! A A be a homomorphism of k-algebras. In (5.15) we shall see that
A; [ is an affine group if and only if there exist homomorphism W& ! kand SVR! A
such that certain diagrams commute. In particular, this will give a finite definition of “affine
group” that does not require quantifying over all k-algebras R.

2.13 LetG D .A;/ be an affine algebraic group. Then

A KEX:: i ; Xme=fq;::0:fnl

for some m;n. The functor h"WWIg, ! Grp is that defined by the set of polynomials

KEX:::: Xne KEX:::;Xnpe

is a polynomial ring in the symbols X1  1;:::;Xn  1;1 X531 Xp. Therefore
and hence the multiplication on the groups h*.R/, is also be described by polynomials,

AFFINE GROUPS AS FUNCTORS
Because A1 A is the direct sum of A; and A, in Alg,, we have
hAr Az pAr phz: (10)

In particular, W A* hA h”, and so we can regard h , for a homomorphism A !
A A,asafunctorh® hA! hA. When.A;/ isan affine group,

h .RIWA.R/I hAR/! HAR/

is the group structure in h”.R/ defined by

For an affine group G D .A; / , we let G.R/ D h*.R/ when R a k-algebra. Then
R  G.R/ isafunctor Alg, ! Grp.

Let G°D .A% 9 be asecond affine group, and let WA; / ! .A% 9 be ahomomor-
phism of k-algebras. Because of the Yoneda lemma, the diagram (9) commutes if and only
if

A" A
éh éh 0 (11)
A A N pAY Ao

commutes. This says that, under the bijection
Homy o A%A/ " Hom.G;GY

provided by the Yoneda lemma, homomorphisms of algebraic groups correspond to natural
transformations preserving the group structure, i.e., to natural transformations from G to
GPYas functors to Grp (rather than Set).
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THEOREM 2.14 The functorA  h” de nes an equivalence from the category of af ne
groups ovelk to the category of functor&Wig, ! Grp such that underlying functor to

Set is representable. Under the equivalence, af ne algebraic groups correspond to functors
representable by nitely presentédalgebras.

PROOF. We have just seen that the functor is fully faithful. Let Go be a functor Alg, ! Set.
To give a functor GWMKIg, ! Grp such that Go D .forget/ G is the same as giving a natural
transformation Go Go ! Gg that makes G,.R/ into a group for all k-algebras R. If
Gy is representable by A, then Go  Gg is representable by A A (see (10)), and so such
a natural transformation corresponds (by the Yoneda lemma) to a homomorphism of k-
algebras VM ! A A. Hence such a G arises from an affine group .A; / , and so the
functor is essentially surjective. This proves the first statement, and the second statement is
obvious. 2

We now construct a canonical quasi-inverse to the functor in the theorem. Let A be
the functor sending a k-algebra R to its underlying set,

Alwig, ! Set; .R; ;C;1/ R;
and let G be a functor from the category of k-algebras to groups,
GWg, ! Grp.

Let Gg D .forget/ G be the underlying functor to Set, and let A be the set of natural
transformations from G to A1,

A D Hom.Gg; A/
Thus an element f of A is a family of maps of sets
frRVB.R/! R; R ak-algebra,
such that, for every homomorphism of k-algebras R ! R the diagram

fr

G.R/ ! R
2 ?
5 5
y y

GRY! "*° RO

commutes. For f:f 92 A and g 2 G.R/, define

f f9%%.9/Dfrg/ fl.0/
ff Yr.0/ Dfr.gf D9/

With these operations, A becomes a commutative ring, and even a k-algebra because each
¢ 2 k defines a constant natural transformation

crVBo.R/'! R; cr.g/ Dcforallg?2 Gy.R/:

Anelement g 2 G.R/ defines a homomorphismf 7! f g.g/ V! R of k-algebras. In this
way, we get a natural transformation W&g! h”* of functors to sets.
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PROPOSITION 2.15 The functorGy is a representable if and only ifis an isomorphism.

ProoF. If is an isomorphism, then certainly Gg is representable. Conversely, suppose
that Gg is represented by .B;b/. Then

T Yoned

A Hom.Go; AL/ *° Hom.hB ;AL U AL B/ B,

where the last isomorphism uses that A' D h*®X: Thus A' B, and one checks that
WiB I hA is the natural transformation defined by this isomorphism; therefore is an

isomorphism. This proves the statement. 2

SUMMARY 2.16 We have shown that it is essentially the same to give

(a) ak-algebra A together with a homomorphism WK&! A | A that makes h”.R/ into
agroup forall R, or
(b) afunctor GWKIg, ! Grp such that forget G is representable.

To pass from (a) to (b), take G D h” endowed with the multiplicationh V& G! G.
To pass from (b) to (a), take A D Hom.A;Go/ endowed with the homomorphism A !
A A corresponding (by the Yoneda lemma)toG G! G.

We adopted (a), rather than (b), as the definition of an affine group because it is more
elementary. Throughout, we shall use the two descriptions of an affine algebraic group
interchangeably.

Let G be an affine group, and let A be its coordinate ring. When we regard A as
Hom.G; A/, an element f 2 A is a family of maps f RMB.R/ ! R (of sets) indexed by
the k-algebras R and natural in R. On the other hand, when we regard A as a k-algebra
representing G, an element g 2 G.R/ is a homomorphism of k-algebras gV ! R. The
two points of views are related by the equation

fro/ Dgfl; f 2A; g2G.R/ (12)

Moreover,
f/ RrR.01;02/DfRr.01 92/ (13)
According to the Yoneda lemma, a homomorphism W& ! H defines a homomorphism of

rings MO.H/ ! 0O.G/. Explicitly,

flr.g/ Dfr. rg/; f 20.H/; g 2G.R/ (14)

When G is a functor Alg, ! Grp such that Go is representable, we shall loosely refer
to any k-algebra A that represents Gg (with an implicit isomorphism h® ' Gg) as the
coordinate ring of G, and denote it by O.G/.

NoOTES Consider the categories with the following objects and the obvious morphisms:
(@) a functor GMKig, ! Grp together with a representation .A;a/ of the underlying functor to
Set;
(b) afunctor GVKIg, ! Grp such that the underlying functor to Set is representable;

(c) ak-algebra A together with a homomorphism W&! A | A that makes h*.R/ into a group
for all k-algebras R.
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There are canonical “forgetful” functorsa! banda! c which are equivalences of categories. There
are even canonical quasi-inverse functors b! a (take A D Hom.G; A/ ...) and ¢! a(take G D h*
... ). However, the functors are not isomorphisms of categories. In the previous version of the notes,
I took (b) as the definition of affine group. In this version, | took (c) as the definition because it more
obviously gives a reasonable category (no set theory problems). Perhaps (a) is the best.

2d Af ne monoids

Recall that a monoidis a set M together with an associative binary operationM M ! M
and an identity element (usually denoted O, 1, or €). In other words, it is a “group without
inverses”. A homomorphismof monoidsisamap' W1 ! M %such that

(@ '.em/Deyo and
(b) 'xy/ D'x/l.yl forallx;y 2 M.

When M %is a group, (a) holds automatically because a group has only one element such
that eeD e. For any monoid M , the set M of elements in M with inverses is a group (the
largest subgroup of M).

An af ne monoid is a k-algebra A together with homomorphisms V&! A A and

WK ! ksuchthat makesh”.R/ into a monoid with identity elementA! k! R for
each k-algebra R. Essentially, this is the same as a functor from the category of k-algebras
to monoids that is representable (as a functor to sets). When A is finitely presented, the
affine monoid is said to be algebraic

ExXAMPLE 2.17 For a k-module V, let Endy be the functor
R .Endgr.in.R K VI I

When V is finitely generated and projective, we saw in (3.6) that, as a functor to sets, Endy
is represented by Sym.V V-/, and so it is an algebraic monoid. When V is free, the

R .Mu.R/; /[ (multiplicative monoid of n  n matrices),

PrRoOPOSITION 2.18 For any af ne monoidM overk, the functoR M.R/ isanafne
groupM overk; whenM is algebraic, so also ¥

PrROOF. For an abstract monoid M ,letM; Df.a;b/2M M jabD 1g then
M 'f .a;b/;.a®b¥ 2M; MijaDb%

This shows that M can be constructed from M by using only fibred products:

My ! f 1g M ! M1
3 2 3 3
y y y y.ab/ 7'b
M !.a;b/ 7' ab M M . | ab/ 7 a

It follows that, for an affine monoid M , the functor R M.R/ can be obtained from M
by forming fibre products, which shows that it is representable (see <[4b|below). 2
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EXAMPLE 2.19 An associative k-algebra B with identity (not necessarily commutative)
defines a functor R .R ¢ B; [/ from the category of k-algebras to monoids. When
B is finitely generated and projective as a k-module, this is an affine algebraic monoid
For example, if B D Endy_jiy.V /, then GB D GLy. When B is also free, the choice of a
basis for B identifies it (as a functor to sets) with R 7! R4« B which is represented by
KEX;:::; Xdim, B * For the general case, see or DG II, 1, 2.3, p.149.

We let GB denote the corresponding affine algebraic group

R7'.R B/ :

2e Af ne supergroups

The subject of supersymmetry was introduced by the physicists in the 1970s as part of their
search for a unified theory of physics consistent with quantum theory and general relativity.
Roughly speaking, it is the study of Z=2Z-graded versions of some of the usual objects
of mathematics. We explain briefly how it leads to the notion of an affine “supergroup”.
Throughout, K is a field of characteristic zero.

A superalgebreaover a field k is a Z=2Z-graded associative algebra R over k. In other
words, R is an associative k-algebra equipped with a decomposition RD Rg R1 (asa
k-vector space) such thatk Rp and RiR;  Ricj (i;j 2 Z=2Z). Anelementa of R is
said to be even and have parity p.a/ D O, if it lies in Rq; it is odd and has parity p.a/ D 1,
if it lies in R1. The homogeneouglements of R are those that are either even or odd. A
homomorphisnof super k-algebras is a homomorphism of k-algebras preserving the parity
of homogeneous elements.

A super k-algebra R is said to be commutativeif baD . 1/P-¥Pb/ apforall a;b2 R.
Thus even elements commute with all elements, but for odd elements a; b,

abCbaD 0.

XiXioD XioXi; Xi¥; DY;Xi; Y;YjoD YjoY; 1 i5i® m; 1 jj°% n

ink.

A functor from the category of commutative super k-algebras to groups is an af ne
supergroupif it is representable (as a functor to sets) by a commutative super k-algebra.
For example, for m;n 2 N, let GL;,, be the functor

It is known that such a matrix é g is invertible (Varadarajan| 2004, 3.6.1), and s0 GLy;,

is a functor to groups. Itis an affine supergroup because it is represented by the commutative

in the even symbols

Y, Z, Xj .1 0] m; mC1l i mC n/
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and the odd symbols
Xj  .remaining pairs .i;j/ )

by setting

Y .detXj /1 ij mDI1;
Z detX“ /mC]_ |] mCn D 1

Much of the theory of affine groups extends to affine supergroups (see, for example,
Fioresi and Gavarini[2008).

2f A representability criterion

When K is not a field, the following criterion will sometimes be useful in showing that a
functor to groups is an affine group.

THEOREM 2.20 LetF WKig, ! Set be a functor. IfF is representable, then it satis es the
condition:
(*) for every faithfully at homomorphisnR! RPof k-algebras, the sequence

FR/'! FRY FR? zRO

is exact (i.e., the rst arrow map8.R/ bijectively onto the set on which the
pair of arrows coincide).
Conversely, ifF satis es (*) and there exists a faithfully at homomorphigii  k®such
thatF o is representable, thdn itself is representable.

PROOF. Suppose F is representable, say F D h*. For any faithfully flat homomorphism
ofringsR! RO the sequence

R! R® RO gRO
is exact (CA[0.6). From this it follows that
Homy g A;R/ T Homy 4. A;RY Homy 4g.A;R? g RY

is exact, and so F satisfies (*).
Conversely, suppose that F satisfies (*), and let k®be a faithfully flat extension of k.
For every k-algebra R, the map R! Ryo is faithfully flat, and so

FR/! F.Rw/ F.Ryo rRyd

is exact. In particular, F is determined by its restriction Fyo to k%algebras. Now suppose
that Fyo is representable by a k%algebra A®. The fact that Fyo comes from a functor over
k means that it is equipped with a descent datum. This descent datum defines a descent
datum on A® which descent theory shows arises from a k-algebra A, which represents F
(Waterhouse|[1979, Chapter 17). 2

k¢, is faithfully flat because the condition means that no maximal ideal of k contains all
fi. Therefore a functor F satisfying (*) and such that Fy, is representable for each i is
itself representable.
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2g Terminology

From now on “algebraic group” will mean “af ne algebraic group” and “algebraic monoid
will mean “af ne algebraic monoid”.

3 Examples

In this section, we list some examples of affine groups and of homomorphisms of affine
groups. Throughout this section, k is a commutative ring.

3a Examples of af ne groups

3.1 We can now describe G5 more simply as the functor R .R; C/. Itis represented by
KEXe

3.2 Let Gy, be the functor R R (multiplicative group). Each a2 R has a unique
inverse, and so

Gm.R/'f .a;b/2R?jabD 1g' Homy oy KEX;Y »=XY 1/;R/:

Therefore G, is an affine algebraic group, called the multiplicative group Let k.X/ be the
field of fractions of KEX«and let KEX; X L+ be the subring of polynomials in X and X 1.
The homomorphism

KEX;Yl KEX;Xe; XT71X, YT7IX 1
defines an isomorphism KEX;Y «=.XY 1/' kEX;X e and so
Gm.R/* Homy 44.KEX; X 1;RY:
Thus O.Gn/ D kEX; X e forf 2 kEX;X'eanda2 G.R/ DR ,

fr.a/ Df.a;a 1

3.3 Let G be the functor such that G.R/ D f 1gfor all k-algebras R. Then
G.R/" Homk_a|g.k;R/;

and so G is an affine algebraic gr&up, called the trivial algebraic group More generally, for
any finite group G, let 0.G/ D ~ ;, Kg (product of copies of k indexed by the elements
of G). Then R Homy_44.0.G/;R/ is an affine algebraic group .G/, over k such that
.G/ .R/ D G for any k-algebra R with no nontrivial idempotents (see [5.23| below). Such
an affine algebraic group is called a constant nite algebraic group

3.4 Foranintegern 1,
n.RIDfr2Rjr"D 1g

is a multiplicative group, and R n.R/ is a functor. Moreover,
n.RIT Homy qig.KEXe=X 1/;R/;

and so , is an affine algebraic group with O. ,/ D kEXe=X 1/.
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3.5 In characteristic p & 0, the binomial theorem takes the form .a C b/P D aP C bP.
Therefore, for any k-algebra R over a field k of characteristic p & O,

p-RIDfr2RjrP D Og
is an additive group, and R p-R/ is a functor. Moreover,
p-RI Homk_a|g.kGET-=.1T/; R/;

and so p is an affine algebraic group with O. / D KET =.17/.

3.6 For any k-module V, the functor of k-algebras®
Da.V/WR  Homg,.V;R/ (additive group) (15)
is represented by the symmetric algebra Sym.V / of V:
Homy _ag.Sym.V/;R/ " Homyin.V;R/, R ak-algebra,

(see CA ). Therefore D 5.V / is an affine group over k (and even an affine algebraic group
when V is finitely presented).
In contrast, it is known that the functor

VoaVR RV (additive group)

is not representable unless V is finitely generated and projective.® Recall that the finitely
generated projective k-modules are exactly the direct summands of free k-modules of finite
rank (CA <[10), and that, for such a module,

Homk_"n.V—;R/ "R V

(CA[10.8). Therefore Vj is an affine algebraic group with coordinate ring Sym.V -/ when
V is finitely generated and projective.
When V s finitely generated and free, the canonical maps

Endgr.in.R V/ R Endg.in.V/! R V- V/,

are obviously isomorphisms, and it follows that they are isomorphisms when V is a finitely
generated and projective. Therefore, when V is finitely generated and projective, the functor

R  Endr.in.R V/ (additive group)

is an algebraic group with coordinate ring Sym.V ~ V-/.

aj /2My.R/,

5Notations suggested by those in DG II, =1, 2.1.
6This is stated without proof in EGA 1 (1971) 9.4.10: “on peut montrer en effet que le foncteur T 7!
.T; E1,/ ... n’est représentable que siE est localement libre de rang fini”.



3. Examples 31

3.7 Forn nmatrices M and N with entries in a k-algebra R,
detMN/ D det.M/ det.N/ (16)

and
adjM/ M D detM/ | DM adj.M/ (Cramer’s rule) 17)

where | denotes the identity matrix and
adji.M/ D . 1/'®l detMj; 2 My.R/

with Mj the matrix obtained from M by deleting the ith row and the j th column. These
formulas can be proved by the same argument as for R a field, or by applying the principle
of permanence of identities (Artin|[1991] 12.3). Therefore, there is a functor SL, sending a
k-algebra R to the group of n  n matrices of determinant 1 with entries in R. Moreover,

SLn.R/ " HOMy ‘R ;

where det. X / is the polynomial (4), and so SL,, is an affine algebraic group with O.SL/ D

kCE?gle;_);lu? w=Xm |t is called the special linear group For f 2 O.SLn/ and aD .aj / 2

SL,.R/,

3.8 Similar arguments show that the n  n matrices with entries in a k-algebra R and

with determinant a unit in R form a group GL,.R/, and that R GLj.R/ is a functor.

Moreover,

KEX: X12::: 3 Xnn; Yo,
detXy /Y o T

GL,.R/! Homk_a|g

and so GL, is an affine algebraic group with coordinate ring’ *®41X12iZaXamiYe -y jg
et

called the general linear group Forf 2 O.GLn/ andaD .a; / 2 GL,.R/,

fr.aj /D f.aq1;::;a0n;detag / 1/:

ulo the ideal generated by the n? entries of the matrix .X /.Y / I . Then
Homy_q.A;R/ Df.A;B/ JA;B 2Mp.R/; AB DIg

The map .A;B/ 7! A projects this bijectively onto fA 2 M,.R/ j A is invertibleg (because
a right inverse of a square matrix is unique if it exists, and is also a left inverse). Therefore
A' 0O.GLy/.

In other words, O.GLy/ is the ring of fractions of KEXq ; X12;:::; Xnn e for the multiplicative subset
generated by det.Xj /,

See CA, [62}

O.GL,/D kCEXl;Xlz;iii;Xnn'det_xij /
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3.9 Let C be an invertible n n matrix with entries in k, and let
G.R/DfT 2GL,.R/j T C TD Cg

If C D .cj /, then G.R/ consists of the invertible matrices .t / such that
X
ti Gkt D¢y ;1D Liin
ik
and so
G.R/"" Homy_y4.A;R/

nomials
get.Xj /Y 1
ik Xii Gk X Gir; i;l D1;::::n:
Therefore G is an affine algebraic group. When C D 1, it is the orthogonal groupO,,, and
whenC D Pl itisthe symplectic grousp,.

3.10 There are abstract versions of the last groups. Let V be a finitely generated projective
k—-module, let be a nondegenerate symmetric bilinear formV V! k,andlet bea
nondegenerate alternating formV V! k. Then there are affine algebraic groups with

SLy .R/ D f R-linear automorphisms of R | V with determinant 1g,
GLy .R/ D f R-linear automorphisms of R Vg

O0./.R/ Df 2GLy.R/j .v;w/ D .v;w/ foralviw2R Vg
Sp./.RI Df 2GLy.R/ j .viw/ D .v;w/ forallv;w2R (Vg

When V is free, the choice of a basis for V defines an isomorphism of each of these functors
with one of those in (3.7), (3.8), or (3.9), which shows that they are affine algebraic groups
in this case. For the general case, use (2.21).

3.11 Let k be a field, and let K be a separable k-algebra of degree 2. This means that
there is a unique k-automorphism a 7! i of K such that a D &lif and only if a 2 k, and that
either

(a) K isaseparable field extension of k of degree 2 and a 7! M is the nontrivial element
of the Galois group, or
(b) KDk kand.a;b/D .b;al

Forann nmatrix A D .a; / with entries in K, define Ao be a5/ and A to be the
transpose of AN Then there is an algebraic group G over k such that

G.k/I DfA2M,.K/ jA ADIg

More precisely, for a k-algebra R, definea r D& rfora r2K R, and, withthe
obvious notation, let

G.R/IDfA2M,K R/jAADIg
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Note that A A D | implies det.A/ det.A/ D 1. In particular, det.A/ is a unit, and so G.R/
is a group.
In case (b),
G.R/IDf.A;B/ 2M,.R/jABD g

and so .A;B/ 7! A'is an isomorphism of G with GL,.

In case (2), let e2 K r k. Then e satisfies a quadratic polynomial with coefficients
in k. Assuming char.k/ & 2, we can “complete the square” and choose e so that €% 2 k
and &D e. A matrix with entries in K R can be written in the form A C eB with
A;B 2 M,.R/. Itliesin G.R/ if and only if

A' eB'/ACeB/DI
i.e., if and only if
A" A e’B'BDI; and
A'B B' ADO:
Evidently, G is represented by a quotient of K@E:::; X;: e KE: ;Y500

In the classical case k D R and K D C. Then G.R/ is the set of matrices in M,.C/ of
the form ACiB, A;B 2 M.R/, such that

At ACB'BDI; and
At B B! ADO:

3.12 There exists an affine algebraic group G, called the group of monomial matrices
such that, when R has no nontrivial idempotents, G.R/ is the group of invertible matrices
in My.R/ having exactly one nonzero element in each row and column. Foreach 2 S,
(symmetric group), let
A D O.GLn/=Xj jj = .ill
Q

andletO.G/ D = ,5 A . Then
A" KEXy ;i Xg gy sYessign. ! Xy Xaw Y14

and so G
G.R/" Homy_ag-A R/ Homy_u4.0.G/;R/:

3.13 Letk D kg kn,andwritte 1D e1C C e,. Thenfey;:: ;e gisacomplete set
of orthogonal idempotents in k. For any k-algebra R,

RDR; Rn

where R; is the k-algebra Re;. To give an affine group G over k is the same as giving an
affine group G; overeachk;. IfG$ .Gj/1 i n,then

Y
G.R/ D iGi-Ri/

for all k-algebras R D Rq Rn.
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3b Examples of homomorphisms

3.14 The determinant defines a homomorphism of algebraic groups

detVBL, ! Gp:

3.15 The homomorphisms

1 a .

| ; |
R! SL.R/; a 7! 0 1°

define a homomorphism of algebraic groups G, !  SL..

4 Some basic constructions

Throughout this section, k is a commutative ring.

4a Products of af ne groups

Let G; and G be affine groups over k. The functor
R Gi1.R/ Gu.R/
is an affine group G1 G over k with coordinate ring
0.G1 G2/D 0.Gi/ 0.Gaf; (18)

because, for any k-algebras A, A2, R,

Homy ag-A1  « A2;R/T Homy ag. AR/ Homy ug.A2; R/ (19)
(see (7), p.[22).
More generally, let .G;/i», be a (possibly infinite) family of affine groups over k, and
let G be the functor %

R . Gi.R/Z
i2l

Then G is an affine group with coordinate ring  ;,, O.G;/ (in the infinite case, apply
Bourbaki A, 11, «5, Prop. 8). Moreover, G together with the projection maps is the product
of thbGi in the category of affine groups. If | is finite and each G; is an algebraic group,
then ~;,, G; is an algebraic group

4b  Fibred products of af ne groups

Let Gy, G2, and H be functors from the category of k-algebras to sets, and let
Gi! H G (20)

be natural transformations. We define the bred product functor G; { G to be the
functor
R G]_R/ H.R/ GZR/

Obviously G; y Gy is the fibred product of G1 and G, over H in the category of functors
from Alg, to Set.
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Let B be a k-algebra, and let A; and A, be B-algebras. For any k-algebra R and
choice of a k-algebra homomorphism B ! R (i.e., of a B -algebra structure on R), there is
a canonical isomorphism

On taking the union over the different k-algebra homomorphisms B ! R, we find that
Homy ag.A1 B A2;RI" HOMaig. A1 R pomy ye.B:r7 HOMiaig. A2 RY: (21)

Therefore, if the functors G1, G2, and H in are represented by k-algebras A1, A,, and
B, then G; H G isrepresented by the k-algebra A; g As.

When the natural transformations Gy ! H G are homomorphisms of affine groups,
G1 n G2 is a functor to Grp, and the above remark shows that it is an affine group with
coordinate ring

0.G1 y G2/ DO.Gi/ opn; O.Gol. (22)
Itis called the bred product of G; and G, over H .
For example, let H be an affine group and let ! H be the unique homomorphism

from the trivial group to H . For any homomorphism W& ! H;
.G y /.R/ DKer..R/ MB.R/'! H.RI/I
The affine group .G [ is called the kernelof , and is denoted Ker. / . Note that
O.Ker.G! H// DO.G/ on k (23)

Similarly, the equalizer of a pair of homomorphisms can be realized as a fibred product.
Therefore, all finite direct limits exist in the category of affine groups.
4c Extension of the base ring (extension of scalars)

Let kObe a k-algebra. A k%algebra R can be regarded as a k-algebra throughk ! k°!' R,
and so a functor G of k-algebras “restricts” to a functor

GyWR  G.R/

of k%algebras. If G is an affine group, then Gyo is an affine group with coordinate ring
0O.Gyo D O.G/ o because

Homyoagk® O.GLR/ ' Homy 44.0.G/;R/ (R a k%algebra)

(in (7), take A1 D k® A, D O.G/, and f ; equal to the given k%algebra structure on R).
The affine group Gyo is said to have been obtained from G by extension of the base ring
or by extension of scalarslf G is an algebraic group, so also is Gyo. Clearly G~ Gyo is
a functor.

EXAMPLE 4.1 LetV be a k-module and let W be a k%module. A k-linear mapV ! W?°
extends uniquely to a k%linear map Vio! W:

Homy in.V;W /' Homyoin.Vio, W /:
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On applying this with W a k%algebra R, we see that
Da.V/kOl DaVkO/
Similarly, if V is finitely generated and projective, then

.Va/kO ! VkO/a

EXAMPLE 4.2 Let G be the unitary group defined by a separable k-algebra K of degree 2
(see[3.17)). For any field extensionk !  kC Gyois the unitary group defined by the k%algebra
K k@ and so, for example, Gya ' GL,.

4d Restriction of the base ring (restriction of scalars)

Throughout this subsection, k%is a k-algebra that is finitely generated and projective as a
k-module. We shall show that there is a right adjoint to the functor G =~ Gyo. We first
explain this for functors to sets.

From a functor F WIg, ! Set we obtain a functor FoWIg,o! Set by setting Fyo.R/ D
F.R/: Onthe other hand, from a functor F A&ig,o! Setwe obtain a functor .F ¥,.o_ g, !
Set by setting .F 9o .R/ D FCk® R/. Let' be a natural transformation ' W,o! F?©
The homomorphisms

xr 7! / 'k O R/
FrRUTTY T RO RO oK RIS F 9 R

are natural in the k-algebra R, and so their composite is a natural transformation F !
.F Yoz Thus, we have a morphism

Hom.FyoF9!1 Hom.F;.F Yoy /:

This has an obvious inverse®, and so it is a bijection. We have shown that the extension of
scalars functor F Fpohas aright adjoint F®  .F Yoy

Hom.Fo;F 9 ' Hom.F;.F Yooy /: (24)

Because it is a right adjoint, F®  .F %o\ preserves inverse limits. In particular, it takes
(fibred) products to (fibred) products. This can also be checked directly.

LEMMA 4.3 If FWKIg,o! Set is represented by a ( nitely-presentekbalgebra, then so
also is.F/ o-y.

PROOF. We prove this first in the case that k®is free as a k-module, say,

k°D key keg; & 2k®

8GivenF ! .F %0, weneed Fro! FO LetR beak2algebra, and let Rg be R regarded as a k-algebra.
The given k-algebra map k°! R and the identity map Ro! R defineamapk® , Ro! R (of k%algebras).
Hence we have
F.Ro/! FO%° (Ro/! FOR/

and F.Ro/ D Fyo.R/:
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Consider first the case that F D A", so that F.R/ D R" for all k%algebras R. For any
k-algebra R,

ROB'k® R' Re Rey;
and so there is a bijection

ail1 i n 7! -bijlli n\IRm! Rnd
1jd

which sends .a;/ to the family .b; / defined by the equations
P4 _
a D lebije]; iD1;::::n. (25)

The bijection is natural in R, and shows that .F/ o, A" (the isomorphism depends

KXEX: :::; Xne. On substituting

Py
XiD p1Yi§

when the a’s and b’s are related by (25). The polynomial g has coefficients in k® but we
can write it (uniquely) as a sum

gDgierC Cggey; Gi 2KEM;Y12;:: Yng

Clearly,

This argument extends in an obvious way to the case that F is the subfunctor of A"
defined by a finite set of polynomials, and even to the case that it is a subfunctor of an
infinite dimensional affine space defined by infinitely many polynomials.

We deduce the general case from the free case by applying Theorem [2.20] For any
faithfully flat homomorphism R ! RCof k-algebras, Ryo! REO is a faithfully flat homo-
morphism of k®algebras (CA[.7), and so

F.Ry/! F.RY F.RY% RroRY
is exact. But this equals

Flyoeg.RIT Flgoe.RY  Flyk.R® grRY;

i. It follows that .F/ oo K is representable for each i, and so .F/ o- is representable

(cf. Example[2.2T). 2
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If G is a functor Alg,o! Grp, then .G/ o= is a functor Alg, ! Grp. The lemma
shows that if G is an affine (algebraic) group, then so also is .G/ oy, and shows that
the functor G® .G Yoy is right adjoint to the functor “extension of scalars”:

Hom.G;.G Yo/ ' Hom.Gyo;GY:

The affine group .G/ o= is said to have been obtained from G by (Weil) restriction of
scalars(or by restriction of the base rin It is sometimes denoted Resgo-x G or (o= G,
and called the Weil restrictionof G.

PROPERTIES OF THE RESTRICTION OF SCALARS FUNCTOR

4.4 For any homomorphisms k ! k! k%of rings such that kO (resp. k% is finitely
generated and projective over k (resp. k9,

KOsk kO=KO KO-
Indeed, for any affine group G over k®and k-algebra R,

ko= kozko .G/ .R/I D yok. goekoG/ .R/
D G.k%® ok® R/
' Gk R/
D koG .R/

because k% ,ok® (R' k% ,R.

4.5 For any k-algebra K and any affine group G over k°
k=kG ' ko (k=k -Gkl (26)
in other words, Weil restriction commutes with base extension. Indeed, for a K -algebra R,
kG  RIBGK® yRI™ GK® (K ¢ RIB 4o ke .Gk /R

because k® (R' k® K «R.

4.6 Let k%be a product of k-algebras, k°D k1 kn, with each k; finitely generated
and projective as a k-module. Let G be the affine group over k°corresponding to a family
.Gi/; of affine groups over the k; (see[3.13). Then

Glyook " .Galy, =k .Gnlk, =k- (27)
Indeed, for any k-algebra R,

Gl .RI B GK® R/
DGi.ks R/ Gn.kn R/

B .Gi/i,=k Gnly, =k -RI

becausek® R' k; R kn R and G is representable.
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4.7 There is a homomorphism iV ! . o G/\o of affine groups over k%such that, for
all k%algebras R, i.R/ isthemap G.R/ ! G.k° R/ definedbya7!'1 aWw! k° R.
Then i is injective (obviously), and has the following universal property: let H be an affine
group over k; then any homomorphism G ! H o (over k9 factors uniquely through i .

4.8 Let k%be a finite separable field extension of a field k, and let K be a field containing
all k-conjugates of k@ i.e., such that jHom, .k ¢ K/ j D E%Ne. Then
Y

ko=kG g Wo K

where G is the affine group over K obtained by extension of scalars with respectto WO°!
K. Indeed v
@

@
ko=kG ko k=k Gk WO K

0.
because kO K ' K Homk kK7

4.9 Let k°D k@E"where "2 D 0. For any algebraic group G over k° there is an exact
sequence

0! Va! .G/yeex! G! O
where V is the tangent space to G at 1, i.e., V D Ker.G.k@&"s! G.k// . This is proved in
I1,[L.29 below.

4.10 We saw in that, when kOis a separable field extension of k, .G/ o- becomes
isomorphic to a product of copies of G over some field containing k® This is far from true
when k%K is an inseparable field extension. For example, let k be a nonperfect field of
characteristic 2, so that there exists a nonsquare a in k, and let k°D ké ae. Then

KO (kO k%E™ Da 1 1 a "2DO:

According to (4.5),
k=kG o' koE=RGKo;
which is an extension of Gyo by a vector group (4.9).

4e Galois descent of af ne groups

In this subsection, k is a field. Let be a Galois extension of the field k, and let D
Gal. =k/ . When isan infinite extension of k, we endow  with the Krull topology. By
an actionof onan -vector space V we mean a homomorphism ! Aut,.V/ such
thateach 2 acts -linearly, i.e., such that

.cv/ D .c¢/ .l forall 2 ,c2 ,andv2V.

We say that the action is continuous if every element of V is fixed by an open subgroup of
e, if

0 . 0
VD A (union over the open subgroups

of ).
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PROPOSITION 4.11 For any -vector spacé&/ equipped with a continuous action of,
the map p p
G vi7l GviWwW VvV IV

is an isomorphism.
PROOF. See Chapter V1] [1.2below or AG, [16.15)(the proof is quite elementary). 2

For any vector space V over k, the group  acts continuously on V according to
rule:
. vIDc vforall 2 ,c2 ,andv2V:

PROPOSITION 4.12 The functorV k V from vector spaces ovérto vector spaces
over equipped with a continuous action ofis an equivalence of categories.

PROOF. When we choose bases for V and V© then Homyi».V:VY and Hom .

V; VY% become identified with with certain sets of matrices, and the fully faithfulness
of the functor follows from the fact that D k. That the functor is essentially surjective
follows from (4.11)). 2

Let G be an affine group over . By a continuous action of on G we mean a
continuous action of on O.G/ preserving and the k-algebra structure on A; thus

9
fof9 D f f 0=

1 D 1 forall 2 ,ff °2A:
l. f11 D .f/

PrRoPOSITION 4.13 The functorG G from af ne groups ovek to af ne groups over
equipped with a continuous action ofis an equivalence of categories.

PrROOF. Immediate consequence of Proposition[4.12] 2

EXAMPLE 4.14 Let kO be a finite separable field extension of k, and let  be a Galois
extension of k containing all conjugates of k° Let G D .A; / be an affine group over k°
and let

Y
GDA; /B A

where runs over the k-homomorphisms k°! . There is an obvious continuous action
of B Gal.=k/ onG , and the corresponding affine group over k is .G/ o-. This is

essentially the original construction of .G/ o-c inWeil| 1960, 1.3.
4f The Greenberg functor

Let A be a local artinian ring with residue field k. For example, A could be the ring Wiy, .k/
of Witt vectors of length m. In general, A is a Wiy,.k/ -module for some m. For an affine
group G over A, consider the functor G.G/:

R G.A Wi, k/ Wi R/

Then G.G/ is an affine group over k. See|Greenberg|1961, (Greenberg|1963.
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4g Exercises

EXERCISE 4-1 Let kObe a finite separable extension of a field k. Let A be the functor
Alg, ! Setsending R to R, and let U;, i 2 k, be the subfunctor of Al such that U;.R/ D
fa2 Rjan ig Show that A1 D Ug[ U; but Lo Al . ko=kUo [ ko= U if
kOo k.

EXERCISE 4-2 Let k%K be a finite field extension. Let W&o! H be a homomorphism
of algebraic groups over k® and let W& ! ko=kH be the corresponding homomorphism
over k. Show that Ker. / is the unique affine subgroup of G such that Ker. / oD Ker. / .

5 Af ne groups and Hopf algebras

Un principe d¢nréral: tout calcul relatif aux
cogebres est trivial et incom@hensible.
Serre|(1993, p. 39.

In this section, we examine the extra structure that the coordinate ring of an affine group
G acquires from the group structure on G. Throughout k is a commutative ring.
5a Algebras

Recall that an associative algebra over k with identity is a module A over k together with a
pair of k-linear maps®
mi A! A ew! A

such that the following diagrams commute:

A A A" A A Kk A—S 2 a Al ® A &

T TN S

A A—A

associativity identity
On reversing the directions of the arrows, we obtain the notion of a coalgebra.

5b Coalgebras

DEFINITION 5.1 A co-associative coalgebraver k with co-identity (henceforth, a coal-
gebraover k) is a module C over k together with a pair of k-linear maps

w! C C W! k

9Warning: | sometimes also use “e” for the neutral element of G.R/ (a homomorphism O.G/ ! R).
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such that the diagrams

cC cc< ¢ c Kk C—"c c-% ¢ «

R NG

C C—=¢C

co-associativity co-identity
commute, i.e., such that

.C D . C/

C /| Didke D . cCI (30)

A homomorphism of coalgebrasver k is ak-linearmapf VM@ ! D such that the diagrams

C C! D D ci " p
X X 2 2
? C ? D 3 C S? D (31)
c 1 D k K
commute, i.e., such that (
g f/ ¢cD p f
p T D ¢c.

5.2 Let S be a setand let C be the k-vector space with basis S (so C D 0if S is empty).
Then C becomes a coalgebra over k with  and defined by

sl D s s

s/ D 1 alls2 S:

This shows that every vector space admits the structure of a coalgebra.

5.3 Let.C; ; / beacoalgebraover k. A k-subspace D of C is called a sub-coalgebraf
.D/ D D.Then.D; |jD; jD/ isa coalgebra (obvious), and the inclusionD,! C
is a coalgebra homomorphism.

54 Let.C; ¢; c/and.D; p; p/ becoalgebrasoverk; define ¢ p tobethe com-
posite

c D C t D
C D! cC C (D D C D ¢C D
where t is the transposition mapc  d 7! d ¢, and define ¢ p to be the composite

C D

C D! k k' k;

then.C D; ¢ p; ¢ p/isacoalgebraoverk. OntakingD D C,weseethatC C
is a coalgebra over k.
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5¢ The duality of algebras and coalgebras

Recall that V- denotes the dual of a k-module V. If V and W are k-modules, then the
formula

f glv. w/Dfvl gw/, f 2V-,g2W-,v2V,w2W,;
defines a linear map
V- W-1 VvV W/ (32)

which is always injective, and is an isomorphism when at least one of V or W is finitely
generated and projective (CA[10.8).
If .C;;/ isa co-associative coalgebra over k with a co-identity, then C- becomes

an associative algebra over k with the multiplicationC- C-)} .C C/-! C-and

the identity k' k- ! C-. Similarly, if .A;m;e/ is an associative algebra over k with
an identity and A is nitely generated and projectives a k-module, then A- becomes a

co-associative coalgebra over k with the co-multiplication A- ™ A A" A~ A
and the co-identity k' k- ! A-. These statements are proved by applying the functor -
to one of the diagrams (28) or (29).

EXAMPLE 5.5 Let X be a set, and let C be the free k-module with basis X . The k-linear
maps

W! C C; xI Dx x; x2X;
W! k; X/ D 1; X2 X;

endow C with the structure of coalgebra over k. The dual algebra C- can be identified
with the k-module of maps X ! k endowed with the k-algebra structure

m.f,g/.x/ D f.x/g.x/
e.c/.x/ D cx:

5d Bi-algebras
For k-algebras A and B, A B becomes a k-algebra with the maps

ma g..a b/ .a° b Dmaa a% mab bY
en g.c/Deyc/ 1D1 eg.cl:

DEFINITION 5.6 A bi-algebraover k is a k-module with compatible structures of an asso-
ciative algebra with identity and of a co-associative coalgebra with co-identity. In detail, a
bi-algebra over k is a quintuple .A;m;e; ; / where

(@) .A;m;e/ is an associative algebra over k with identity e;

(b) .A; ;[ isaco-associative coalgebra over k with co-identity ;
(c) W&! A Aisahomomorphism of algebras;

(d) W&! Kk isahomomorphism of algebras.

A homomorphismof bi-algebras .A;m;:::/ ! .A%m%:::/ is a k-linear map A! ACthat
is both a homomaorphism of k-algebras and a homomorphism of k-coalgebras.
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The next proposition shows that the notion of a bi-algebra is self dual.

PROPOSITION 5.7 For a quintupleA;m;e; ; / satisfying (a) and (b) of (5]6), the fol-
lowing conditions are equivalent:

(@ and are algebra homomorphisms;
(b) mande are coalgebra homomorphisms.

PROOF Consider the diagrams:

A A A A A
| .
A A A A ALA A A A A
A A A A A—" A A
Fe Lo /N
K ke k Kk k— >k k— 9 Sk

The first and second diagrams commute if and only if  is an algebra homomorphism, and
the third and fourth diagrams commute if and only if is an algebra homomorphism. On the
other hand, the first and third diagrams commute if and only if m is a coalgebra homomor-
phism, and the second and fourth commute if and only if e is a coalgebra homomorphism.
Therefore, each of (a) and (b) is equivalent to the commutativity of all four diagrams. >

DEFINITION 5.8 A bi-algebra is said to be commutative nitely generated nitely pre-
sentedletc., if its underlying algebra is this property.

Note that these notions are not self dual.

DEFINITION 5.9 An inversion (or antipodal mag?®) for a bi-algebra A is a k-linear map
SWK ! A such that

(a) the diagram

A A Al A
3 3 % (39
k A ! k
commutes, i.e.,
m .S id/ De Dm .id S/ . (34)

and

(b) S.ab/ D S.ba/ foralla;b2 A and S.1/ D 1 (so S is a k-algebra homomorphism
when A is commutative).

10ysually shortened to “antipode”.
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AsIDE 5.10 In fact, condition (a) implies condition (b) (Dascalescu et al.|[2001} 4.2.6).

EXAMPLE 5.11 Let X be a monoid, and let A be the k-module with basis X . The k-linear
maps

mw Al A mx xIDxx% x:x°2Xx;
ew! A; e.c/ D cly; c2k;

endow A with the structure of a k-algebra. When combined with the coalgebra structure in
(5.5), this makes A into a bi-algebra over k. When X is a group, the map

SW! A; Sf/ixI Dfx 1

is an inversion.

PROPOSITION 5.12 Let A andA°®be bi-algebras ovek. If A andA®admit inversionsS
andS© then, for any homomorphisim ! A°,

f sDSOf

In particular, a bi-algebra admits at most one inversion.

PrROOF. For commutative bi-algebras, which is the only case of interest to us, we shall
prove this statement in (5.16) below. The general case is proved in|Dascélescu et al.|[2001]
4.2.5. 2

DEFINITION 5.13 A bi-algebra over k that admits an inversion is called a Hopf algebra
over k. A homomorphismof Hopf algebras is a homomorphism of bi-algebras.

A sub-bi-algebra B of a Hopf algebra A is a Hopf algebra if and only if it is stable under
the (unique) inversion of A, in which case it is called a Hopf subalgebra

The reader encountering bi-algebras for the first time should do Exercise [5-1] below
before continuing.

AsIDE 5.14 To give ak-bialgebrathat is finitely generated and projective as a k-module is the same
as giving a pair of finitely generated projective k-algebras A and B together with a nondegenerate
k-bilinear pairing

h; VB A! k

satisfying compatibility conditions that we leave to the reader to explicate.

5e Afne groups and Hopf algebras

Recall that a commutative bi-algebra over k is a commutative k-algebra A equipped with a
coalgebra structure . ; /  suchthat and are k-algebra homomorphisms.

THEOREM 5.15 (@) LetA be ak-algebra, and let V! A A and VWA! k be homo-
morphisms. The tripleA; ; / is an af ne monoid if and only ifA; ; / is a bi-algebra
overk.

(b) LetA be ak-algebra, and let k! A A be a homomorphism. The pak; /
is an af ne group if and only if there exists a homomorphis¥ ! k such thatA,; ; /
is a Hopf algebra.
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PROOF. (a) LetM D h”,andletmW! M ! M andeW ! M be the natural transfor-
mations defined by and (here is the trivial monoid represented by k). Then mand e
define a monoid structure on M.R/ for each k-algebra R if and only if the diagrams

idy m e idw
M M M—M M M—M M%M

lm idyv lm ' n‘1 '
- )
M M—— M M
(35)
commute. As A h” sends tensor products to products p. , the Yoneda lemma,
shows that these diagrams commute if and only if the diagrams (29) commute.

(b) An affine monoid M is an affine group if and only if there exists a natural transfor-
mation invWi | M such that

inv;id/ Lid;inv/
M ! M M M
2 3 2 6
y ym y ( )
| e M e

commutes. Here .id; inv/ denotes the morphism whose composites with the projection maps
are id and inv. Such a natural transformation corresponds to a k-algebra homomorphism
SW ! A satisfying (34), i.e., to an inversion for A. 2

Thus, as promised in (2.12)), we have shown that a pair .A; / is an affine group if and
only if there exist homomorphisms and S making certain diagrams commute.

PROPOSITION 5.16 Let A and A® be commutative Hopf algebras ovier A k-algebra
homomorphisni W ! ACis a homomorphism of Hopf algebras if

f f/ D °f; (37)

moreover, thefi S D S° f for any inversionsS for A andS%for A°

ProOF. According to (5.15p), G D .A;/ and G°D .A% 9 are affine groups. A k-
algebra homomorphism f W ! A®defines a morphism of functors h* V& ! G° If .
holds, then this morphism sends products to products, and so is a morphism of group valued
functors. Therefore f is a homomorphism of Hopf algebras. As hf commutes with the
operationg 7! g 1, f SDSO f. >

COROLLARY 5.17 For any commutativi&-algebraA and homomorphism V! A A,
there exists at most one pairS/ such thatA;m;e; ; / is a Hopf algebra an& is an
inversion.

ProoF. Apply (5.16) to the identity map. 2

THEOREM 5.18 The forgetful functorA; ; / A; [ is anisomorphism from the cat-
egory of commutative Hopf algebras oveto the category of af ne groups ovér.
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PROOF. It follows from (5.15p) and (5.17) that the functor is bijective on objects, and it is
obviously bijective on morphisms. 2

EXAMPLE 5.19 Let G be the functor sending a k-algebraR to R R R with the (non-
commutative) group structure

xy;zl x%y%z¥D xCcxbycy®zcz°Cxy¥:

This is an algebraic group because it is representable by kEX;Y; Z¢The map

0
1 x z

xy;zl 70 @ 1 yA
0 0 1

is an injective homomorphism of G into GL3. Note that the functorR R R R also
has an obvious commutative group structure (componentwise addition), which shows that
the k-algebra KEX; Y; Zkhas more than one Hopf algebra structure.

5f Abstract restatement

Let C be a category with finite products and, in particular, a final object (the product over
the empty set). A monoid objecin C is an object M together with morphisms mwl M !
M andeW ! M such that the diagrams commute. A morphismof monoid objects is
a morphism of the objects compatible with the maps m and e.

Let A be a category, and let A- be the cz@egory of functors A! Set. For any finite
family .F;/;», of functors, the functor A io, Fi.A/ is the product of the F;, and so
A- has finite products. To give the structure of a monoid object on a functor M VX!  Set is
the same as giving a factorization of M through Mon.

Now assume that A has finite direct sums. It follows from the definitions of direct sums
and products, that the functor A h” sends direct sums to direct products. According to
the Yoneda lemma , A hAWKOPP I A s fully faithful. Its essential image is (by
definition) the subcategory of representable functors. Therefore A h” is an equivalence
from the category of monoid objects in A°PP to the category of monoid objects in A~ whose
underlying functor to sets is representable (equivalently, to the category of functors A !
Mon whose underlying functor to sets is representable).

Now take A D Alg,. Tensor products in this category are direct sums (in the sense
of category theory), and so the above remarks show that A h” is an equivalence from
the category of monoid objects in Alg,™” to the category of affine monoids over k. On

. . . . opp i
comparing the diagrams and , we see that a monoid object in Alg,™ is just a
commutative bi-algebra.

Similarly, a group objectin a category C with finite products is defined to be an object
M together with morphisms mwi M ! M,eW ! M, and invwWl ! M such that the
diagrams and commute.!! The same arguments as above show that A h”
is an equivalence from the category of group objects in AIgEpp to the category of affine
groups over K. Moreover, a group object in AlgﬁIDp is just a commutative bi-algebra with an
inversion.

11For any object T of C, the maps m, e, and inv define a group structure on Hom.T; M/ . The Yoneda lemma
shows that inv is uniquely determined by m and e. Thus, one can also define a group object to be a monoid
object for which there exists a morphism inv such that the diagram @) commutes.
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In summary: the functor A h” defines an equivalence from the category of com-
mutative bi-algebras (resp. commutative Hopf algebras) to the category of affine monoids
(resp. groups). Under the equivalence, finitely presented bi-algebras (resp. Hopf algebras)
correspond to algebraic monoids (resp. groups).

5g Explicit descriptionof , ,andS

Let G be an affine group over k. Recall that an element f of the coordinate ring
0O.G/ is a family of functions f R MB.R/ ! R of sets compatible with homomorphisms of
k-algebras. Anelementf, f, of O.G/ O.G/ defines a function .f ;  f/rVE.R/
G.R/ ! R by the rule:

.f]_ f2/R.a;b/D.f 1/R.a/ R 2/R.b/:

Inthisway, O.G/ O.G/ becomes identified with the coordinate ring of G G.
Forf 2 0.G/, .f/ isthe (unique) element of O.G/ 0O.G/ such that

.f/ r.a;b/Dfr.ab/; forallRandall a;b2 G.R/: (38)

Moreover,
f D f.1/ (constant function), (39)

and Sf is the element of O.G/ such that
Sf/g.a/l Dfg.a 1/; forallRandalla2 G.R/: (40)

ExAmMPLE 5.20 Recall that G4 has coordinate ring KEXwith f. X/ 2 k@EXacting as
a7! f.al onG;.R/ D R. The ring KEXe KEX# a polynomial ringin X; D X 1land
XoD1 X,

KEXes KEX'" KEX Xoe;

andso G, Gg has coordinate ring KEX; Xoewith F.X 1; X2/ 2 KEX; X,eacting as.a;b/ 7!
F.a;b/ onG.R/ G.R/.As.f/ gr.a;b/ D fr.aC b/ (see (38)), we find that

f1X 1;X2/ D f.X 1CX2/; f 2 O.Ga/ D kKEXe

in other words,  is the homomorphism of k-algebras KEX» kEXe kEXsending X to
X 1C1 X. Moreover,

f D f.0/. D constant term of f/;
and .Sf/ gr.a/ D fr. al, sothat

SfIXI Df. X/

EXAMPLE 5.21 For G D G, O.G/ D k@EX;X1e, is the homomorphism of k-algebras
KEX;X el KkEX;X1e KkEX;XlesendingX toX X, isthe homomorphism kXl
k sending f.X;X 1/ to f.1;1/, and S is the homomorphism KEX;Xe! KEX;X e
sending X to X 1.
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ExXAMPLE 5.22 For G D GL,,

O0.G/ D — D k@Ex:::: Xnn y*
Y detx; / 1/ R
and
( P 8 i/ D 1
X ik D Xj Xk < X : Sxj/ D yaj
jD1:n . X/ D 0Oia] Syl D detxj/
, o : ) o 1 -y X

where aj; is the cofactor of x;; in the matrix .xj; /. Symbolically, we can write the formula
for as

XD xlI X/
where .x/ is the matrix with ij th entry x; . We check the formula for .x . /:
. X ik/R ajj /;.bij / D F}(ik/R -ajj /bU / definition @
D pi & b as . Xy /g ..Cj Il D ¢y
D. jprnXi  Xk/r .aj/.bj/ as claimed.

EXAMPLE 5.23 LetF be afinite group, and let A be the setof maps F !  k with its natural
k-algebra structure. Then A is a product of copies of k indexed by the elements of F. More
precisely, let e be the function thatis 1 on and O on the remaining elements of F. The
e ’s are a complete system of orthogonal idempotents for A:

P

eDe; ee DOfor o e D1
The maps
X .
.e /D e e; . /D Lif D.l . Se/De i:
) 0 otherwise
with D

define a bi-algebra structure on A with inversion S. Let .F/, be the associated algebraic
group, so that
F /¢ .R/ D Homy _4.A;R:

If R has no idempotents other than O or 1, then a k-algebra homomorphism A ! R must
send one e to 1 and the remainder to 0. Therefore, .F/,.R/ ' F, and one checks that
the group structure provided by the maps ; ;S is the given one. For this reason, .F/,
is called the constant algebraic grouplefined by F (even though for k-algebras R with
nontrivial idempotents, .F /, .R/ may be bigger than F ).

5h  Commutative af ne groups

A monoid or group G (resp. an algebra A) is commutative if and only if the diagram at
left (resp. the middle diagram) commutes, and a coalgebra or bi-algebra C is said to be
co-commutativdf the diagram at right commutes:

G G—" 56 G A A—"SA A C c—'" ¢ c

S %
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In each diagram, t is the transposition map .x;y/ 7! .y;x/ orx y 7!y X.

On comparing the first and third diagrams and applying the Yoneda lemma, we see
that an affine monoid or group is commutative if and only if its coordinate ring is co-
commutative.

5i Finite at algebraic groups; Cartier duality

If .A;m;e; ;/ is a bi-algebra over k and A is finitely generated and projective as a k-

module, then .A-; -; —;m-;e-/ is also a k-bialgebra (see +5c|and Proposition [5.7). If
moreover .A;m;e; ; / iscommutative (resp. co-commutative), then . A-; -; —;m-;e-/

is co-commutative (resp. commutative).
An algebraic group G over Kk is said to be nite (resp. at) if the k-algebra O.G/ is
a finite (resp. flat). Thus G is finite and flat if and only if O.G/ is finitely generated
and projective as a k-module (CA The coordinate ring O.G/ of a commutative finite flat
algebraic monoid is a commutative co-commutative bi-algebra, and so its dual O.G/- is the
coordinate ring of a commutative finite flat algebraic monoid G-, called the Cartier dual
of G. If O.G/ admits an inversion S, then S- is an algebra homomorphism, and so G- is
an algebraic group. To check that S- is an algebra homomorphism, we have to check that
- .S- S-/DS- -, or, equivalently, that SD.S S/ . Inother words,
we have check the diagram at left below commutes. This corresponds (under a category
equivalence) to the diagram at right, which commutes precisely because G is commutative
(the inverse of a product is the product of the inverses):

m

0.G/ ! 0.G/ 0.G/ G G G
? ?
? ? X X
ysS ysS S ?inv ?inv inv
0.G/ | 0.G/ 0.G/ c " G G

Note that G— ' G.

5] Quantum groups

Until the mid-1980s, the only Hopf algebras seriously studied were either commutative
or co-commutative. Then Drinfeld and Jimbo independently discovered noncommutative
Hopf algebras in the work of physicists, and Drinfeld called them quantum groups. There is,
at present, no definition of “quantum group”, only examples. Despite the name, a quantum
group does not define a functor from the category of noncommutative k-algebras to groups.

One interesting aspect of quantum groups is that, while semisimple algebraic groups
can’t be deformed (they are determined up to isomorphism by a discrete set of invariants),
their Hopf algebras can be. For g2 k , define Aq to be the free associative (noncommuta-
tive) k-algebra on the symbols a;b; c; d modulo the relations

baD gab; bcD cb; caD qac; dcD gcd;
dbD gbd; daDadC.q q !/bc; adDq ‘bcD 1:
This becomes a Hopf algebra with  defined by

§.a/ D a aChb c
ab _ ab abie<.b/Dabed_
c d c d cd’'"2 ¢ D c aCd c’

d/ D ¢ bCd d
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and with suitable maps and S. When q D 1, A; becomes O.SL,/, and so the Aq can
be regarded as a one-dimensional family of quantum groups that specializes to SL, when
g! 1 The algebra Aq is usually referred to as the Hopf algebra of SLq.2/:

For bi-algebras that are neither commutative nor cocommutative, many statements in
this section become more difficult to prove, or even false. For example, while it is still true
that a bi-algebra admits at most one inversion, the composite of an inversion with itself need
not be the identity map (Dascalescu et al.[2001, 4.27).

5k Terminology

From now on, “bialgebra” will mean “commutative bi-algebra” and “Hopf algebra” will
mean “commutative bi-algebra that admits an inversion (antipode)” (necessarily unique).
Thus, the notion of a bialgebra is not self ddél.

5| Exercises

To avoid possible problems, in the exercises assume k to be a field.

EXERCISE 5-1 For aset X, let R.X/ be the k-algebra of maps X ! k. For a second set
Y,letR.X/ R.Y/actonX Y bytherule(f g/.x;y/ D f.x/g.yl .

(@) Show that the map R.X/  R.Y/! R.X Y/ just defined isF'gnjective. (Hint:
choose a basis f; for R.X/ as a k-vector space, and consider an element f; g;.)

(b) Let  be a group and define maps

W./ ! R l; flgyg 9YDf.ggY¥

W. /! k; f Df.1/
SWR./ ! R./ Sflgl Df.g
Show thatif mapsR. / intothesubringR./ R./ ofR. / ,then , ,and S

define on R. / the structure of a Hopf algebra.
(c) If isfinite, show that alwaysmapsR. / intoR./ R. /.

EXERCISE 5-2 We continue the notations of the last exercise. Let  be an arbitrary group.
From a homomorphism W ! GL,.k/, we obtain a family of functions g 7! .g/ ij ,
1 i;j n,onG. LetRC / bethek-subspace of R. / spanned by the functions arising
in this way for varying n. (The elements of R®. / are called the representative functions
on )
(a) Show that R® / is a k-subalgebra of R. / .

(b) Show that maps R® / intoR®% / RC /.

(c) Deduce that , ,and S define on R®. / the structure of a Hopf algebra.
(Cf. |Abe|[1980, Chapter 2, «2;|Cartier[2007| 3.1.1.)

EXERCISE 5-3 Let G be the constant algebraic group over k defined by a finite commuta-
tive group . Let n be the exponent of , and assume that k contains n distinct nth roots
of 1 (so, in particular, n is not divisible by the characteristic of k). Show that the Cartier
dual of G is the constant algebraic group defined by the dual group Hom. ; Q=Z/.

12| the literature, there are different definitions for “Hopf algebra”. Bourbaki and his school (Dieudonné,
Serre, ...) use “cogebre” and “bigébre” for “co-algebra” and “bi-algebra”.
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EXERCISE 5-4 If k has characteristic p @ 0, show that 5 ' p and .Z=pZ/ "
(hence 5 ' .Z=pZ/) (here .Z=pZ/y, p, and p are the groups in 3.3), (3.4), and
@3

EXERCISE 5-5 Let A be a Hopf algebra. Prove the following statements by interpreting
them as statements about affine groups.

@ S SDida.
(b) SDt S S whereta b/Db a:
(c) SD :

(d) Themapa b7!'.a 1/.b/ W& A! A Aisahomomorphism of k-algebras.

Hints: .a 1/ 1De .ab/ 1Db la l;elDe

EXERCISE 5-6 Show that there is no algebraic group G over k such that G.R/ has two
elements for every k-algebra R.

EXERCISE 5-7 Verify directly that O.G,/ and O.G,/ satisfy the axioms to be a Hopf
algebra.

EXERCISE 5-8 Verify all the statements in[5.23

EXERCISE 5-9 A subspace V of ak-coalgebra C isacoidealif c.vV/ V CCC V
and c.V/DDO.

(a) Show that the kernel of any homomorphism of coalgebras is a coideal and its image
is a sub-coalgebra.

(b) Let V be a coideal in a k-coalgebra C. Show that the quotient vector space C=V
has a unique k-coalgebra structure for which C! C=V is a homomorphism. Show
that any homomorphism of k-coalgebras C ! D whose kernel contains V factors
uniquely throughC! C=V.

(c) Deduce that every homomorphismf M@ ! D of coalgebras induces an isomorphism
of k-coalgebras

C=Ker.f/ I Imf/.

Hint: show that if f W ! V%and gW ! W are homomorphisms of k-vector spaces, then

Kerf g/DKerf/ WCV Ker.gl

EXERCISE 5-10 (cf. Sweedler 1969, 4.3.1). A k-subspace a of a k-bialgebra A is a bi-
ideal if it is both an ideal and a co-ideal. When A admits an inversion S, a bi-ideal a is a
Hopfidealif S.a/ a. In other words, an ideal a A is a bi-ideal if

.a a ACA aand
.a/DO;

and it is a Hopf ideal if, in addition,

Sa &
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(a) Show that the kernel of any homomorphism of bialgebras (resp. Hopf algebras) is a
bi-ideal (resp. Hopf ideal), and that its image is a bialgebra (resp. Hopf algebra).

(b) Let a be a bi-ideal in a k-bialgebra A. Show that the quotient vector space A=a has
a unique k-bialgebra structure for which A!  A=ais a homomorphism. Show that
any homomorphism of k-bialgebras A! B whose kernel contains a factors uniquely
through A! A=a. Show that an inversion on A induces an inversion on A=a provided
that a is a Hopf ideal.

(c) Deduce that every homomorphism f VA ! B of bialgebras (resp. Hopf algebras)
induces an isomorphism of bialgebras (resp. Hopf algebras),

A=Ker.f/ ! Im.f/:

In this exercise it is not necessary to assume that A is commutative, although it becomes
simpler you do, because then it is possible to exploit the relation to affine groups in (5.15).

6 Afne groups and af ne group schemes

In the last section, we saw that affine groups over k correspond to group objects in the
opposite of the category of k-algebras (see <[5f). In this section we interpret this opposite
category as the category of affine schemes over k. Thus algebraic groups over k correspond
to group objects in the category of affine schemes over k. When k is a field, we use this
geometric interpretation to obtain additional insights.

In the first three subsections, k is a commutative ring, but starting in «6d we require it
to be a field.

6a Af ne schemes

Let A be commutative ring, and let VV be the set of prime ideals in A. The principal open
subsetof V are the sets of the form

D.f/ Dfp2Vijf ..pg f 2A:
They form a base for a topology on V whose closed sets are exactly the sets
V.aDfp2Vjp ag aanidealinA:

This is the Zariski topology and the set V endowed with the Zariski topology is the (prime)
spectrumspec.A/ of A.

Let' VL ! B be a homomorphism commutative rings. For any prime ideal p in B, the
ideal' 1.p/isprime because A=" .p/ isasubring of the integral domain B=p. Therefore
" defines a map

spec.'/ \WpecB ! specA; p7!'' l.ph

which is continuous because the inverse image of D.f/ is D.".f// . In this way, spec
becomes a contravariant functor from the category of commutative rings to topological
spaces.

Let A be a commutative ring. Let V D specA, and let B be the set of principal open
subsets. Then B is closed under finite intersections because

Df .1 f/DD.f{/\ :::\ DS ([
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Fora princigal open subset D of V, define Oa.D/ D S, LA where Sp is the multiplicative
subset Ar  ,p pof A. If D D D.f/ , then Sp is the smallest saturated multiplicative
subset of A containing f , and so Oa.D/ * A; (see CA[6.12). If D DO then Sp

Spbo, and so there is a canonical “restriction” homomorphism Op.D/ ! Oa.D Y. These
restriction maps m§<e D Oa.D/ into a functor on B satisfying the sheaf condition: for
any covering D D ;,, D; of a principal open subset D by principal open subsets Dj, the
sequence

Y
Oap.D/ ! . Oa.Di/ Oa.Di\ Dj/

ijl 21
is exact.1® For an open subset U of V, define O .U/ by the exactness of

Y

Y
Oa.U/! o, OAD/ Oa.D\ DY (42)

DD 921 |
wherel DfD 2BjD Ug Clearly, U  Oa.U/ is a functor on the open subsets of V,
and it is not difficult to check that it is a sheaf. The set | in (42) can be replaced by any
subset of B covering U without changing O .U/. In particular, if U D D.f/ , then

Oa.U/" OaADFII " Af:
Therefore, the stalk of Op atapointp2 V is

Op iﬁf!limuspoA.U/ Djim_OA.Df/ ' im Ar* Ap
(for the last isomorphism, see CA[7.3). In particular, the stalks of O 4 are local rings.

Thus from A we get a locally ringed space Spec.A/ D .specA; Oa/. An af ne scheme
.V;Oy/ is a ringed space isomorphic to Spec.A/ for some commutative ring A. A mor-
phism of affine schemes is morphism of locally ringed spaces, i.e., a morphism of ringed
spaces such that the maps of the stalks are local homomorphisms of local rings. A homo-
morphism A'! B defines a morphism SpecB ! SpecA of affine schemes.

PrROPOSITION 6.1 The functorSpec is a contravariant equivalence from the category of
commutative rings to the category of af ne schemes, with quasi-invetse/ O.V/.

PROOF. Straightforward. 2

We often write V for .V; O/, and we call O.V/ the coordinate ringof V. The reader
should think of an affine scheme as being a topological space V together with the structure
provided by the ring O.V /.

NoTES The above is only a sketch. A more detailed account can be found, for example, in[Mumford
1966/ 11 +1.

6b Af ne groups as af ne group schemes

We now fix commutative ring k. An af ne scheme overk (or an af ne k-schemg is an
affine scheme V together with a morphism V ! Speck. As a k-algebra is a commutative
ring together with a homomorphism k! A, we see that Spec defines a contravariant equiv-
alence from the category of k-algebras to the category of affine k-schemes. For any finite

13Recall that this means that the first arrow is the equalizer of the pair of arrows.



6. Affine groups and affine group schemes 55

family .A;/j2, of k—allqebras, N io) Ai is the direct sum of the A; in the category of k-
algebras, and so Spec.  ;,, Aj/ is the direct product!* of the affine k-schemes Spec.A;/.
It follows that finite products exist in the category of affine k-schemes, and so we can define
an af ne group scheme ovek to be a group object in this category (see [2.5).

THEOREM 6.2 The functorSpec de nes an equivalence from the category of af ne groups
overk to the category of af ne group schemes oker

PrRoOOF. The functor Spec sends a k-algebra A equipped with a homomorphism & !
A Atoan affine k-scheme V equipped with a morphismmW V' ! V. The pair .A; /
is an affine group if and only if there exist homomorphisms k-algebra V! Kk and SV& !
A such that the diagrams and commute (see [5.15). But such a pair . ;S/ gives
rise to morphisms eW ! V and invW !V such that the diagrams (35) and (36) commute
(and conversely).

[Alternatively, the functor Spec maps a pair .A;/ , VW ! A A, toa pair .V;m/,
mW V! V.Ash?.B/ D .SpecAl. SpecB/, we see that defines a group structure on
h”.B/ for all k-algebras B if and only if m defines a group structure on V.T / for all affine
k-schemes T. Therefore .A; / s an affine group over k if and only if .V;m/ is a group
object in the category of affine schemes over k.] 2

We have constructed a realization of the category . Alg, /°°P, and hence a realization of
affine k-groups as groups in a category. This construction has two main applications.

(a) A schemeis defined to be a locally ringed space that admits an open covering by
affine schemes, and a schemeV overk is a scheme together with a morphism V !
Speck. A group scheme ovek is a group object in the category of schemes over
k. Therefore, our construction embeds the category of affine groups over k into the
much larger category of group schemes over k. This is important, but will not be
pursued here. The interested reader is referred to SGA3.

(b) When k is a field, the affine scheme attached to an affine algebraic group can be
regarded as a variety over k (perhaps with nilpotents in the structure sheaf). This
gives us a geometric interpretation of the algebraic group, to which we can apply
algebraic geometry. This we explain in the remainder of this section.

6¢c The topology of an af ne scheme

6.3 A topological space V is noetherianif every ascending chain of open subsets U1
U, eventually becomes constant. A topological space is irreducible if it is nonempty
and not the union of two proper closed subsets. Every noetherian topological space V can
be expressed as the union of a finite collection | of irreducible closed subsets:

[
VD fWjw2lg

Among such collections | there is exactly one that is irredundant in the sense that no sub-
setin | contains a second (CA [12.10). The elements of this | are called the irreducible
componentof V.

14Fibred product over Speck in the category of all schemes.
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6.4 When A is a noetherian ring, every descending chain of closed subsets in spec.A/
eventually becomes constant, and so spec.A/ is noetherian. Moreover, the map a7! V.a/
defines one-to-one correspondences

radical ideals $ closed subsets
prime ideals $ irreducible closed subsets
maximal ideals $ one-point sets:

T
The ideal corresponding to a closed set W is W/ D fpjp2 Wg The nilradical N of
A is the smallest radical ideal, and so it corresponds to the whole space spec.A/ . Therefore
spec.A/ is irreducible if and only if N is prime.

For the remainder of this section, we assume th& a eld.

6d Afne k-algebras

An af ne k-algebrais a finitely generated k-algebra A such that k& |, A is reduced. If
A is affine, then K A is reduced for all fields K containing k; in particular, A itself
is reduced (CA[18.3). When k is perfect, every reduced finitely generated k-algebra is an
affine k-algebra (CA[18.1). The tensor product of two affine k-algebras is again an affine

k-algebra (CA[18.4):

6e Schemes algebraic over a eld

Let k be a field, and let V be an affine k-scheme. When Oy .V / is a finitely generated
k-algebra (resp. an affine k-algebra), V is called an af ne algebraic schemeover k (resp.
an af ne algebraic varietyover k).

For schemes algebraic over a field it is convenient to ignore the nonclosed points and
work only with the closed points. What makes this possible is that, for any homomorphism
"W ! B of algebras finitely generated over a field, Zariski’s lemma shows that the pre-
image of a maximal ideal in B is a maximal ideal in A.1°

For a finitely generated k-algebra A, define spm.A/ to be the set of maximal ideals in
A endowed with the topology for which the closed sets are those of the form

V.ol B'fm maximaljm ag aanideal in A:

The inclusion map spm.A/,! spec.A/ identifies spm.A/ with the set of closed points of
spec.A/, and the map S 7! S\ spm.A/ is a bijection from the open (resp. closed) subsets
of spec.A/ onto the open (resp. closed) subsets of spm.A/. As noted, Zariski’s lemma
shows that spm is a contravariant functor from the category of finitely generated k-algebras
to topological spaces. OnV D spm.A/ there is a sheaf Oy such that Oy .D.f// ' A; for

15Recall (CA that Zariski’s lemma says that a field K that is finitely generated as an algebra over a
subfield k is, in fact, finitely generated as a vector space over k. Let' k! B be a homomorphism of finitely
generated k-algebras. For any maximal ideal min B, B=m is a field, which Zariski’s lemma shows to be finite
over k. Therefore the image of A in B=m is finite over k. As it is an integral domain, this implies that it is a
field, andso*  1.m/ is a maximal ideal.
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all f 2 A. It can be defined the same way as for spec.A/, or as the restriction to spm.A/ of
the sheaf on spec.A/ . When working with affine algebraic schemes (or varieties), implicitly
we use max specs. In other words, all points are closed.

When K is algebraically closed, the definition of an affine algebraic variety over k that
we arrive at is essentially the same as that in AG, Chapter 3 — see the next example.

EXAMPLE 6.5 Let k be an algebraically closed field, and endow k" with the topology for
which the closed sets are the zero-sets of families of polynomials. Let V be a closed subset
of k", let a be the set of polynomials that are zero on V, and let

KEVD KEX::::: Xp*=aD KEX ::::Xn*:
A pair of elements g; h 2 kEVwith h & 0 defines a function

P7 220wl 1k

on the open subset D.h/ of V where h is nonzero. A functionf W ! Kk on an open subset
U of V is said to be regular if it is of this form in a neighbourhood of each point of U. Let
O.U/ be the set of regular functionson U. ThenU  O.U/ is a sheaf of k-algebras on V,
and .V; O/ is an affine algebraic scheme over k with O.V/ D kEV. 6ee AG[3.4— the map

Aagiinan 7V X oag;iiiiXn an/W ! ospm.k@EVe

is a bijection because of the Nullstellensatz. When V D k", the scheme .V;O/ is af ne
n-spaceA”.

EXAMPLE 6.6 Letk be analgebraically closed field. The affine algebraic scheme Spm.KEX;Y «=.Y //
can be identified with the scheme attached to the closed subset Y D Oof k k in (6.5). Now

consider Spm.KEX;Y «=.¥//. This has the same underlying topological space as before

(namely, the x-axis in k k), but it should now be thought of as having multiplicity 2, or as

being a line thickened in another dimension.

6.7 Let K be a field containing k. An affine algebraic scheme V over k defines an affine
algebraic scheme Vx over K withO.Vx /DK (O.V/.

6.8 An affine algebraic scheme V over a field k is said to be reducedif O.V / is reduced,
and it is said to be geometrically reducedf V,a is reduced. Thus V is geometrically
reduced if and only if O.V/ is an affine k-algebra, and so a “geometrically reduced affine
algebraic scheme” is another name for an “affine algebraic variety”. Let N be the nilradical
of O.V/. Then

V is reduced ” N D Ol
V isirreducible ” N is prime;
V is reduced and irreducible ” O.V/ is an integral domain.

The first statement follows from the definitions, the second statement has already been noted
(p.[56), and the third statement follows from the first two.
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6.9 Recall (CA[3.12) that the heightht.p/ of a prime ideal p in a noetherian ring A is the
greatest length d of a chain of distinct prime ideals

P M Pd »

and that the Krull dimensionof A is

supfht.m/ jm2 spm.A/ g

6.10 The dimensionof an affine algebraic scheme V is the Krull dimension of O.V/ —
this is finite (CA[13.11). When V is irreducible, the nilradical N of O.V/ is prime, and
so O.V /=N is an integral domain. In this case, the dimension of V is the transcendence
degree over k of the field of fractions of O.V /=N, and every maximal chain of distinct
prime ideals in O.V/ has length dimV (CA [13.8). Therefore, every maximal chain of
distinct irreducible closed subsets of V' has length dimV. For example, the dimension of

6f Algebraic groups as groups in the category of af ne algebraic schemes

Finite products exist in the category of affine algebraic schemes over k. For example, the
product of the affine algebraic schemes V and W is Spec.O.V/ O.W//,and D Spm.k/
is a final object. Therefore monoid objects and group objects are defined. A monoid (resp.
group) in the category of affine algebraic schemes over k is called an af ne algebraic
monoid scheméresp. af ne algebraic group schemgover k.

As the tensor product of two affine k-algebras is again affine (+[6d), the category of
affine algebraic varieties also has products. A monoid object (resp. group object) in the
category of affine algebraic varieties is called an af ne monoid variety (resp. af ne group
variety).

An affine algebraic scheme V defines a functor

R V.R/ B Homy 4y.0.V/RY; (43)

from k-algebras to sets. For example, A".R/ ' R" for all k-algebras R. Let V°be the
functor defined by V. It follows from (6.1) and the Yoneda lemma that V. VCis an
equivalence from the category of algebraic schemes over k to the category of functors from
k-algebras to sets representable by finitely generated k-algebras. Group structures on V
correspond to factorizations of V° through the category of groups. Thus V. VPis an
equivalence from the category of affine algebraic group schemes over k to the category
of functors Alg, ! Grp representable by finitely generated k-algebras, with quasi-inverse
G Spm.O.G/l.

The functorV  O.V/ is an equivalence from the category of algebraic schemes over k
to the category of finitely generated k-algebras (cf. [6.1). Group structures on V correspond
to Hopf algebra structures on O.V/. ThusV  O.V/ is a contravariant equivalence from
the category of affine algebraic group schemes over k to the category of finitely generated
Hopf algebras over k.

SUMMARY 6.11 Let k be a field. There are canonical equivalences between the following
categories:

(a) the category of affine algebraic groups over Kl
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